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PREFACE. 


This  volume  of  the  author's  mathematical  discoveries 
makes  its  appearance  at  the  request  of  many  able  mathema- 
ticians, teachers,  and  scholars  throughout  the  United  States, 
among  a  few  of  whom  are :  J.  M.  Greenwood,  Superintend- 
ent of  Kansas  City  Schools  and  President  of  the  National 
Association  of  Education;  N.  B.  Newsom,  Professor  of 
Mathematics  and  Languages  at  the  Kansas  State  Univer- 
sity, Lawrence ;  R.  P.  Baker,  Professor  of  Mathematics  and 
Languages,  Lamar,  and  J.  C.  Shelton,  President  of  Scarritt 
College,  Neosho,  Missouri ;  F.  C.  Colburn,  Principal  of  High 
School,  Texarkana,  Texas ;  and  L.  D.  Harvey,  State  Super- 
intendent of  Wisconsin. 

We  feel  confident  that  these  discoveries  and  new  methods 
for  the  solution  of  numerical  equations  will  meet  with  the 
approval  of  all  teachers  and  pupils ;  and  especially  do  we 
feel  that  this  volume  will  be  food  for  new  thought  by  all 
true  students  of  mathematics,  —  at  whose  hands  we  expect 
a  just  criticism. 

The  symbols  are  such  as  have  been  used  in  prior  mathe- 
matical works.  The  definitions  are  limited,  and  a  few  of 
them  new  and  original. 

The  theorems  are  taken  up  in  their  order,  and  their  appli- 
cation in  the  solution  of  numerical  equations  fully  illus- 
trated and  demonstrated. 

The  formation  of  equations  is  fully  treated,  and  the 
binomial  theorem  briefly  stated. 

The  Absolute  Theorems  are  of  a  nature  so  simple  that 
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any  pupil  who  understands  the  formation  of  equations  and 
the  nature  of  imaginaries  will  have  no  difficulty  in  grasping 
their  full  meaning. 

The  roots  of  quadratics  are  placed  in  a  new  light. 

The  General  Theorem  of  Imaginary  Quantities,  in  its 
demonstration  and  illustrations,  fully  accounts  for  such 
quantities,  and  gives  them  a  true  place  and  meaning  (for 
the  first  time)  in  the  history  of  mathematics, — thus  demon- 
strating that  imaginaries  are  intelligible  expressions  of 
quantity.  We  feel  confident  that  the  true  student  of 
mathematics 'will  admit  that  we  have  forever  settled  the 
question  of  the  interpretation  of  imaginary  quantities  by 
placing  upon  them  the  only  true  and  correct  interpretation. 

Theorem  2  is  the  combined  results  of  Theorems  1  and  D, 
and  its  universal  application  in  the  solution  of  equations  of 
all  degrees  is  fully  illustrated  by  numerous  examples. 

Theorems  3,  4,  and  5  are  taken  up  in  their  order,  and 
their  applications  fully  illustrated  in  the  solution  of  equa- 
tions of  their  class. 

The  application  of  the  several  theorems  in  determining 
the  location,  character  (real  or  imaginary),  and  signs  of  the 
roots  of  an  equation  is  fully  illustrated ;  and  the  method  is 
such  that  it  will  convince  any  impartial  student  that  it  is  a 
great  step  beyond  the  Sturm  Theorem ;  and  that  in  the 
solution  of  equations  of  all  degrees  it  greatly  excels,  in 
brevity,  that  of  any  known  method. 

Cubic  equations  are  thoroughly  treated,  and  all  kinds  and 
classes  of  such  equations  are  given  and  solved  by  the  new 
method. 

Biquadratics  are  more  thoroughly  treated  than  in  any 
prior  work  of  this  kind ;  and  all  kinds  and  classes  of  such, 
equations  are  given  and  solved  by  the  new  method  without 
removing  the  second  term  ;  and  in  the  universal  solution  for 
biquadratics  will  be  found  the  first  true  general  solution  ever 
offered  for  such  equations.     The  mathematical  world  during 
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a  period  of  over  two  centuries  has  been  struggling  to  offer 
a  true  general  solution  of  the  Fourth  degree.  Many  able 
mathematicians  laid  claim  to  such  discovery ;  and  while  it 
has  been  generally,  if  not  universally,  conceded  that  a  gen- 
eral solution  had  been  accomplished,  the  New  World  now 
challenges  the  Old  in  the  birth  of  the  universal  solution  for 
biquadratics. 

Of  Fifth  degree  equations  all  kinds  and  classes  of  such 
■equations  are  given  and  solved  by  the  new  method;  and 
for  the  first  time  in  the  history  of  mathematics  is  an  alge- 
braic solution  given  to  equations  of  this  class  whose  roots 
are  all  real :  and  for  a  further  discussion  of  the  Fifth,  the 
reader  is  referred  to  the  universal  solution. 

By  application  of  the  theorems,  if  an  equation  of  the 
Fifth  contains  all  real  roots,  but  approximate,  the  sum  of 
the  plus  roots  and  the  sum  of  the  minus  roots  in  the  forma- 
tion of  the  equation  can  be  determined;  and  when  this  is 
obtained,  an  algebraic  solution  lies,  because  the  equation 
can  then  be  separated  into  a  quadratic  and  cubic,  or  the 
method  reduces  the  Fifth  to  an  equation  of  the  Fourth. 
When  all  the  roots  of  the  Fifth  are  real,  but  have  the  same 
sign,  the  roots  are  determined  without  separating  the  equa- 
tion. "When  the  Fifth  contains  only  one  real  root,  but 
approximate,  if  its  Natural  cannot  be  discovered,  we  give  a 
method  for  changing  the  Fifth  to  an  equation  of  the  Tenth. 
This  method  of  changing  the  Fifth  into  an  equation  of  the 
Tenth  is  worthy  the  attention  and  study  of  all  students  of 
mathematics,  for  in  this  alone  lies  a  solution  of  the  Fifth  by 
quadratics.  If  the  Fifth  contains  but  one  real  root,  the 
Tenth  will  contain  two  real  roots,  which  will  be  the  sepa- 
rate products  of  the  imaginary  roots.  The  Tenth  will 
separate  into  two  biquadratics  whose  roots  are  all  imagi- 
nary and  a  quadratic  whose  roots  are  real ,  and  the  solution 
of  the  quadratic  is  the  solution  of  the  Fifth  from  which  it 
is  derived. 
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These  discoveries  open  up  a  new  field  for  thought  and 
investigation  in  the  solution  of  numerical  equations ;  and, 
in  the  opinion  of  an  able  teacher,  scholar,  and  mathema- 
tician, should  be  thoroughly  mastered  by  every  pupil  who 
studies  algebra  or  geometry. 

The  application  of  these  theorems  is  almost  limitless  in 
the  investigation  of  simple  methods  for  the  solution  of  nu- 
merical equations.  The  theorems  are  suggestive ;  that  is,  they 
call  up  in  the  mind  new  thoughts,  which  will  be  the  thoughts 
of  the  student,  and  this  is  the  only  true  secret  to  a  proper 
study  of  mathematics  from  the  lower  to  the  higher  branches. 

Fifth  degree  equations  are  followed  by  W.  M.  H.  Wood- 
ward's able  discussion  of  the  celebrated  Wantzel  Theorem. 
Mr.  Woodward  fully  sets  forth  the  fallacies  of  the  Wantzel 
Theorem,  which  has,  we  believe,  taken  the  place  of  Abel's 
demonstration  of  the  impossibility  of  the  solution  by  radi- 
cals of  equations  higher  than  the  Fourth  degree. 

The  universal  solution  offers  a  method  by  which  general 
solutions  can  be  obtained  for  equations  as  high  as  the 
Twelfth  degree. 

The  general  solutions  offered  here  will  be  found  to  be 
great  helps  in  the  solution  of  equations  of  their  class;  and 
many  equations  requiring  two  or  three  days'  labor  to  find 
the  roots  by  the  Horner  method,  can  be  solved  in  as  many 
hours  by  the  methods  and  general  solutions  which  this 
volume  contains. 

In  conclusion,  we  are  deeply  grateful  to  the  many  teachers 

and  scholars,  and  especially  to  Professor  J.  M.  Greenwood, 

for  timely  criticism  and  words  of  encouragement;    and  to 

W.  H.   Fleming  and  John  V.  Fleming  for  many  acts  of 

kindness,  and  for  such  valuable  assistance  that  they  have 

become  interested  in  the  publication  of  this  volume.     And 

while  the  work  is  entirely  our  own,  we  are  thankful  to  those 

who  lent  assistance  in  whatever  form. 

M.  A.  McGINNIS. 
Neosho,  Missouri, 
May  1,  l'JOO. 
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SYMBOLS. 


.•.  therefore. 

+  plus. 

—  minus. 

=  is  equal  to. 

>  is  greater  than. 

<  is  less  than. 

J_  perpendicular 

Js  perpendiculars. 

O  circle. 

rt.  Z.  right  angle. 

A  triangle. 

A  triangles. 

AB  line  or  side  AB. 


q.e.d.  as  was  to  be  proved. 
□  square  of,  or  square. 
[1]  squares. 
cliffs.,  differences. 
Pure,  Pure  Imaginary. 
Real,  Real  Imaginary. 
f(x')  function  x. 
F(x)  Function  x. 
-5-  divided  by. 

-  a  divided  by  b. 
b  J 

resp.,  respectively. 

Pi,  sum  of  roots. 


p2,  sum  of  products  of  roots  taken  two  and  two. 
Pzi  P*'-'  sum  of  products  of  roots  taken  three  and  three 
a  ~  b  the  difference  between  a  and  b. 
~  the  difference  between. 
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DEFIXITIOXS. 

1.  A  Definition  is  placing  within  a  compass  that  which 
we  are  describing. 

2.  '"Algebra  is  universal  arithmetic,"  compassed  by  our 
knowledge  of  the  science  of  geometry. 

3.  There  can  be  no  advancement  in  the  science  of  algebra  unless 
there  be  an  advancement  in  the  science  of  geometry  by  the  discovery 
of  new  theorems ;  for  all  algebraic  processes  are  established  by  the 
laws  of  geometrical  reasoning  —  either  consciously  or  unconsciously. 
When  consciously,  we  know  the  reason  and  apply  the  law  ;  when 
unconsciously,  we  apply  the  law  in  ignorance  of  its  meaning. 

4.  An  Algebraic  Process  is  an  abbreviated  method  of  arith- 
metical computation,  in  which  letters  or  characters  are  used 
to  represent  real  quantities  which  we  are  to  determine. 

5.  Quantity  is  anything  that  can  be  measured. 

6.  Number,  as  the  term  is  used  here,  is  meant  to  include 
one  or  more  units ;  as  1,  5,  100. 

7.  An  Equation  is  an  algebraic  expression  of  equality; 
as  5  x  =  10 ;  x3  -  2  x  =  15 ;  x-  -  5  =  0. 

8.  Equations  are  Determinate  and  Indeterminate. 

9.  A  Determinate  Equation  is  an  algebraic  expression  of: 
equality  in  which  the  values  of  the  unknown  quantities  are 
fixed.     Thus,  if  x  +  y  =  ll  when  xy  =  7,  x  and  y  can  have 
but  one  value. 
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2  FUNCTIONS   OF   SQUARES. 

10.  An  Indeterminate  Equation  is  an  algebraic  expression 
of  equality  in  which  the  values  of  the  unknown  quantities 
may  be  assumed.  Thus,  if  x  +  y  =  7,  x  and  y  may  take  an 
infinite  number  of  values. 

11.  All  determinate  equations  containing  two  or  more  unknown 
quantities  may  be  condensed  by  using  but  one  letter  or  character,  and 
letting  the  numbers  1,  2,  3,  4,  5,  — ,  written  above  and  to  the  left  of 
the  character  or  letter,  represent  the  number  of  unknown  quantities  to 
be  considered.  Thus  :  x1,  x2,  x3,  x*,  ••-,  in  which  1,  2,  3,  4,  5,  ••-,  are 
called  indices  or  powers,  and  indicate  the  number  of  values  assigned 
to  x. 

12.  The  degree  of  an  equation  is  the  number  of  unknown 
quantities  which  the  equation  contains,  and  is  always  indi- 
cated by  the  highest  exponent  of  the  letter  or  character 
used  to  represent  the  number  of  unknown  quantities. 

13.  An  equation  containing  two  values  is  an  equation  of 
the  Second  Degree,  and  is  usually  called  a  Quadratic  ;  when 
three  values  are  considered,  we  have  »"•  equation  of  the 
Third  Degree,  called  a  Cubic;  when  fou.  .alues  are  con- 
sidered, wre  have  an  equation  of  the  Fourth  Degree,  called  a 
Biquadratic ;  when  five  values  are  considered,  we  have  an 
equation  of  the  Fifth  Degree,  called  the  Quintic ;  and  so  on, 
without  limit. 

14.  The  coefficient  of  the  unknown  quantity  is  the  char- 
acter, letter,  or  numeral  which  stands  before  it,  indicating 
the  number  of  times  the  unknown  quantity  is  to  be  taken. 
Thus,  in  ox,  dx2  +  nx  +  q  =  0,  5  is  the  coefficient  of  x,  and 
shows  that  x  is  taken  five  times,  d  and  n  are  the  coefficients 
of  x2  and  x  respectively;  while  q  may  be  considered  the 
coefficient  of  x°. 

15.  The  general  form  of  an  equation  of  the  nth  degree  is 

xn  +  ax"~l  +  bx"-2  H \-lx  +  q  =  0, 
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in  which  n  may  represent  any  number,  odd  or  even.  The 
coefficient  of  x",  the  first  term,  is  1,  not  expressed,  but 
understood;  while  a,b---,l  are  the  coefficients  of  the  fol- 
lowing terms,  and  q  is  the  product  of  the  n  factors  or  roots 
of  the  equation. 

16.  A  Root  of  an  Equation  is  any  number,  letter,  char- 
acter, or  expression  of  quantity  that  will  satisfy  all  the 
expressed  conditions  of  the  equation.  Thus :  in  the  equa- 
tion x3  —  6  x2  +  11  £  —  6  =  0,  the  roots  are  1,  2,  and  3, 
because  if  we  divide  the  equation  by  any  one  of  the  expres- 
sions x  —  1,  x  —  2,  x  —  3,  the  last  term  will  become  0. 

17.  A  Natural  Equation  is  an  equation  in  the  general  form 
all  of  whose  roots  can  be  accurately  expressed. 

18.  A  Forced  Equation  is  an  equation  in  the  general  form 
all  of  whose  roots  cannot  be  accurately  expressed  by  present 
known  methods. 

19.  When  we  discover  a  method  making  a  rational  frac- 
tion (that  is,  a  fraction  in  its  lowest  terms),  a  root  of 
f(x)  =  0,  all  equations  may  then  be  said  to  be  Natural. 

20.  The  discovery  of  its  Natural  is  practically  the  solu- 
tion of  a  Forced  Equation. 

21.  A  Real  Quantity  is  an  intelligible  expression  of 
quantity. 

22.  An  "Imaginary"  Quantity,  so  called,  because  not 
properly  understood  at  the  time  its  name  was  coined,  is  the 
indicated  square  root  of  a  negative  quantity,  and  as  such,  is 
properly  defined  to  mean  the  indicated  square  root  of  the 
difference  of  the  squares  (with  its  sign  changed)  of  the 
bases  of  two  right  triangles  having  a  common  perpendicular 
which  is  the  radius  of  a  circle. 
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23.  Imaginary  Quantities  are  properly  divided  into  three 
classes:  Imaginary  Origins,  Real  Imaginaries,  and  Pure 
Imaginaries. 

24.  "When  the  sum  of  the  squares  of  a  pair  of  such  quan- 
tities is  a  zero  quantity,  it  is  an  Imaginary  Origin;  when 
the  sum  of  the  squares  is  a  real  plus  quantity,  the  imaginary 
is  Real ;  and  when  the  sum  of  squares  is  a  minus  quantity, 
the  imaginary  is  Pure.  ±1  ±  V—  1  is  the  unit  of  an  Imagi- 
nary Origin. 

25.  The  Numerical  Sum  of  the  Roots  of  an  Equation  is  their 
sum  when  all  the  roots  are  regarded  plus  quantities. 

26.  The  Algebraic  Sum  is  the  excess  of  plus  or  minus 
roots  in  the  formation  of  an  equation;  and  the  algebraic 
sum,  plus  or  minus  the  numerical  sum,  is  always  an  even 
number. 

27.  A  Proposition  is  the  simple  statement  of  something  to 
be  done. 

28.  The  most  important  of  mathematical  propositions  are 
Axioms,  Theorems,  Corollaries,  Postulates,  and  Problems. 

29.  Axioms  are  self-evident  truths,  requiring  no  process 
of  reasoning  to  satisfy  the  mind  that  they  are  true.  They 
may  be  said  to  be  inherent  principles  of  a  sound  mind :  for 
he  who  denies  or  cannot  conceive  that  "  the  whole  is  equal 
to  the  sum  of  all  its  parts,"  is  not  of  sound  mind. 

30.  A  Postulate  is  the  simple  statement  that  a  thing  can 
be  done ;  and  like  the  Axiom  requires  no  proof  to  satisfy 
the  mind  that  the  statement  is  true. 

III. —  "An  apple  can  be  divided  into  four  equal  parts,"  is  a 
postulate. 
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31.  Theorems  are  propositions  requiring  proof  to  establish 
either  their  truth  or  falsity. 

III.  —  "If  the  sum  of  the  squares  of  the  roots  of  an  equation  of 
the  Second  Degree  be  a  minus  quantity,  the  equation  contains  a  pair 
of  pure  imaginary  roots,"  is  a  theorem.  It  becomes  an  Absolute 
Theorem,  when  we  understand  the  formation  of  equations  and  the 
nature  of  imaginaries. 

32.  A  Corollary  is  a  theorem  the  truth  of  which  becomes 
established  by  the  demonstration  of  a  prior  theorem. 

33.  A  Problem  is  a  proposed  proposition  of  something  to 
be  done. 

34.  An  Angle  is  the  opening  between  two  lines  that  meet 
in  a  common  point. 

35.  A  Triangle  is  a  figure  that  has  three  sides  and  three 
angles. 

36.  A  Right  Angle  is  the  opening  between  two  lines  that 
meet  in  a  common  point  forming  a  square  corner. 

37.  A  Right  Triangle  is  a  figure  having  three  sides  and 
one  right  angle. 

38.  An  Isosceles  Triangle  is  a  triangle  having  two  equal 
sides  and  equal  angles  opposite  the  equal  sides. 

39.  A  Square  is  a  figure  bounded  by  four  equal  sides  and 
having  four  square  corners. 

40.  Magnitude  (size)  is  the  result  of  extension,  and  in- 
cludes lines,  surfaces,  solids. 

Note.  —  The  definition  that  quantity  is  anything  that  can  be  meas- 
ured, also  is  meant  to  include  the  determination  of  quantity  by  weight  ; 
and,  strictly  speaking,  imaginary  quantities  may  be  said  to  be  included, 
because  they  can  be  measured. 
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41.  Theorem  I.  —  Twice  the  sum  of  the  squares  of  two  lines 
or  numbers  is  equal  to  the  square  of  their  sum  plus  the  square 
of  their  difference;  three  times  the  sum  of  the  squares  of  three 
lines  or  numbers  is  equal  to  the  square  of  their  sum  plus  the 
sum  of  the  squares  of  their  differences ;  four  times  the  sum  of 
the  squares  of  four  lines  or  numbers  is  equal  to  the  square  of 
their  sum  plus  the  sum  of  the  squares  of  their  differences ;  five 
times  the  sum  of  the  squares  of  five  lines  or  numbers  is  equal 
to  the  square  of  their  sum  plus  the  sum  of  the  squares  of  their 
differences,  and  so  on,  without  limit. 


£ 


a 


b 


Dem.  — Let  AB  and  AC  represent  any  two  lines.    Then  BC  will 
be  their  difference.     Let  their  sum  be  represented  by  the  line  BE. 


Then  we  are  to  prove  that  the  square  described  upon  BE  +  the  □ 
of  BC  =  twice  theD  of  AC  +  twice  the  □  of  AB,  or  that  2  AC2  + 
2Air  =  BE1  +  BC*. 

Upon  the  line  BE  construct  the  □  BEFG.  Upon  BE,  the  side  of 
the  □  DEFG,  lay  off  BC  =  AC,  and  construct  the  □  BCHI;  and 
upon  EG,  the  aide  of  thu  □  BEFG,  lay  off  FK  =  AC,  and  construct 
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the  □  FKL T.  Then  we  have  by  construction  the  additional  □  GETS 
and  KGIW,  which  are  each  equal  to  the  square  described  upon  AB ; 
for  the  side  BE  is,  by  hypothesis,  equal  to  AG  +  AB ;  and  BC,  by 
construction,  is  equal  to  AG.  .'.  If  we  take  from  the  side  BE  the  side 
BC  =  AC,  there  will  remain  CE  =  AB.  We  now  have  twice  the 
square  AB  and  twice  the  square  AC  +  the  square  SHWL,  which,  by 
construction,  is  equal  to  the  square  described  upon  BC,  their  difference. 
.-.  If  we  add  to  Q  BEFG,  the  □  SHWL,  we  have  2  AB2  +  2  Jc2  = 
BE'2  +  BC'\    q.e.d. 

42.  To  prove  the  theorem  for  n  lines  or  numbers,  let  a, 
b,  c,  •  •  •,  I,  m  represent  n  lines  or  numbers ;  and  (a2  +  b~  +  c2 
+  •  •  •  +  Z2  +  w2)  represent  the  sum  of  the  squares  of  the 
n  lines  or  numbers. 

Then  we  are  to  prove  that  n  (a2  +  b-  +  c2  +  ••  •  + 12  +  ??i2)  = 
(a  +  b  +  c  +  •••  +  I  +  ??i)2  +  the  sum  of  the  squares  of  the 
differences  of  the  n  lines. 

(i.)  The  square  of  difference  of  two  lines  or  numbers  is 
equal  to  the  sum  of  the  squares  of  the  lines  or  numbers 
diminished  by  twice  the  rectangle  of  the  lines,  or  twice  the 
product  of  the  numbers.     [See  any  algebra  or  geometry.] 

(ii.)  Since  we  have  in  n  times  the  sum  of  the  squares  of 
the  n  lines  or  numbers,  not  only  the  square  of  their  sum, 
but  the  sum  of  the  squares  of  the  differences  of  the  n  lines, 
each  line  must  appear  as  many  times  as  there  are  other  lines 
to  compare  with  it,  or  in  all,  (n  —  1)  times. 

(iii.)  .-.  The  sum  of  the  squares  of  the  differences  of  the 
n  lines  or  numbers  is  equal  to 

(n-l)(a2  +  b-  +  c2  +  •••  +  Z2  +  m2)-(2«6  +  2ac  +  ... 
-f  2 al  +  2  am  +  •••  +  2  be  +  —  2  bm  +  2M+  ...  +  2  Im). 

(iv.)   (a  +  b  +  c+  ...  -M  +  Mi)2  =  (a3+&2+c2+  .-  +/2  +  m2) 
+  (2 ab  +  2 ac-f  •••  2 al+2am  +2  &c+  •••  2 6m+2  M+  ■••  2 Zm). 

(v.)  Adding  (iii.  and  iv.),  we  have 
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(vi.)  n(a2  +  b2  +  c2+...  +  l2+m°-)  =  the  square  of  the 
sum  of  the  n  lines  or  numbers  +  the  sum  of  the  squares  of 
the  differences  of  the  n  lines  or  numbers,     q.e.d. 

(vii.)  To  prove  *the  theorem  for  (n  +  1)  lines  or  numbers, 
let  us  introduce  another  line  or  number,  say  t. 

43.   Then  we  have,  according  to  the  theorem, 

(viii.)  (n  +  1)  (a2  +  b2  +  c2  +  ...  +  e2  +  ...  +  p  +  m2  +  t2) 
■  =  (a  +  &>  c  +  ...  +  e  +  ...  +  I  +  m  +  t)2  +  the  sum  of  the 
squares  of  the  differences  of  the  (n  +  1)  lines  or  numbers. 

(ix.)  (a  +  6  +  c  +  ...  +  e+  ...  +  1+  m  + 1)2=  a2  +  b2  +  c2 

+  ...  +  e2+  ...+Z2+m2+^  +  2a6  +  2ac+  ...  +2ae  +  ... 
+  2  a/  +  2  am  +  2  a^  -| \-2  nt. 

(x.)  The  sum  of  the  squares  of  the  differences  of  the 
(n  +  1)  lines  or  numbers  is  equal  to 

n(a?  +  b2  +  <?  +  ...  +  e2  +  ...  +  ?+  m2  +  i2)-(2  ab  +  2ac 

+  •••  +  2  ae  +  —  +  2 a?  +  2 a?^  -j- 2<xt  +  —  -f  2 m«). 
Adding  (ix.  and  x.),  we  have 
(n  +  1)  (a2  +  &2  +  c2  +  ...  +  e2  +  -.  +  Z2  +  m2  +  £2)  =  •••, 

which  proves  the  theorem  for  (n  +  1)  lines  or  numbers. 

Thus  we  have  shown  that  the  theorem  holds  good  for  two 
lines,  for  n  lines  or  numbers,  and  for  (n  + 1)  lines  or  num- 
bers. Therefore,  if  the  theorem  holds  good  for  two  lines, 
for  n  lines  or  numbers,  and  for  (n  + 1)  lines  or  numbers,  it 
will  hold  good  for  (n  +  2)  lines  or  numbers,  and  if  the 
theorem  holds  good  for  two,  n,  n  + 1,  and  (n  +  2)  lines  or 
numbers,  it  will  hold  good  for  (n  +  3)  lines  or  numbers. 
Therefore  the  theorem  holds  good  for  any  number  of  lines 
or  numbers. 

44.  To  illustrate  the  application  of  the  theorem  numeri- 
cally, take  the  numbers  6  and  8. 
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Here  we  have  two  numbers.  The  sum  of  their  squares 
will  be  62  +  82  =  100.     Then,  according  to  Th.  I, 

100  x2  =  (6  +  8)2+(S-6)2. 
100  x  2  =  200.     (6  +  S)2  =  142  =  196,  and  (8  -  6)2  =  22  =  4, 

.-.     200  =  196  +  4. 

Let  14  =  sum  of  QO  of  three  numbers,  14  x  3  =  42  =  □  of 
sum  of  numbers  +  sum  of  GO  of  the  differences  of  the  num- 
bers. (Th.  I.)  The  side  of  the  greatest  □  in  42  whose 
side  is  integral  is  6,  =  the  sum  of  the  three  numbers. 
.-.  42  —  (6)2  =  6  =  sum  of  the  GO  of  the  differences  of  the 
numbers.  There  being  three  numbers,  there  are  three  dif- 
ferences, the  sum  of  whose  QO  =  6.  .-.  6  x  3  =  18  =  □  of 
sum  of  differences  +  sum  of  QO  of  the  differences  of  differ- 
ences. The  side  of  the  greatest  □  in  18,  whose  side  is 
integral,  is  4  — ,  which  is  the  sum  of  the  differences  of  the 
three  numbers  whose  sum  of  QO  =  42.  4  -=-  2  =  2  =  the 
difference  between  the  first  and  third  number  taken  in  the 
order  of  their  magnitude.  .*.  1,  2,  and  3  are  the  numbers, 
and  12+  22+  32=  14 ;  and  14  x  3  =  42  =(1  +  2  +  3)2+(3  -l)2 
+  (2  —  l)2  +  (3  —  2)2,  which  illustrates  the  application  of 
Th.  I  to  three  numbers. 

In  the  same  way  the  student  can  apply  the  theorem  to 
any  number  of  integers. 

THEOREMS  ALGEBRAICALLY  DEMONSTRATED. 

45.  Theorem  A. —  The  square  described  upon  the  sum  of 
two  lines  diminished  by  twice  their  rectangle  is  equal  to  the 
sum  of  their  squares. 

Dem.  —  Let  a  and  b  be  any  two  lines,  and  ab  their  rectangle. 
Then  we  are  to  prove  that  (a  +  b)2  —  2  ab  =  a2  +  b2. 

1.  (a  +  b)2  =  a2  +  b2  +  2  ab  [See  any  algebra.] 

2.  2  x  ab     =  2ab 

.'.  (a  +  b)2-2ab  =  a2  +  b2  [Taking  2  from  1.]     q.e.d. 
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46.  Theorem  B.  —  TJie  square  described  upon  the  difference 
of  two  lines  plus  twice  the  rectangle  of  the  lines  is  equal  to  the 
sum  of  their  squares. 

Dem.  — Let  a  and  6  be  any  two  lines,  and  ab  their  rectangle.  Then 
we  are  to  prove  that  (a  —  b)2  +  2  ab  =  a2  +  b2. 

1.  (a-b)2  =  a2  +  b2-2ab 

2.  2xai>    = 2ab 

Adding  (1)  and  (2),  we  have  a2  +  b2  =  (a  —  b)2  +  2ab.       q.e.d. 

Theorem  C. —  The  square  described  upon  the  stim  of  two 
lines  diminished  by  four  times  the  rectangle  of  the  lines  is 
equal  to  the  square  of  their  difference. 

Dem.  1.    («  +  6)2  =  a2  +  b2  +  2  ab 

2.   4  x  ab     =  4ab 

Taking  (2)  from  (1),  we  have    a2  +  b2-2ab=(a-  b)2.     '  q.e.d. 

47.  Theorem  D.  —  The  square  described  upon  the  sum  of 
any  number  of  lines  diminished  by  twice  the  sum  of  their  rec- 
tangles, taken  two  and  two,  is  equal  to  the  sum  of  their  squares. 

Dem.  —  Let  (a  +  b  +  c  +  d  +  ---  +  l  +  m)  represent  the  sum  of  n 
lines,  in  which  a,  b,  c,  •••  represents  any  magnitude,  great  or  small, 
and  n  any  number  of  such  magnitudes. 

Then  we  are  to  prove  that  (a  +  b  +  c  +  d  +  •••  +  I  +  m)2  —  (2  ab  + 
2  ac  +  •••  +  2  lm)=a2  +  b2  +  c2  +  d2  + \-  I2  +  m2. 

It  has  been  shown  that  (a  +  b)2  -  2  ab  =  a2  +  b2.     (Th.  A.) 

The  square  of  the  sum  of  n  lines  is  equal  to  the  sum  of  the  squares 
of  each  of  the  lines  +  twice  each  line  into  the  sum  of  the  lines  that 
follow  it. 

.-.  (a  +  b  +  c  +  d  +  •••  +  I  +  w)2 

=  a2  +  b2  +  c2  +  d2  +  •••  +  I2  +  m2  +  2a(b  +  c  +  d+  ~.  +  l  +  m) 
+  2b(c  +  d+  •••  +  1  +  m)  +  2c(d  +  •••  +  1  +  m)+2lm. 

If  we  take  from  the  right-hand  member  their  equivalent  magni- 
tudes, there  will  remain  a2  +  b2  +  c2  +  d2  +  ■■•  +  I2  +  m2  —  to  the 
sum  of  the  squares  of  the  n  magnitudes,     q.e.d. 

If  it  holds  good  for  n  magnitudes  or  lines,  let  us  introduce 
another    magnitude,  say   o.     Then,  let    n  + 1  =  A   magnitudes,  and 
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(a  4-  b  +  c  -f  d  +  •••  +  I  +  hi  +  o)  will  represent  the  sum  of  n  +  1  or  h 
magnitudes.  Then  will  the  square  of  the  sum  of  h  magnitudes  be 
equal  to 

a-  +  6a  +  c2  +  d2  +  •••  +  I2  +  m2  +  o2  +  2  a  (6  +  c  +  •••  +  I  +m  +  o) 

+  2  &  (c  +  d  + f-  Z  +  m  +  o)  + h  2  mo. 

And  if  the  right-hand  member  be  reduced  by  its  equivalent  magni- 
tude, there  will  remain  a2  +  b2  +  c2  +  d2  +  •••  -f  I2  +  »i2  +  o2  =  the 
sum  of  the  squares  of  h  magnitudes  or  lines,  q.e.d.  .•.  If  the  theo- 
rem holds  good  for  n  magnitudes  or  lines,  and  for  n  +  1  magnitudes 
or  lines,  it  will  hold  good  for  any  number  of  lines  or  magnitudes,  q.e.d. 

48.  Theorem  E.  —  The  square  described  npon  the  difference 
of  any  number  of  lines  so  combined  as  to  form  one  difference, 
minus  twice  the  sum  of  the  rectangles  of  such  lines,  is  equal  to 
the  sum  of  the  squares  of  the  lines. 

Dem.  —  (i.)  Let  (a  +  6  +  c  +  -d  + +-e  + \--l  +  -m) 

represent  the  difference  of  n  lines,  in  which  a,  6,  c,  —  d,  •••  represent 
any  magnitudes  or  lines  great  or  small,  and  n  any  number  of  such 
magnitudes  or  lines  so  taken. 

(ii.)  Then  we  are  to  prove  that  the  square  described  upon 

(a  +  b  +  c  +  -d  + h-e  + +  -  l+-m)2 

-  (2  ab  +  2  ac  +  -  2  ad  +  -  2  ae  +  ■  ••  +2  Im) 

=  a2  +  62  +  c2  +  d2  +  ...  +  e2  +  •••  +  I2  +  m2. 

(iii.)  We  have  shown  that  the  sum  of  the  squares  of  n  lines  is  equal 
to  the  square  of  their  sum  minus  twice  the  sum  of  their  rectangles 
taken  two  and  two.  (Th.  D.)  We  have  also  shown  that  the  sum  of 
the  squares  of  two  lines  is  equal  to  the  square  of  their  difference  plus 
twice  their  rectangle.     (Th.  B.) 

(iv.)  The  square  of  the  difference  of  n  lines  so  combined  as  to  make 
one  difference,  is  equal  to  the  sum  of  the  squares  of  the  n  lines  dimin- 
ished by  twice  the  sum  of  the  rectangles  of  such  lines  taken  two  and 

two. 

.-.  (a  +  b  +  c  +  -d  +  - e  + +-1  +  -  m)2 

(v.)             =  a2  +  b2  +  c2  +  d2  +  •••  +  e2  +  •■•  +  P  +  m2 
+  (2  ab  +  2ac  +  -2ad  +  - \-  2  Im). 

(vi.)  Twice  the  sum  of  their  rectangles  two  and  two 

=  (2ab  +  2ac  +  -2ad  + +-2ae  +  -  —  +  2hri). 
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Subtracting  (v.  and  vi.)  we  have    (a2  +  b2  +  c2  +  d2  + \-  e2  +  ••• 

+  I2  +  m2)  =  the  sum  of  their  squares,     q.e.d. 

[The  demonstration  can  be  carried  further  by  introducing  another 
line  (letter)  as  in  Deni.  of  Th.  D.] 

49.  Theorem  F.  —  TJie  square  described  upon  the  sum  of 
any  number  of  lines  diminished  by  the  sum  of  the  squares  of 
the  lines  is  equal  to  twice  the  sum  of  the  rectangles  of  the  lines 
taken  two  and  tivo. 

Dem.  — Let  (a  +  b  +  c  +  d  -\ —  +  I  +  m)  represent  the  sum  of  n 
lines,  in  which  a,  o,  c,  d  •••  represents  any  magnitude,  integer,  or  line, 
and  n  the  number,  or  any  number  of  such  lines,  magnitudes,  or 
integers.     Then  we  are  to  prove  that 

(a  +  &  +  c  +  d  +  —  +  I  +  m)2  -  («2  +  b2  +  c2  +  d2  +  •••  +  I2  +  m2) 
=  2  (a&  +  ac  +  ad  +  •••  +  lm). 

(a  +  b  -f  c  +  d  +  •••  +  I  +  m)2 
=  a2  +  b2  +  c2  +  d2  +  •••  +  I2  +  m2  +  2  ab  +  2  ac  +  2  ad  +  ■•■  +  2  Im. 

(Th.  D.)     If  the  sum  of  the  squares  of  the  n  lines  be  taken  from 

«'-  +  b2  +  c2  +  d2  +  •••  +  I2  +  m2  +  2  ab  +  •••  +  2  tow,  there  will  remain 

2ab  +  2ac  +  2ad  +  •••  +  2Z??i  =  twice  (ab  +  ac  +  ad  +  ••■  +  Zm). 

Q.E.D. 

Cor.  1.  —  The  square  described  upon  the  sum  of  any 
number  of  lines,  diminished  by  four  times  the  sum  of  the 
rectangles  of  the  lines  taken  two  and  two,  is  equal  to  the 
sum  of  the  squares  of  the  lines,  minus  twice  the  sum  of 
their  rectangles  taken  two  and  two. 

50.  Theorem  G.  —  If  the  sum  of  the  squares  of  any  three 
given  lines  be  reduced  by  a  certain  magnitude,  and  the  sum  of 
their  rectangles,  taken  two  and  two,  be  reduced  by  a  like  mag- 
nitude, the  sum  of  the  differences  of  such  lines  ivill  remain 
unchanged,  and  the  square  of  the  sum  of  such  lines  icill  be 
reduced  by  three  times  such  magnitude. 

Dem. — Let  a,  b,  and  c  represent  the  lines,  and  I  the  sum  of  their 
squares,  and  m  the  sum  of  their  rectangles  taken  two  and  two. 
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We  then  have 

(  a2  +  ft2  +  c2  =  7,  and 

"j  aft  +  rtc  +  be  =  m. 

1.  3x7  =  37=  square  of  sum  +  sum  of  squares  of  differences  of 
lines.     (Th.  I.) 

2.  2  x  7  -  2  x  m  =  2  7  -  2  m  =  sum  [s]  of  differences.     (140.) 

3.  .-.  3  7  -  (2  7  -  2  m)  =  7  +  2  wi  =  (a  +  b  +  c)2. 
Let  7  and  ?»  be  each  reduced  by  t.     We  now  have 


.  a2  +  7>2  +  c2  =  7  -  7,  and 
1  '  ab  +  ac  +  &c  =  m  -  «. 


ja2 


4.  (7  -  7)  x  3  =  3  7  -  3 1  =  (a  +  b  +  c)2  +  sum  [|]  of  cliffs.    (Th.  I.) 

5.  2  x  (7  -  t)  -  2  (m  -t)=2l-2m. 

6.  /.   (2)  =  (5).     Q.E.D. 

7.  37 -(37  -  30=37.     [Taking  4  from  1.]     q.e.d. 

Cor.  1.  —  Increasing  the  sum  of  squares,  and  sum  of 
rectangles  taken  two  and  two  by  like  magnitudes,  increases 
the  square  of  their  sum  by  three  times  such  magnitude, 
while  the  square  of  their  sum  of  differences  will  remain 
unchanged. 

51.  Theorem  H.  — If  the  sum  of  the  squares  of  any  three 
given  lines  be  increased  by  a  certain  magnitude,  and  the  sum 
of  their  rectangles  taken  two  and  tico  remain  unchanged,  the 
square  of  the  sum  of  such  lines  will  be  increased  by  such 
magnitude,  and  the  square  of  their  sum  of  differences  icill  be 
increased  by  twice  such  magnitude. 

Dem.  — Let  a,  b,  and  c  represent  the  lines,  and  7  the  sum  of  their 
squares,  and  m  the  sum  of  their  rectangles  taken  two  and  two.  Let  7 
become  7  +  t.     Then 

(  «2  +  Ifi  +  c2  =  7  +  t,  and 

|  ab  -f  ac  +  be  —  m.    • 

1.  Th.  I,  3  I  +  3 1  =  (a  +  b  +  c)2  +  sum  rj]  of  diffs. 

2.  2  (7  +  t)  -2  m  =  2  7  -  2  m  +  2  t  -  sum  [s]  of  diffs. 

3.  (a  +  b  +  c)2  =  7  +  2  m.     (140.) 
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4.  (3l  +  3t)-(2l-2m  +  2t)=l  +  2m  +  t.     [Taking  2  from  1.] 

5.  ;.  (I +  2m  +  t)-(l +  2m)=t.     q.e.d. 

6.  .-.  (2l-2m  +  2t)-(2l-2m)  =  2t.     q.e.d. 

Cor.  1.  —  If  the  sum  of  the  squares  of  three  lines  be 
reduced  by  a  certain  magnitude,  and  the  sum  of  their  rec- 
tangles two  and  two  remain  unchanged,  the  square  of  the 
sum  of  lines  will  be  decreased  by  such  magnitude,  and  the 
square  of  the  sum  of  their  differences  will  be  reduced  by 
twice  such  magnitude. 


"o1 


52.  Theorem  I.  —  If  the  sum  of  the  squares  of  any  three 
given  lilies  remain  unchanged,  and  the  sum  of  their  rectangles 
taken  two  and  two  be  reduced  by  a  certain  magnitude,  the  sum 
of  squares  of  differences  will  be  increased  by  twice  such  magni- 
tude, and  the  square  of  the  sum  of  such  lines  will  be  reduced  by 
twice  such  magnitude. 

Dem.  — Let  a,  b,  and  c  represent  the  lines,  and  I  the  sum  of  their 
squares,  and  m  the  sum  of  their  rectangles  taken  two,  and  let  m 
become  m  —  t.    Then  we  have 

a2  +  fc2  +  c2  =  I,  and 


f  x  ) 

1  ab  +  ac  +  be  =  m  —t. 

1.  I  +  2  m  -  (a  +  b  +  c)2.     (Tb.  H,  3.) 

2.  2l-2m  =  sum  [s]  of  diffs.     (Th.  G,  2.) 

3.  3 1  =  (a  +  6  +  c)2  +  sum  \s\  of  diffs.     (Th.  I.) 

4.  21-2  (hi  -f)  =  2l  —  2m  +  2t=  sum  [s]  of  diffs. 

5.  .-.  3l-(2l-2m  +  2t)-l  +  2m-2t=  (a  +  b  +  c)2. 

6.  .-.  (l  +  2m)-(l  +  2m-2t)  =  2t.     q.e.d. 
7..-.    (2l-2m +  2t)-(2l-2m)=2t.     q.e.d. 

Cor.  1.  —  If  the  sum  of.  the  squares  of  any  three  lines 
remain  unchanged,  and  the  sum  of  their  rectangles  two  and 
two  be  increased  by  a  certain  magnitude,  the  square  of  the 
sum  of  lines  will  be  increased  by  twice  such  magnitude,  and 
the  sum  of  the  squares  of  the  differences  of  such  lines  will 
be  reduced  by  twice  such  magnitude. 
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53.  Theorem  K.  —  If  the  sum  of  the  squares  of  any  four 
lines  be  reduced  by  a  certain  magnitude,  and  the  sum  of  their 
rectangles  taken  two  and  tico  be  reduced  by  a  like  magnitude, 
the  square  of  the  sum  of  such  lines  will  be  reduced  by  three 
times  such  magnitude,  and  the  square  of  the  sum  of  differences 
of  such  lines  ivill  be  reduced  by  once  such  magnitude. 

Dem.  — Let  a,  b,  c,  and  d  represent  the  lines,  and  I  the  sum  of  their 
squares,  and  m  the  sum  of  their  rectangles  two  and  two.     We  then 

have 

or  +  b2  +  c2  +  c72  =  I, 


(  P2  =  m. 

1.  Th.  I,  4  x  I  -  4 1  =  □  of  sum  +  sum  of  [s]  of  diffs. 

2.  3  x  I  -  2  x  m  =  3 1  -  2m  =  sum  fj]  of  diffs.     (140.) 

3.  .-.  4 1  —  (3 1  -  2  m)  =  I  +  2  m  =<a  +  &  +  c  +  d)*. 
Let  I  become  I  —  t,  and  m  become  m  —  t.     Then 

«2  +  &2  +  c2  +  d2  =  1  -  t,  and 


(y.)  , 

4.  Th.  I,  4  x  (I  -  *)  =  4  Z  -  4  *  =  □  of  sum  +  sum  \s\  of  diffs.  • 

5.  3  (z  _  t)  -  2  (m  -*)=3Z-2m-f  =  sum  [s)  of  diffs. 

G.  .-.  4  I  —  (4  I  —  4 1)  =  4  £  =  diffs.  of  squares  of  sums,  and  sums  of 
diffs.  of  squares. 

7.  (4:l-4t)-3i-2m-t  =  l  +  2m-3t. 

8.  .-.  I  +  2 m  —  3 1  taken  from  J  +  2m  =  3(.     q.e.d. 

9.  .-.  SI  —  2m -SI  —  2m-t=t.     q.e.d. 

Cor.  1.  —  If  the  sum  of  squares  and  sum  of  p2  be  in- 
creased by  a  certain  magnitude,  the  square  of  the  sum  of 
such  lines  will  be  increased  by  three  times  such  magnitude 
and  the  square  of  sum  of  differences  will  be  increased  by 
once  such  magnitude. 

54.  Theorem  L.  —  If  the  sum  of  the  squares  of  four  lines  be 
increased  by  a  certain  magnitude,  and  the  sum  of  their  rec- 
tangles remain  unchanged,  the  square  of  the  sum  of  such  lines 
will  be  increased  by  once  such  magnitude,  and  the  square 
of  sum  of  differences  will  be  increased  by  three  times  such 
magnitude. 
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Dem.  —  Let  a,  b,  c,  and  d  represent  the  lines,  and  I  the  sum  of  their 
squares,  and  m  the  sum  of  their  rectangles  two  and  two.     Then  will 
\  a-  +  b-  +  c2  +  d2  =  I,  and 

j  po  —  m. 

1.  From  Th.  K,  4 1  =  □  of  sum  +  sum  \T\  of  diffs. 

2.  From  Th.  K,  3 1  -  2  hi  =  sum  of  [s]  of  diffs. 
Let  J  be  increased  by  t,  then 

\  a2  +  62  +  c2  +  cZ2  =  Z  +  t,  and 
^y''  j  p2  =  m. 

3.  4  (Z  +  t)  =  4 Z  +  4  {  =  □  of  sum  +  sum  [s]  of  diffs. 

4.  3(Z  +  «)-2i»  =  3J-2?»  +  3«  =  sum  [s]  of  diffs. 

5.  .-.  4  Z  +  4  t  -  (3  Z  +  2  »t  -  3  Z)  =  Z  +  2  m  +  t. 

6.  .-.  Z  +  2  m  +  £>  Z  +  2  mi,  by  Z.     q.e.d. 

7.  .-.  3Z-2mi  +  3Z-3Z  -2 mi  =.3.£     q.e.d. 

Cor.  1. — If  the  sum  of  the  squares  of  four  lines  be 
reduced  by  a  certain  magnitude  while  the  sum  of  their  rec- 
tangles two  and  two  remain  unchanged,  the  square  of  the 
sum  of  lines  will  be  reduced  by  such  magnitude,  and  the 
square  of  sum  of  differences  of  lines  will  be  reduced  by 
three  times  such  magnitude. 

Cor.  2.  —  If  the  sum  of  rectangles  of  four  lines  be  de- 
creased by  a  certain  magnitude,  and  the  sum  of  their  squares 
remain  unchanged,  the  square  of  sum  of  lines  will  be 
reduced  by  twice  such  magnitude,  and  the  square  of  sum  of 
differences  will  be  increased  by  twice  such  magnitude. 

Cor.  3.  —  If  the  sum  of  squares  of  four  lines  be  increased 
by  a  certain  magnitude,  and  the  sum  of  their  rectangles  two 
and  two  be  decreased  by  a  like  magnitude,  the  square  of  the 
sum  of  such  lines  will  be  decreased  by  once  such  magnitude, 
and  the  sum  of  the  squares  of  their  differences  will  be  in- 
creased by  five  times  such  magnitude. 

55.  Theorem  M.  —  If  the  sum  of  the  squares,  and  the  sum 
of  the  rectangles  taken  two  and  two,  of  five  lines  be.  reduced  by 
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like  magnitudes,  the  square  of  the  sum  of  such  lines  will  be 
reduced  by  three  times  such  magnitude,  and  the  sum  of  squares 
of  differences  icill  be  reduced  by  twice  such  magnitude. 

Dim. —  Let  a,  b,  c,  d,  and  e  represent  such  lines,  and  I  the  sum  of 
their  squares,  and  m  the  sum  of  their  rectangles  two  and  two.     Then 

j-o2  +  62  +  c2  +  cl2  +  e2  =  I,  and 
|  p-2  =  ni. 

1.  5  x  I  —  5 1  =  □  of  sum  +  sum  [s]  of  diffs.     (Th.  I.) 

2.  4xJ-2xi»=  sum  {s\  of  diffs.  =41  —  2  m. 

3.  5Z-4Z-2m  =  Z  +  2wi  =  n  of  sum  =(a+  6  +  c  +  d+"e)2. 

Let  Z  now  become  Z  —  t,  and  m,  ?u  —  t.     Then  we  have 

U2  +  &2  +  c2  +  d2  +  e2  =  I  -  t,  aud 
^y'^   j  pz  =  '»  -  t. 

4.  5  x  (Z  —  t)  =  5  Z  —  5 1  =  □  of  sum  +  sum  [s]  of  diffs. 

5.  4  (Z  -  t)  -  2  (m  -t)  =  4l-2m-2t  =  sum  fj]  of  diffs. 
0.   .-.  (5Z-5«)-4Z-2m-2*  =  Z+.2m-3«. 

7.  4Z-2m-2«<4Z-2m  by  2«.    q.e.d. 

8.  l  +  2m  -  I  +  2m  -  3t  =  St.     q.e.d. 

Cor.  1.  —  If  the  sum  of  the  squares  of  five  lines  remain 
unchanged,  and  the  sum  of  their  rectangles  two  and  two  be 
reduced  by  a  certain  magnitude,  the  square  of  the  sum  of 
such  lines  will  be  reduced  by  twice  such  magnitude,  and  the 
sum  of  squares  of  differences  of  such  lines  wrill  be  increased 
by  twice  such  magnitude. 

Cor.  2.  —  If  the  sum  of  the  squares  of  five  lines  be 
reduced  by  a  certain  magnitude,  and  the  sum  of  their  rec- 
tangles remain  unchanged,  the  square  of  the  sum  of  such 
lines  will  be  reduced  by  once  such  magnitude,  and  the  sum 
of  squares  of  differences  of  lines  will  be  reduced  by  four 
times  such  magnitude. 

Cor.  3.  —  If  the  sum  of  the  squares  of  five  lines  remain 
unchanged,  and  the  sum  of  their  rectangles  two  and  two  be 
increased  by  a  certain  magnitude,  the  square  of  sum  of  lines 
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will  be  increased  by  twice  sncli  magnitude,  and  the  square 
of  sum  of  differences  of  lines  will  be  reduced  by  twice  such 
magnitude. 

FORMATION   OF   EQUATIONS.     BINOMIAL   THEOREM. 

56.   Equations  containing  two  or  more  roots  represented 
by  one  unknown  quantity,  and  in  the  general  form, 

(xn  +  ax-""1  +  bx"'2  ^ h  e,r  +  nix  +  v  =  0), 

are  all  built  in  the  same  way,  being  the  continued  product 
of  the  unknown  quantity  combined  with  the  several  values 
(roots)  assigned  to  it. 

If  a  and  b  represent  two  values  of  x,  then  x  —  a  =  0,  and 
x  —  b  —  0.     If  we  multiply  x  —  a  by  x  —  b,  we  obtain 

x"  —  (a  +  b)x  +  ab  =  0. 

Introduce  another  letter,  say  c,  then  x  —  c  =  0,  and 

(x  —  a)  (x  —  b)  (x  —  c) 

=  x3  —  (a  +  b  +  c)  x-  +  (ab  +  ac  +  be)  x  —  abc  =  0. 

Introducing  another  letter,  say  d,  then  x  —  d  =  0,  and 

(x  -  a)(x  -  b)(x  -  c)(x  -  d)  =  a:4  -  («  +  6  +  c  +  d)  x3 
+  (ab  +  ac  +  «d  +-  6c  +  bd  +  cd)  or 
—  (abc  +  aM  +  acd  +  &cd)  a;  +  abed  =  0. 

Introducing  another  letter  (value,  root),  say  e,  then  x—e—0, 
and 

(a;  —  a)(x  —  b)(x  —  c)(x  —  d)(x  —  e) 
=  .t5  —  (a  +  b  +  c  +  d  +  e)  x* 

+  (a&  -f  ac  -f  ad  +  ac  +  be  +  &d  +  6e  +  cd  +  ce  +  de)  Xs 
—  (abc  +  ahd  +  abe  -\~  acd  -J-  ace + ade  +  bed  +  &ce  +  6de  -f  cde)x2 
+  (a&cd  +  a&ce  +  a&de  +  accZe  -+-  bcde)x  —  a&cde  =  0. 
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Examining  the  foregoing  equations,  we  find  the  following 
relations  to  exist : 

(1)  The  number  of  terms  of  each  equation  is  one  more 
than  the  highest  power  of  the  unknown  quantity. 

(2)  The  exponent  of  x  decreases  by  one  with  each  succes- 
sive term,  and  that  the  last  term  is  the  product  of  all  the 
letters  or  roots,  and  may  be  considered  the  coefficient  of  x°. 

(3)  That  the  coefficient  of  the  first  term  is  1,  not 
expressed,  but  understood. 

(4)  That  the  coefficient  of  the  second  term  is  the  sum  of 
the  several  letters  (a,  b,  c,  •••)  with  their  sign  changed. 

(5)  That  the  coefficient  of  the  third  term  is  the  sum  of  the 
products  of  the  letters  taken  two  and  two. 

(6)  That  the  coefficient  of  the  fourth  term  is  the  sum  of 
the  products  of  the  letters  taken  in  pairs  of  three,  or  taken 
three  and  three,  Avith  their  sign  changed. 

(7)  That  the  coefficient  of  the  fifth  term  is  the  sum  of  the 
products  of  the  letters  taken  four  and  four. 

(8)  That  the  last  term  is  the  continued  product  of  all  the 
letters  that  enter  into  the  formation  of  the  equation. 

(9)  We  also  notice  that  when  the  letters  are  +  quantities 
that  the  coefficient  of  the  odd  powers  of  x  will  be  +,  and 
the  coefficient  of  the  even  powers  of  x  will  be  — .  It  there- 
fore follows  that  if  all  the  values  assigned  to  x  be  minus 
quantities,  all  the  terms  of  the  equation  will  be  +.  There- 
fore, when  all  the  roots  of  an  equation  are  plus  quantities, 
the  terms  of  the  equation  will  be  alternately  -f  and  — ,  and 
when  they  are  all  minus  quantities,  the  terms  will  be  all  +  ; 
for  if  a,  b,  c,  •••  become  —a,  —b,  —c,  •••, 

x  +  a  =  0,   x  +  6  =  0,   x  +  c  =  0, 

57.   The    general  law   governing   the   formation    of    the 

coefficients  of  complete  equations  may  be  stated  as  follows : 

The  coefficient  of  the  second  term  is  the  sum  of  all  the 
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roots  with  their  signs  changed ;  the  coefficient  of  third  terra 
is  the  sum  of  the  products  of  the  roots  taken  two  and  two ; 
the  coefficient  of  fourth  term  is  the  sum  of  the  products  of 
the  roots  taken  three  and  three  with  their  signs  changed, 
etc. ;  and  that  the  last  term  is  the  product  of  all  the  roots 
with  their  signs  changed. 

58.  Should  all  the  letters  (roots)  be  equal,  then  the 
coefficient  of  the  second  term  would  be  represented  by 
—  5  a,  third  term  coefficient  by  10  x  (—  a)2  =  10  a2,  and  so 
on,  so  that  an  equation  of  the  fifth  degree  whose  roots  are 
equal  may  be  written 

a5  -  5  ax*  + 10  a-x3  -  10  a"x-  +  5  a4x  -  a5  =  0. 

Examining  this  last  equation,  we  notice  that  the  exponent 
of  x  decreases  by  1  with  each  successive  term,  and  that  the 
exponent  of  a  increases  by  1  with  each  successive  term ;  and 
that  the  numerals  —  5,  +10  are  the  number  of  the  several 
quantities  that  enter  into  the  formation  of  the  equation. 
This  fact  led  Newton  to  the  discovery  of  the  Binomial 
Theorem,  which,  briefly  stated,  is  as  follows : 

Take  (x  +  a)s=  x5  +  5  ax*  + 10  aV+  10  aV+  5  a4x  +  a5=  0. 

59.  (1)  The  leading  letter  (a;)  enters  all  the  terms  except 
the  last,  and  the  following  letter  (a)  all  the  terms  except 
the  first. 

(2)  The  exponent  of  the  leading  letter  (x)  decreases  by 
1,  while  those  of  the  following  letter,  beginning  with  the 
second  term,  increases  by  1 ;  and  the  sum  of  the  exponents 
in  any  term  is  equal  to  the  exponent  of  the  given  power. 
Thus,  the  exponents  of  (x  +  a)5  will  be  x5,  ax*,  a2.ir3,  a'lr, 
a*x,  a5. 

(3)  If  the  coefficient  of  any  term  be  multiplied  by  the 
exponent  of  the  leading  letter  of  the  same  term,  and  the 
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product  divided  by  the  number  of  such  term  from  the  left, 

the  result  will  be  the  coefficient  of  the  term  next  following. 

Thus  the  coefficient  of  the  first  term  (a;5)  is  1,  of  the 

second  term  =  5,  of  the  third  ■  *  °  =  10,  and  so  on. 

1  2 

60.  Expand  (x  +  a)n. 

v        J  1x2  1x2x3 

+  ...  _i_  n (n  -  1)  a»-V  +  wax"-1  +  aB. 
1x2 

The  above  is  the  general  formula  for  the  expansion  of  a 
binomial. 

If  the  second  term  is  phis,  the  terms  are  all  plus.  If  the 
second  term  is  minus,  the  even  powers  of  the  leading  letter 
will  be  minus,  and  odd  powers  plus. 

61.  We  have  discovered  that  when  the  roots  of  any 
equation  are  all  equal,  that  the  sum  of  the  squares  of  the 
roots  multiplied  by  the  degree  of  the  equation  is  equal  to 
the  square  of  the  sum  of  the  roots ;  and  that  the  sum  of  the 
squares  of  the  roots  of  any  equation  higher  than  the  second 
degree  is  independent  of  the  absolute  term  of  the  equation. 

62.  Equations  containing  all  equal  roots  in  the  Natural 
are  easily  solved,  no  matter  what  the  degree  of  the  equation 
or  magnitude  of  absolute  term. 

Take  the  equation 

(a)   x5  -  2.5  x"  +  2.5  or5  - 1.25  a?  +  .3125  x  -  3  =  0. 
Here  we  have 

1.  (_  2.5)2  -  2  (2.5)  =  1.25  =  sum  of  [H  of  roots.    (Th.  D.) 

2.  1.25  x  5  =  6.25,  which  =  (-  2.5) 2.     (Th.  I.) 

3.  .-.  Roots  are  all  equal,  being  i  of  2.5  =  .5. 

4.  (^.S)3  =  .03125  —  absolute  term  of  the  Natural. 
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5.  .-.  3  -  .03125  =  2.96875 ;  and  the  real  roots  of  (a)  will 
be  .5  +  (2.96875)*. 

Tlie  other  roots  of  this  equation  will  be  equal  conjugate 
imaginaries,  because  (.3125)2  —  2(—  1.25  x  —  3)  =  a  minus 
quantity.     [See  Th.  V  and  Absolute  Theorems.] 

63.  All  determinate  equations  of  two  unknown  quantities 
can  be  written  in  the  form  of  a  quadratic.  Thus,  if  x+y—\l, 
and  xy  =  10,  we  may  write  x2  — 11  x  + 10  =  0.     (57.) 

All  determinate  equations  containing  three  unknown 
quantities  may  be  written  in  the  form  of  a  cubic. 

Thus,  if  a  +  b  +  c  =  6,  ah  +  ac  +  6A=  11,  and  abc  =  7,  we 
may  write  the  cubic  V 

a?  _  6  X2  +  n  x  _  7  Jl  0.     (57.) 

The  same  way  we  write  for  determinate  equations  of  four, 
five,  and  six  unknown  quantities,  equations  of  the  fourth, 
fifth,  and  sixth  degrees,  and  so  on. 

64.  It  has  been  long  established  by  prior  mathematicians 
that  an  equation  of  the  mth  degree  has  precisely  ra  roots 
and  no  more. 

65.  It  is  seen  that  the  coefficients  of  an  equation  in  the 
general  form  are  the  combinations  of  its  roots.  The  co- 
efficient of  the  second  term  being  the  sum  of  the  roots,  and 
the  coefficients  of  the  following  terms  being  the  sum  of  the 
combination  products  in  sets  of  two,  three,  four,  and  so 
on. 

66.  The  rule  of  combinations  shows  how  many  products 
enter  into  each  coefficient. 

This  rule  may  be  stated  as  follows : 

The  number  of  combinations  of  A  things  taken  b  at  a 
time  may  be  written  in  the  form  of  a  fraction,  —  writing 
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for  its  numerator  the  continued  product  of  b  successive  num- 
bers from  A  downward;  and  for  its  denominator  the  con- 
tinued product  of  b  successive  numbers  from  1  upward. 

To  Illustrate :  Let  it  be  required  to  find  the  number  of 
combinations  in  5  things  taken  in  sets  of  two,  three,  four, 
and  five. 

In  sets  of  two  we  have 
in  sets  of  three  we  have 
in  sets  of  four  we  have 


in  sets  of  five  we  have — — — — - — -  =  1, 

1x2x3x4x5 

which  is  the  continued  product  of  the  five  things  or  numbers. 
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67.  Build  an  equation  whose  roots  are  1,  2,  3 ;  and  one 
whose  roots  are  1,  2,  and  —  3 ;  and  then  build  an  equation 
whose  roots  are  the  products  of  these  roots  taken  two  and 
two.     What  kind  of  equations  do  we  call  them  ? 

68.  Build  an  equation  whose  roots  are  1,  6,  3  +  V2, 
3  —  V2.     What  kind  of  an  equation  will  you  have  ? 

69.  Form  an  equation  of  the  second,  one  of  the  third,  one 
of  the  fourth,  and  one  of  the  fifth  degree,  having  0  for  the 
sum  of  the  squares  of  its  roots. 

70.  Bonn  an  equation  of  the  second,  one  of  the  third, 
one  of  the  fourth,  and  one  of  the  fifth  degree,  all  of  whose 
roots  can  be  expressed  in  the  form  of  irrational  fractions 
or  imaginary  quantities. 
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71.  Separate  into  quadratic  equations  the  following  bi- 
quadratics : 

x*  +  2  a,-3  +  2  x-  +  4  x  +  8  =  0, 

xi  +  o  x3  +  2  as2  +  4  a;  +  4  =  0, 

a;4  +  ar  +  ar  +  x  +  1  =  0, 

a;4  +  2a?  +  2ar  +  4a;  +  7  =  0, 

a;4-2a;3-a;2  +  2a;  +  8  =  0. 

72.  Factor  the  following   equations,   that    is,   separate 

them   into  the  several  binomial   factors  which  build  the 

equations : 

a3  -  6  x2  +  11  x  -  6  =  0, 

xi-6x2  +  12x-S  =  0, 

x4  -  8  a3  +  24  a,-2  -  64  a;  +  16  =  0, 

a;5  -  15  x4  -f-  85  Xs  -  225  a;2  +  274  x  -  120  =  0, 

x5  -  2  a;4  -  16  =  0, 

a5  +  2  a;4  -  3  a;3  -  3  ar2  +  2  x  +  1  =  0, 

x5  —  pxA  —  pa?  —  px2  —  px  —  (p  +  1)  =  0, 

5  x5  -  51  a;4  +  160  x3  -  160  a;2  +  51  x  -  5  =  0. 

73.  Find  its  Natural  to  each  of  the  following  equations : 

a?  -  7  x  +  7  =  0, 

ic3  -  6  x  -  9  =  0, 

a;4  -  8  x3  +  21  a;2  -  22  a;  +  7  =  0, 

a-*  _  6  af5  +  3  x°-+  26  a;  -  23  =  0, 

a?  +  ^  _  14  X5  _  14  3,4  +  49  ^  +  49  ^  _  36  a;  -  43  =  0. 

74.  Can  all  the  roots  of  an  odd  degree  equation  be  accu- 
rately expressed  if  its  roots  are  not  integral  ? 

75.  What  class  of  odd  degree  equations  have  we  shown, 
whose  roots  can  all  be  accurately  expressed  when  such  roots 
are  not  integral ? 


Given 
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76.  Application  of  theorems  in  the  solution  of  equations 
containing  two  unknown  quantities. 

77.  To  find  x  and  y. 

f(l)   x-y  =  3, 

Solution,     (a)   (117  x  2  -  32)i  =  x  +  y  =  15.     (Th.  I.) 

(6)    ...  x  =  l*L±i*  =  9 ;  and  y  1=  l5-^  =  G. 
2  2 

(1)   a* -^  =  28, 

1(2)    (a*  +  jf)*  =  10. 

Solution. 

(a)   (10)2  x  2  =  200  =  2  x2  +  2  ?/2  =  (x  +  y)2  +  (x  _  yy.     (Th.  I.) 

(6)   28  x  2  =  56  =  2  x2  -  2  if-.     (From  1.) 

(c)    .-.  (256)2  =  2x  =  16.     Whence,  x  =  8  (Adding  (a)  and  (6),  and 
taking  square  root.) 

(<?)    .'.  x2  -  j/2  =  64  -  y°-  =  28.     Whence,  y  =  V64  -  28  =  G.      (Substi- 
tuting the  value  of  x2  in  (1).) 

78-GlVenl(2)    ,y  +  a,V  =  408. 
Solution. 

(a)  468  x  2  -  (30) 2  =  86  =  (x2y  -  x*/2)2.     (Th.  I.) 

(b)  .'.  x22/  -  x*/2  =  6  =  a/36. 

(C)    ...  X2y  =  §°_±j>  =  lg  .  and  xy2  =  30^6  =  12_ 

—  — 

(d)  .-.  x=a/— ,  andx  =  — •     (From  c.) 

11 2/  y'1 

(e)  .-.  -vl —  =  — •     Squaring  both  sides  and  multiplying  by  ^-, 

y  y     y'2  18 

CO  y*  =  8.     Whence,  j/ =  \V8  =  2. 

Substituting  the  value  of  ?/  in  (d)  or  (e),  we  have  x  =  3. 
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79.  Given  f(1>-  +  ;'!  =  25' 
-  1(2)  2w/ =  24. 

1 

Solution.      («)   (25  +  24) 2  =  x  +  y  =  1. 


(6)   (25-24)*  =  x- 
(c)    ...a!  =  I±l  =  4 


y  =  - 


=  3. 


80.   Given  ■ 


(2)  afy  +  ag*  =  162. 


Solution.     («)  x  +  y=^.     (Multiplying  (1)  by  x?/.) 


(6)  x'2?y  +  xij 


2  _  *¥* 


(Multiplying  (a)  by  a;?/.) 


r.2«2 


(c)   /.*|-  =  162.     (2  =  6.) 

(cZ)  /.  xy  =  18.     (Multiplying  (c)  by  2  and  taking  the 
square  root  of  both  sides.) 

(e)   /.  x  +  y  =  9.     (Substituting  sej/  in  («).) 

(/)  92  -  4  x  18  =  9  =(x  -  y)-.     (Th.  C.) 

(</)  .-.  x  -  y  =  3  =  V9. 


(A)  /.  x  = 


9  +  3 


81.   Given  ■ 


/-j  \  ^  ~t~  ?/  I  3-' 


6,  and  y 


9 


=  3. 


05  —  2/     2  +  y      3 

(2)  ^  +  ^  =  45. 

Solution.      («)  45  x  2  =  90  =  (x  +  y)2  +(x-  y)2. 

If  the  values  of  x  and  y  are  integral,  and  their  diff.  is  less  than 
either  x  or  y,  the  side  of  the  greatest  square  (integral)  in  90  will  be 
their  sum.     This  we  see  to  be 

9  =  x  +  2/,  and  90  -  (0)2  =  9  =  (x  -  y)2. 

3 


"Whence    x  —  y  =  3. 


x  =  ^±J  =  G,  and  y  =  - 


2 


=  3. 


Substituting  these  values  in  (1),  the  equation  is  satisfied.     .\  0  and 
3  are  respectively  the  values  of  x  and  y. 
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(1)  rc  +  y  |  y-.v_ll 

82.  Given  ■         a?  —  2/     *  +  V      3  ' 

_  (2)  a?  +  tf  =  45. 
Solution. 

(a)  2^  +  2^  =  V-(:c2  -  ?/2)  =  (X  +  y)2+  (X  _  y)8      (Th.  i.) 

(b)  2  x*  +  2  f-  =  90  =  (x  +  y)2  +  (as  -  J/)2.     (Th.  I.) 

(rt)  is  obtained  from  (1)  by  multiplying  the  equation  through  by 
(x  —  y)  (x  +  y)  =  x-  —  y2,  and  (6)  is  found  by  multiplying  both  sides 
of  (2)  by  2. 

(c)  .-.  V  O2  -  V")  =  90-     Whence 

(d)  x2  -  y2  =  90  x  !3r  =  -Vrn-.     (Dividing  both  sides  of  (c)  by  u  ) 

Adding  (2)  and  (d),  we  have 

(e)  2  x-  =  45  +  ^r  =  69tt-     Whence 

(/)  x-=UU,  and  x=V34TJ;  and  y=(45-34U)i=(10A)i 

f(l)  ar  +  ?/2  =  208, 

83.  Given     V  J 

1(2)     o;  +  y  =  20. 

Solution.     (208  x  2  -  20*)^  =  4  =  x  -  y.     (Th.  I.) 

20  +  4      10         ,         20-4      Q 

.-.  x  =  — ^—  =  12,  and  y  =  — ■ =  8. 

2  1- 

(1)  xs -ys  =  56, 


Solution,      (a)  x3  +  x2*/  -  x>f  -  if  =  72.     (Adding  (1)  and  (2).) 

79 

(b)  x"  +  2  x£/  +  2/2  =  — — .     (Dividing  («)  by  x  -  ?/.) 

x-y 

1  f* 

(c)  xy  = — .     (Dividing  (2)  by  x  —  y). 

x-y 

((?)  .-.  _Zi_  _  4  f-^M  =  -?-  =  (x  -  y)«.     (Th.  C.) 
x-y        \x-yj     x-y 

(e)   .-.  x  -  ?/  =  ^8  =  2. 

(/)  .-.  x  +  ?/  =  V^  =  6.     (Substituting  (x  -  y)  in  (6) 
and  taking  the  square  root  of  both  sides.) 

(£).-.  s=2_±J  =  4;  ^  =  *L_-2  =  2. 


28  FUNCTIONS   OF   SQUARES. 

Solution. 

(a)  700  x  2  =  1412  =  (x2  +  ?/2)2  +  (x2  -  y°-)\     (Tli.  I.) 
(6)   1412  -  (10)2  =  1150  =  (x2  +  2/2)2.     whence  x2  +  yn-  =  34. 

(c)  (x2  +  2/2)  +  (x2  -  ?/2)  =  34  +  10  =  2  x2  =  50.     Whence  x  =  ±  5. 

(d)  x2  +  y-  -  (x2  -  if-)  =  34  -  10  =  18  =  2  //2.     Whence  y  =  ±3. 


Solution,     (a)   (705  x  2  -(17)2)2  =  x2  +  ?/2  =  Vll21. 


(6)   .-.  2x2=17+Vll21.    Whence  x  =  V8.5+ V280.25. 


(c)   .-.  ?/=V8.5-V280.25. 

(Substituting  the  value  of  x  in  2.) 

x  and  y  may  be  either  +  or  — ;  but  one  cannot  be  +  and  the  other  — . 

87.   Given     w  „ 

1  (2)  xy  -  y-  =  18. 

Solution.      («)  x  —  y  =  6.     (Taking  (2)  from  (1)  and  extracting 

the  square  root.) 

(&)  x2  -  y°-  =  72.     (Adding  (1)  and  (2).) 

(c)  .-.  x  +  y  =  12.     (Dividing  (/>)  by  («).) 

(d)  ,.x=^  =  0,  and2/  =  l^  =  3. 

x  and  ?/  may  be  both  +  or  both  — ,  but  cannot  have  opposite  signs. 


f(l)   cb2  +  2/2  =  8.5j 

(2)    x  -2/  =1. 
Solution.     («)   [8.5  x  2  -  (l)2]*  =  x  +  y  =  4.     (Th.  I.) 


88.   Given  \ 

1(2)   x 


(6)  .-.  x  =  i±i  =  3;  ^1^1  =  1.5. 
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(1)  ^  +  ^  =  35, 


89.  Given  , 

(2)   x  +  y  =  5 

Solution'. 


(«)   x  —  y  =  V7  —  xy.     (Dividing  (1)  by  (2),  and  subtracting  xy 
from  both  sides,  and  extracting  the  square  root  of  both  members.) 

(&)   x  +  y  =  Vl  +  3  xy.     (Dividing  (1)  by  (2),  adding  3  xy  to  both 
sides,  and  taking  square  root. ) 


(c)  .-.  V7  +  3xy  =  5.     (6  =  2.)     Whence 

(d)  7  +  3  xy  —  25.     (Squaring  both  sides  of  (c).) 

(e)  /.  xy  =  6.     (Transposing  and  reducing  (d).) 

(/)  .-.  x  —  y  —  1.     (Substituting  xy  in  («),  and  taking  square  root 
of  the  right-hand  member.) 

((/)  :.  x=    1     —  3 ;    y  =  — —  =  2.      (x    and    y  may  exchange 
values,  but  both  are  plus.) 

f(l)   a;3-?/3  =218, 
90.  Given  \)>  J       .0 

1(2)  x  +  y  =12. 

Solution.     Let  x  —  y  =  d. 

Then  by  (137)  we  write  the  cubic 

d3  +  432  d  =  872.     Whence  d  =  2  =  x  -  y ;    x  =  12  +  2  =  7 ;    y  =  5. 

(See  solution  of  cubics.) 


91.  Given  ■ 


Solution. 


f(i)  *2  +  r  =  ^F> 

(2)   a?  -  #  =  -  xy. 


(«)  2|S  x  2  =  5  xy  =  (x  +  ?/)2  +  (x  -y)\     (Th.  I.) 
(6)  .-.  5  xy  -  (i  sy)2  =  (x  +  y)»  =  3  xy  -  ^-2- 

1%2 


(c)  .-.  x  +  y  =\/5xy 

lo 

ddi 

the  square  root  of  both  members.) 


(d)  x  +  y  =-vl?-^.     (Adding  2  x?/  to  both  sides  of  (1),  and  taking 
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/e)    .#  (c  _  (7)  .3  xy  _  ^!  =  ®M  =  Xy  =  8.     (Multiplying  both  sides 

by  10,  and  dividing  the  result  by  xy.). 

(/)  .-.  x  —  ?/  =  2.     (Substituting  x?/  in  (2).) 

(#)   /.  x  +  y  =  6.     (Substituting  xy  in  (c)  or  (<Z).) 

6  +  2      ,  ,         6  -  2     „ 

.•.  x  =     ~     =  4  ;  and  ?/  = =  2. 


(  (l).x  +y  =  s. 

92'GH  (2)  *=  +  .=  =-. 

Solution,     (a)    «x2  =  2«=(x  +  y)2  +  (a  -  y)2.    (Th.  I.) 


(6)    2  «  -  (s)2  =  (x  -  y)2.    Whence  x  -  y  =  V2  t  -  s2. 
w    ,,  =1+^5!;  and  ,  =  ^13. 

93.  Given  I  W  *W^  +  »  =  19, 

1(2)  i?+x>j  +  <f  =  13Z. 

Solution. 

(a)    133  x  3  =  300  =  (x  +  y/xy  +  ?/)2  +  sum  QD  of  cliffs.     (Th.  I.) 

(6)    300  -  (10)-  =  38  =  sum  [s]  of  three  cliffs. 

(e)    (38  x  3)*  =  10  =  sum  of  cliffs.      (The  side  of  the  greatest 
square  whose  side  is  integral  is  taken  from  38  x  3.) 

(d)  .:  2  x  -  2  y  =  10  =  x  -  y  =  5.      (From    (d)   we  readily  find 
x  =  4,  or  9,  and  y  =  9,  or  4.) 

Second  Solution. 

(e)  x  +  y  =  19  -  Vxy.     (Transposing  terms  in  (1).) 
(/■)  X2  +  y2  =  133  _  a;?/.     (Transposing  terms  in  (2).) 

(g)    (133-x>/)x2  =  2G6-2x//  =  (10-\/xj/)2+(x-?/)2.    (Th.  I.) 
(70    •••  38Vxl/  =  228.     (Transposing  and  reducing  ({/).) 
(1)    .-.  Vxy  =  6,  whence  xy  =  36. 

(.;')    Substituting  the  values  of  Vxy  and  xy  in  (1)  and  (2),  we  have 
X  +  y  =  13,  and  x2  +  y2  -  07. 

.-.  (07  x  2  -  (13)2)*  =  5  =  x  -  y.     (Th.  I.) 

...  a  _  13  -fc  5  =  9,  or  4,  and  y  =  Hii  =  4,  or  9. 
2  2 
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94.  Problem.  —  The  sum  of  the  squares  of  the  extremes 
of  four  numbers  in  arithmetical  progression  is  200,  and  the 
sum  of  the  squares  of  the  means  is  136.  "What  are  the 
numbers  ? 

95.  When  any  four  numbers  have  a  common  difference,  the 
sum  of  the  extremes  will  equal  the  sum  of  the  means;  also, 
the  square  root  of  the  difference  of  the  sum  of  the  squares  of 
the  extremes  and  means,  divided  by  2,  ivill  be  their  common 
difference. 

Solution  of  94.     ^ — ^ — 2211  =  i  —  common  difference.  (95) 

:.  We  may  write  for  the  numbers 

a  =  1st, 

a  +  4  =  2d, 

a  +  8  =  3d, 

a  +  12  =  4th. 

.     .'.  a"  +  (a+12)2  =  200  =  «2+12«  =  28. 

«'2  +  (  )  +  ¥i2  =  28  +  Vl2  =  64, 
a  +  G  =  8. 
Whence,  a  =  8  -  G  =  2. 

.-.  2,  G,  10,  and  14  are  the  numbers. 

98.  Problem.  —  rind  six  numbers  in  arithmetical  progres- 
sion such  that  the  sum  of  the  squares  of  the  first  and  sixth 
shall  be  148 ;  and  the  sum  of  the  squares  of  the  second  and 
fifth  shall  be  115 ;  and  the  sum  of  the  squares  of  the  third 
and  fourth  shall  be  97. 

Solution,   (a)  C115"97)  =XH=\/4T5=common  difference.    (95) 

Having  found  the  common  difference,  find  the  numbers  as  in  solu- 
tion of  94. 

97.  The  sum  of  the  sixth  and  seventh  of  seven  terms  in 
geometrical  progression  is  96 ;  and  the  sum  of  the  two  pre- 
ceding terms  is  24.     What  are  the  numbers  ? 


'O 
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97  a.  The  sum  of  any  two  consecutive  terms  in  geometrical 
progression,  divided  by  the  sum  of  the  two  immediately  pre- 
ceding terms,  is  equal  to  the  square  of  their  ratio. 

Solution  of  97.  Letting  a,  b,  c,  cZ,  e,  and  /  represent  the  terms, 
we  then  have  f-\-g  =  96,  and  d  +  e  =  24. 

.-.  •       -1  =  —  =  4  =  r2  (the  square  of  their  ratio). 

.-.  r  =  2.     .*.  1,  2,  4,  8,  16,  32,  and  64  are  the  numbers. 

97  6.  Problems.  (1)  What  would  the  numbers  be  in  the 
last  example,  ii  /+  g  =  48,  and  d  +  e  =  24  ? 

1  j    1  x*  +  xy  +  ,f  =  22. 


(2) 

r 

+  r  = 

,-14, 

=  7. 

(3) 

1 

+  y  = 

xy  = 

=  100, 
=  51. 

tdJ    [icy  +  aV  =  648. 

(6)  A,  B,  and  C  meet  at  a  hotel.  Says  A  to  B  and  C,  if 
you  will  give  me  one-half  of  your  money,  I  will  have  $  100 ; 
B  says  to  A  and  C,  give  me  one-half  of  your  money,  and  I 
then  will  have  $100;  C  says  to  A  and  B,  give  me  one- 
fourth  of  your  money  and  I  will  have  $  100. 

How  much  money  did  each  have  ? 

Can  you  give  an  arithmetical  solution  for  6  ? 

ABSOLUTE   THEOREMS. 

98.  If  the  sum  of  the  squares  of  the  roots  of  an  equation 
of  the  second  degree  be  equal  to  0,  the  equation  contains  a 
pair  of  imaginary  roots;  and  the  square  of  the  real  part 
of  the  imaginary  is  numerically  equal  to  that  part  of  the 
root  affected  by  the  radical,  with  its  sign  changed. 

99.  If  the  sum  of  the  squares  of  the  roots  of  an  equation 
of  the  second  degree  be  a  minus  quantity,  the  equation  con- 
tains a  pair  of  pure  imaginary  roots. 
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>%    100.   If  the  sum  of  the  squares  of  the  roots  of  any  equation 
he  a  minus  quantity,  the  equation  contains  imaginary  roots. 

101.  If  the  sum  of  the  squares  of  the  products  of  the 
roots  taken  two  and  two,  three  and  three,  four  and  four, 
and  so  on,  be,  in  either  case,  a  minus  quantity,  the  equation 
eontains  imaginary  roots. 

102.  If  the  sum  of  the  squares  of  the  roots  of  an  equa- 
tion be  equal  to  0,  the  equation  contains  imaginary  roots ; 
and  the  sum  of  the  squares  of  the  real  roots  of  such  an 
equation  is  numerically  equal  to  the  sum  of  the  squares  of 
the  imaginary  roots. 

103.  Even  degree  equations  whose  last  term  is  negative 
must  have  two  real  roots  of  opposite  signs. 

104.  "When  the  second  term  of  any  equation  is  wanting, 
and  the  sign  of  its  third  term  plus,  the  equation  always 
contains  pure  imaginary  roots. 

105.  If  the  absolute  term  of  an  equation  be  0,  the  equa- 
tion is,  at  least,  one  degree  lower  than  the  highest  power  of 
the  unknown  quantity. 

106.  If  the  sum  of  the  squares  of  the  roots  be  equal  to 
the  sum  of  the  squares  of  the  products  of  the  roots  indi- 
cated by  the  first  power  of  the  unknown  quantity,  the  equa- 
tion contains  real  roots  when  the  sum  of  the  squares  is 
plus,  and  imaginary  roots  when  the  sum  of  the  squares  is 
minus. 

107.  The  square  of  a  real  root  is  a  plus  quantity ;  also, 
the  sum  of  the  squares  of  a  pair  of  Ileal  Imaginaries  is  a 
plus  quantity ;  and  the  sum  of  the  squares  of  a  pair  of  Pure 
Imaginaries  is  a  minus  quantity. 

108.  If  the  absolute  term  of  any  Natural  Equation  be 
separated  into  as  many  factors  as  the  equation  contains  de- 
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grees,  and  if  the  sum  of  the  squares  of  such  factors  be 
equal  to  the  square  of  the  coefficient  of  the  second  term, 
minus  twice  the  coefficient  of  the  third  term,  then  will  such 
factors  be  the  true  numerical  roots  of  such  equation,  if  the 
sum  of  such  factors  be  equal  to  the  true  sum  of  roots. 

109.  If  an  equation  is  built  according  to  the  general  law, 
the  true  signs  and  characters  of  its  roots  can  be  determined 
by  the  relations  that  exist  between  the  signs  of  the  coeffi- 
cients of  the  second  and  third  term  and  absolute  term. 

110.  An  equation  of  odd  degree,  if  it  be  true,  has  an  odd 
number  of  real  roots;  and,  therefore,  must  have,  at  least, 
one  real  root  affected  by  a  sign  contrary  to  its  absolute  term. 

111.  An  equation  whose  terms  are  all  plus,  and  roots 
real,  can  have  no  real  plus  roots ;  and  if  its  roots  are  real, 
and  its  terms  alternately  plus  and  minus,  it  can  have  no 
real  minus  roots. 

112.  If  an  equation  of  the  third  degree  contains  all  real 
roots,  and  in  the  form  of  ar5  —  px  +  q  =  0  be  so  changed  that 
q  becomes  >  q,  the  roots  of  such  an  equation  will  be  alter- 
nately increased  and  decreased,  such  that  the  increase  in 
sura  of  roots  plus  the  decrease  of  roots  shall  equal  the  sum 
of  increase  in  roots.  Thus,  a3  —  7  x  +  G  =  0  has  for  its  three 
roots  1,2,  —  3.  Should  the  equation  read  x3  —  7  x  -f  7  =  0, 
then  the  roots  will  be  >  1,  <2,  >— 3;  numerical  sum  of 
roots  >  6.  The  increase  in  1  plus  the  increase  in  3  will 
equal  the  decrease  in  2  plus  the  increase  in  6.  This  law 
will  hold  good  as  long  as  the  roots  are  real. 

113.  If  the  absolute  term  of  any  equation  be  increased 
Avithin  certain  limits,  the  roots  of  such  equation  will  be 
alternately  increased  and  decreased,  and  this  law  will  hold 
good  while  all  the  roots  are  real.     If  the  equations  be  of 
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even  degree,  and  its  terms  alternately  plus  and  minus,  or  all 
plus,  the  sum  of  increases  shall  equal  the  sum  of  decreases. 

114.  If  all  the  terms  of  an  equation  of  the  third  degree 
be  expressed,  and  the  sum  of  the  squares  of  its  roots,  taken 
two  and  two,  a  perfect  square,  the  square  root  of  sum  of 
squares  of  roots,  two  and  two,  will  be  equal  to  ac+bc  —  ab. 
All  such  equations  have  one  root  equal  to  the  sum  of  the 
other  two  roots. 

Proposition.     Prove  that  if  a-{-b  —  c, 


that  v  (ab~  +  ac  +  be)  =  ac  -{-be  —  ab. 

115.  An  equation  of  even  degree  having  its  odd  terms 
missing,  and  all  its  terms  plus  except  the  last,  can  contain 
but  two  equal  real  roots  of  opposite  signs,  —  the  other  roots 
of  the  equation  being  imaginary  roots  in  pairs.  Thus, 
x6  +  4  x*  +  2  x?  -  136  =  0,  and  x*  +  4  x2  -  326  =  0,  are  equa- 
tions of  this  class. 

116.  If  any  number  of  lines  or  integers  be  arranged  in 
the  order  of  their  magnitude,  so  that  the  difference  between 
the  first  and  second  shall  equal  the  difference  between  the 
third  and  fourth,  and  the  difference  between  the  fifth  and 
sixth,  and  so  on,  without  limit,  then  will  the  sum  of  the 
first  and  fourth  equal  the  sum  of  the  second  and  third ;  and 
the  sum  of  the  first  and  sixth  will  equal  the  sum  of  the 
second  and  fifth,  and  so  on,  without  limit. 

117.  An  equation  of  the  sixth  degree,  whose  terms  are 
alternately  plus  and  minus,  and  whose  odd  terms  are  miss- 
ing, contains  real  and  imaginary  roots  in  pairs ;  and  if  such 
an  equation  be  formed  from  the  cubic  in  the  form  of 
x3  —  px  +  q  =  0,  the  roots  of  such  sixth  degree  equation 
will  be  double  the  roots  of  the  cubic ;  and  if  the  roots  of 
the  cubic  are  all  real,  the  roots  of  the  sixth  will  be  all  real  j 
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and  if  the  cubic  contains  real  and  imaginary  roots,  the 
sixth  will  contain  real  and  imaginary  roots. 

118.  Letting  a,  b,  and  c  represent  the  roots  of  an  equa- 
tion of  the  third  degree,  when  a  +  b  =  c,  then  will 

c(a2+b2)  +  b(c2+a2)+a(b2+e2)  =  cXa  +  b)  +  bXc+a)+aXb  +  c). 

119.  If  the  second  and  third  term  of  any  equation  higher 
than  the  second  degree  be  wanting,  the  equation  contains, 
imaginary  roots. 

120.  An  equation  of  odd  degree,  whose  terms  are  alter- 
nately plus  and  minus,  may  contain  imaginary  roots ;  and 
if  it  be  of  even  degree,  the  roots  may  be  all  real,  or  all 
imaginary. 

121.  If  it  be  found  that  the  roots  of  any  Natural  equa- 
tion of  even  degree  are  consecutive,  or  have  a  common  dif- 
ference, the  roots  of  such  equation  will  always  sustain  the 
same  relation  to  each  other,  even  should  the  absolute  term 
be  increased  or  diminished.     Thus, 

£C*  _  io  Xs  +  35  x2  -  50  x  +  24  =  0, 

has  for  its  three  roots  1,  2,  3,  4 ;  should  the  absolute  term 
be  greater  or  less  than  24,  the  roots  will  always  sustain  the 
same  relation  as  in  the  Natural. 

122.  If  all  the  terms  of  an  equation  of  the  third  de- 
gree be  expressed,  and  alternately  plus  and  minus,  or  all 
plus,  and  the  sum  of  the  squares  of  its  roots,  and  sum  of 
squares  of  its  roots  taken  two  and  two,  equal  to  0,  the  equa- 
tion contains  but  one  real  root,  which  is  the  cube  root  of 
absolute  term  if  it  be  a  perfect  square. 

123.  The  middle  term  of  three  consecutive  numbers  and 
numbers  having  a  common  difference  is  equal  to  one-third 
their  sum. 
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124.  The  sum  of  the  squares  of  the  differences  of  the 
roots  of  any  equation  is  equal  to  the  sum  of  the  squares  of 
the  roots  multiplied  by  the  degree  of  the  equation  less  1, 
minus  twice  the  sum  of  the  products  of  the  roots  taken  two 
and  two. 

125.  Letting  a,  b,  c,  d,  and  e  represent  the  roots  of  an 
equation  in  the  order  of  their  magnitude,  then  will  the  sum 
of  the  differences  of  the  roots  of  an  equation  of  the  third 
degree  be  represented  by  (2  c  —  2  a),  and  of  an  equation  of 
the  fifth  degree  by  (4  e  +  2  d)  -  (4  a  +  2  6). 

126.  The  sum  of  the  differences  of  any  odd  number  of 
integers  is  always  an  even  number. 

127.  If  the  sum  of  the  squares  of  the  roots  of  an  odd 
degree  equation  be  equal  to  the  sum  of  the  squares  of  its 
roots  indicated  by  the  first  power  of  the  unknown  quantity, 
the  equation  is  generally  called  "recurring"  or  ''reciprocal"; 
and  if  the  sum  of  squares  of  roots  is  plus,  the  roots  are  real. 

128.  If  the  quotient  of  two  numbers  be  a  perfect  square, 
their  product  will  be  a  perfect  square. 

129.  The  sum  of  the  squares  of  roots,  sum  of  squares  of 
products  of  roots,  taken  two  and  two,  three  and  three,  and 
so  on,  are  always  plus  when  the  equation  contains  all  real 
roots. 

130.  If  the  sum  of  the  squares  of  the  roots  multiplied  by 
the  degree  of  the  equation  is  numerically  less  than  the 
square  of  their  algebraic  sum,  or  numerical  sum  of  roots, 
the  equation  contains  imaginary  roots. 

131.  The  difference  of  any  two  numbers  divided  by  the 
difference  of  their  cube  roots,  minus  the  square  of  the  differ- 
ence of  the  roots,  is  equal  to  three  times  the  product  of  the 
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roots ;  and  the  product  of  the  roots,  plus  the  quotient  aris- 
ing from  dividing  the  difference  of  the  numbers  by  the 
difference  of  their  roots,  is  equal  to  the  square  of  the  sum 
of  the  roots. 

132.  Any  equation  of  the  fourth  degree  having  the  sum 
of  the  squares  of  its  roots,  and  the  sum  of  the  squares  of 
its  roots  taken  three  and  three,  in  both  cases,  a  zero  quan- 
tity, the  roots  of  such  equation  will  be  equal  conjugate  imag- 
inaries,  unless  it  be  a  "  reciprocal "  equation. 

x*  _  8  x3  +  32  x2  -  64  x  +  64  =  0 

is  an  equation  of  this  class,  and  can  readily  be  separated 
into  two  quadratics. 

133.  The  general  equation  in  the  form  of 

(^4)  xn  —  px"-1  —  pxn~2  —  pxn~z px  —  (p  + 1)  =  0 

always  has  (p  +  4)  for  its  real  root ;  and  when  such  art 
equation  is  reduced  by  (p  +  4),  it  becomes 

(B)  xn~l  +  xn~2  +  xn~3  H 1-4=0. 

If  (A)  be  odd,  it  will  contain  but  one  real  root,  (p  + 1) ;  if 
it  be  even,  it  will  contain  two  real  roots,  p  -f-  4  and  —  1 . 
The  imaginary  roots  of   all  such  equations  of   the   third 

degree  are  always  the  same,  being  ~       — ^— ,  and  the 

imaginary  roots  of  such  equations  of  the  fifth  degree  being 


}(-l±V5±V_lO±2  V5). 

134.  If  an  equation  of  the  third  degree  have  all  its  terms 
plus,  and  the  sum  of  the  squares  of  roots  a  minus  quantity, 
the  imaginary  roots  of  such  an  equation  will  be  plus ;  and 
if  its  terms  be  alternately  plus  and  minus,  its  imaginary 
roots  will  be  minus. 

xs  -  2  x2  +  3  x  -  7  =  0  and  ar  +  2  x2  +  3  x  +  7  =  0 
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are  equations  of  this  class.     The  roots  of  such  equations 
are  numerically  the  same  but  of  opposite  signs. 

Note.  —  When  reference  is  made  to  an  imaginary,  as  plus  or 
minus,  v;e  mean  such  conjugate  imaginaries  that  have  real  parts,  and 
the  initial  of  the  imaginary  means  its  real  part. 

135.  A  cubic  equation  in  the  form  of  x%  —  px  +  q  =  0 
may  be  changed  to  an  equation  of  the  sixth  degree  by 
changing  it  to  the  following  form,  ?/6  —  2  jjy*  +  p-y-  —  q2  =  0, 
in  which  —  2  p  is  the  sum  of  the  squares  of  the  roots  of  the 
cubic  with  its  sign  changed ;  p2  is  the  sum  of  the  squares  of 
the  products  of  the  roots,  taken  two  and  two,  of  the  cubic ; 
—  q2  is  the  square  of  the  absolute  term  of  cubic  with  sign 
changed. 

136.  If  one-half  of  the  sum  of  the  squares  of  the  roots  of 
an  equation  of  the  fourth  degree  be  a  perfect  square,  and  if 
one-third  of  the  sum  of  the  squares  of  the  roots  of  an  equa- 
tion of  the  sixth  degree  be  a  perfect  square,  and  so  on,  for 
even-degree  equations,  the  roots  of  such  equations  are  the 
sides  of  right  triangles,  or  isosceles  triangles,  standing  on 
the  same  base  which  is  the  diameter  of  a  circle,  and  equal 
to  the  square  root  of  such  perfect  square. 

137.  Four  times  the  difference  of  the  cubes  of  any  two 
numbers  is  equal  to  the  cube  of  their  difference,  plus  three 
times  the  square  of  their  sum  into  their  difference. 

138.  If  twice  the  sum  of  the  squares  of  three  numbers 
be  equal  to  twice  the  sum  of  their  products  taken  two  and 
two,  the  numbers  are  equal ;  and  if  three  times  the  sum  of 
the  squares  of  four  numbers  be  equal  to  twice  the  sum  of 
their  products  taken  two  and  two,  the  numbers  are  equal ; 
and  if  four  times  the  sum  of  the  squares  of  five  numbers  be 
equal  to  twice  the  sum  of  their  products  taken  two  and  two, 
the  numbers  are  equal,  and  so  on,  without  limit. 
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139.  The  sum  of  the  cubes  of  the  roots  of  an  equation  of 
the  third  degree  may  be  expressed  algebraically  as  follows : 

Let  Xs  +  nix2  +  nx  +  q  =  0  be  an  equation  of  the  third 
degree,  and,  in  the  general  form,  in  which  m,  the  coefficient 
of  or,  represents  the  sum  of  the  roots,  and  n  the  sum  of  the 
products  of  roots  two  and  two,  and  q  the  product  of  all  the 
roots,  then  a3  +  b3  +  c3  =  m3  -f-  3  q  —  3  mn. 

140.  The  sum  of  the  squares  of  the  differences  of  the 
roots  of  any  equation  is  equal  to  the  sum  of  the  squares  of 
the  roots  multiplied  by  the  degree  of  the  equation  less  one, 
minus  twice  the  products  of  the  roots  taken  two  and  two. 

141.  The  sum  of  the  cubes  of  the  roots  of  an  equation  of 
the  fourth  degree  in  the  form  of  x*  +  mx3  +  nx2  +  ox  +  q  =  0 
may  be  expressed  algebraically  as  follows : 

a3  +  b3  +  c3  +  d3  =  m3  +  3  o  —  3  mn. 

THREE  OR  MORE  UNKNOWN  QUANTITIES. 

142.  Application  of  theorems  in  the  solution  of  equations 
containing  three  or  more  unknown  quantities,  introductory  to 
methods  for  the  solution  of  Higher  Numerical  Equations. 

r  a2  +  b2  +  c2  =  133, 

[  ab  +  ac  +  be  =  94,  to  find  values  for  a,  b,  c. 
Solution. 

(«)  (133  x  2)- (2  x  94)  =78  =  sum  [f]  of  differences.     (140.) 

(6)  133  x  3  -  78  =  321  =  (a  +  b  +  c)2.     (Th.  I.) 

(c)  .-.  a  +  b  +  c  =  17.9164+  =  V32T. 

(d)  78  x  3  =  234  =□  of  sum  of  diffs.  +  sum  [s]  of  the  diffs.  of  diffs. 

(e)  The  side  of  the  greatest  □  in  234,  whose  side  is  integral,  is  15, 
which  is  rejected  (26).     14  is  then  taken,  and  we  have 

(/)  2  c  -  2  a  =  14,  (125).     Whence  c  -  a  =  7. 

(o)  c  =  17.9164- (a  +  b).     (From  (c).) 

(A)  c  =  7  +  a.     (From  (/).) 

(i)  .-.  2  c  =  24.9164  -  6.     (Adding  (cj)  and  (/i).) 
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(j)    c  =  12.4582  -  \.     (Dividing  (i)  by  2.) 

(k)   a  =  5.4582  -  -.     (Taking  (h)  from  (g)  and  dividing  by  2.) 

(I)  Squaring  both  sides  of  (j)  and  (&),  and  adding  b1  to  both 
•sides,  and  substituting  for  (a'2  +  62  +  c2),  133,  and  transposing  and 
collecting  terms,  we  have 

(m)  b-  -  11.9442  b  =  -  34.66579,  from  which  we  find  b  -  6.9721+. 
Substituting  in  (j)  and  (&)  the  value  of  (b),  we  obtain  a  =  1.9721, 
c  =  8.9721. 

144.  The  foregoing  (143)  illustrates  the  method  in  full. 
We  will  now  show  how  the  work  may  be  greatly  abbreviated. 

145.  If  we  increase  the  sum  of  squares,  and  the  sum  of 
products,  each  by  1,  the  sum  of  differences  will  remain  un- 
changed (Th.  G,  Cor.  1).  If  the  sum  of  the  squares  and 
the  sum  of  the  products  are  each  increased  by  1  in  (143), 
the  sum  of  a  -4-  b  +  c  =  18. 

.-.  18  —  17.9164  =  .0836  =  the  sum  of  three  equal  reductions 
in  the  original  numbers,  which,  if  their  sum  equals  18,  and 
their  sum  of  squares,  134,  and  sum  of  products  tivo  and  two, 
■95,  will  be  2,  7,  9. 

.-.  The  values  of  a,  b,  and  c  will  be  \  of  .0836  less  than  2, 

7,  and  9. 

.-.  a  =  2  -  £  of  .0836  =  1.9721  +  , 

6  =  7  — -J-  of  .0836  =  6.9721+, 

c  =  9  -  i  of  .0836  =  8.9721 +  . 

Note.  — The  greater  portion  of  the  operation  in  an  example  of  this 
kind  can  be  performed  mentally. 

146.  We  will  now  place  another  condition  upon  the 
problem,  —  that  of  the  product  of  the  numbers.     Taking 

the  equations 

(1)  a  +  b  +  c  =  18, 

(2)  ab-\-ac  +  bc  =  95, 

(3)  abc  =  125, 
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we  have  found  that  2,  7,  and  9  will  satisfy  the  first  and 
second  conditions  of  the  problem,  but  will  not  satisfy  its 
third  condition :  that  of  its  product.  The  sum  of  numbers: 
and  sum  of  products  taken  two  and  two  have  remained 
unchanged,  while  their  natural  product  has  been  reduced 
byl. 

(a)  .-.  The  values  of  a,  b,  and  c  will  be  <  2,  >  7,  and  <  9' 
(113)  ;  so  that  <2x>7x<9  =  125,  and  <  2  +  >  7  +  <  9 
=  18;  and<2x>7  +  <2x<9  +  >7x<9  =  95. 

(b)  These  products  will  be  so  affected  that  14  will  be  >  14,. 
18,  <  18,  and  63,  >  63.     .-.  <  2  x  >  7  =  >  14,  <  2  x  <  9  = 
<18,  and  >7  x<9  =  >63. 

(c)  As  the  change  of  only  1  in  the  product  can  produce 
but  a  slight  change  in  the  values  (original)  of  a,  b,  and  cr 
125  -=->  63  =  1.9  =  a  to  one  decimal  place.  If  we  divide 
the  remainder  by  63  +  £  x  .92,  we  will  obtain  the  next 
decimal  part  of  a  =  .07. 

.-.  a  —  1.97  to  tico  places  of  decimals. 

(d)  125  -5-  >  14  =  8.92  =  c  to  two  places  of  decimals.  By 
adding  the  approximate  values  of  a  and  c  together,  and 
taking  their  sum  from  18,  we  obtain  7.10,  which  is  b  to  two- 
places  of  decimals. 

(e)  Having  found  a,  b,  and  c  to  two  places  of  decimals, 
we  find  the  sum  of  the  differences  of  a,  b,  and  c,  thus  far 
found,  to  be  13.90. 

Should  we  change  the  equation  to  a  cubic,  and  approximate 
the  roots  by  the  Horner  method,  we  cannot  find  for  sum  of 
roots  a  value  closer  than  17.9999  +  ,  which  will  necessitate  the- 
approximation  of  each  root  to  at  least  six  places  of  decimals. 

(/)  .-.  17.9999  -  (1.97  +  7.10  +  8.92)  =  .0099.  If  we 
divide  .009  by  3,  and  .0009  by  32,  and  add  the  results,  we 
will  obtain  .0031,  which  is  the  third  and  fourth  decimal  place 
in  one-half  their  sum  of  differences. 
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(g)  ...  1M°  +  .0031  =  6.9531  =  c-a. 

From  c  —  a  =  6.9531  we  find  a,  b,  and  c,  as  in  (143),  to  be 

a  =  1.9717, 
b  =  7.1034, 
c  =  8.9248, 
each  to  four  places  of  decimals. 

147.  In  the  solution  of  (146)  we  have  solved  the  cubic 
built  by  (x  -  2)  (x  -  7)  (x  -  9)  = 

{A)  x5  -  18  or  +  95  x  -  126  =  0, 

with  its  absolute  term  reduced  by  1,  so  that  it  becomes 

(B)  a3 -18a2 +  95* -125  =  0. 

Note.  —  It  will  be  shown  in  the  solution  of  eubics  that  {A)  can 
readily  be  reduced  to  a  quadratic;  and  that  the  solution  of  either  (A) 
or  (JS)  is  the  simple  solution  of  a  quadratic  equation;  but  as  all 
equations  of  the  third  degree,  having  all  its  terms  expressed,  cannot 
be  solved  by  quadratics  without  removing  second  term,  the  method 
(146)  may  be  used  to  advantage  in  cases  where  the  roots  are  all  real 
quantities. 

'  a  +  b  +  c  =  6, 

ab  -f-  ac  +  bc=  12, 

abc  =  39,  to  find  a,  b,  and  c. 
Solution. 

(a)  62  -  2  x  12  =  12  =  a2  +  62  +  c2.     (Th.  D.) 

(b)  12  x  2  -  2  x  12  =  0  =  sum  [sj  of  differences.     (124.) 

(c )  .-.  a  =  b  =  c  (138)  =6-3  =  2. 

Their  sum  equals  6,  the  sum  of  their  products  taken  two  and  two 
=  12  ;  but  their  product  =  8.  But  39  is  given  as  the  product  of  abc. 
Are  the  values  of  a,  b,  and  c  all  real  values?  (12)2  —  2(6  x  39)  = 
—  324  =  ab2  +  ac2  +  be2.  ;.  Only  one  of  the  values  are  real.  (101.) 
Then  a  -  2  +  \/(39  -  8).     Find  b  and  c.     It  solves  the  cubic 

sc3  -  6  x2  +  12  x  -  39  =  0. 


148.   Given 


[ 
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f  a2  +  b2  +  c-  =  48, 

149.   Given  -I  ab  +  ac  +  be  =  48, 

[  abc  =  67,  to  find  a,  b,  c. 
Solution. 

(«)   48  x  2  -  2(48)  =  0  =  sum  [s]  of  diffs. 

(&)   .-.  The  values  of  a,  b,  and  c  are  equal,  and  48  -i-  3  =  16  =  «2, 

or  62,  or  c2.  .-.  (16)  ^  =  4  =  a,  b,  or  c.  Their  product,  64,  is  less  by 
3  than  the  assumed  product.  .-.  a  =  4  +  y/3.  The  other  two  values 
(6  and  c)  are  found  from  a  quadratic. 

12  -=-  3  =  4  =  either  one  of  the  roots  in  the  natural,  and  y/3  indi- 
cates the  equation  yz  =  3,  whence  y  =  v  3. 

(?/3  -  3  =  0)  -4-  (y  -  \/3)  =  0  =  y2  +  \/3  2/  +  \/9,  which  solved,  gives 
for  a  or  & 

1±^3±vr^r, 


a2  +  &2  +  c2  +  d2  =  134, 

150.  Given ^f2=*75'         7^     ft 

(c  +  d)  -  (a  +  &)  =  6, 

a&cd  =  720. 
Solution. 

(a)  134  x  3  -  2(175)  =  52  =  sum  [s]  of  diffs.  (124.) 
(6)  (134  x  4  -  52)^  _22  =  a  +  b  +  c  +  d.  (Th.  I.) 
(C)    ...  2*±1  -  u  =  c  +  a  ;  and  ^^  =  8  =  «  +  b. 

(d)  (c  +  d)2  +  («  +  by2  =  a2  +  b2  +  c2  +  d2  +  2ab  +  2cd  =  260. 

(e)  .-.  2  ab  +  2  ccZ  =  126.     (Taking  from  both  sides  of  (d)  134.) 
(/)  .-.  ab  +  cd  =  63.     (Dividing  (e)  by  2.) 

(<?)   ab  =  63  —  cd.     (Transposing  cd  in  (/).) 
720 


(h)  ab 
(O 


cd 


63 


(From  problem. ) 

"20      ,  A  „  i  \ 

cd  =  — -     (Ax.  1.) 

cd 


(j)    Solving  (i),  we  obtain  cd  =  48,  whence  ab  =  15. 
(i)  From  a  +  b  =  8, 

«?>  =  14,  a  =  3,  b  =  5  ;   and  from 
c  +  d  =  14, 

cd  =  48,  c  =  6,  d  =  8. 
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151.   Problem.  —  What  would  be  the  value  of  a,  b,  c,  or  d, 
if  abed  =  719  ?     If  abed  =  13  ? 


a2  +  62  +  c2  +  d2  +  e2  =  151, 


0  0"T 


152.   Given  ■ 


abc  —  de  =  —  26, 

(a  +  &  +  c)  -  (d  +  e)  =  -  5, 

,  abede  =  1680,  to  find  a,  b,  e,  d,  e. 
Solution. 

(a)    151  x  4 -2(237)  =  130  =  sum  [s]  of  diffs.     (140.) 
(6)   (151  x  5  -  130)*  =  (625)2  =  25  =  a  +  b  +  c  +  d+e. 

25  -(-  5)  7      ,  ,r 

— i  =  d  +  e  =  15. 


(c)  .-.  25  +  ~  6  =  10  =  a  +  b  +  c, 

(d)  «6c  =  de  —  20.     (From  problem.) 
1680 


(e)    a&c  = 


de 


(/)   .-.  de  -  26  =  ^^,  whence 
de 

(?)  de  =  56.     (Solving  (/).) 

(7i)  We  now  have  d  +  e  =  15,  and  de  =  56,  from  which  we  find 

d  =  7,  e  =  8. 

( i )  151  -  (72  +  82)  =  38  =  a?  +  b°-  +  c2. 

(j)  38  x  3  -  (10)2  =  14  =  sum  [s]  of  diffs. 

(jfc)    (14  x  3)2  =  6  =  2  c  -  2  «.     (By  taking  side  of  greatest  square 
in  (14  x  3).) 

(I)    c  —  a  =  3,  by  which  we  readily  find  a  =  2,  6  =  3,  c  =  5. 

Problem.  —  Find  the  values  of  a,  6,  c,  d,  and  e,  if  their 
product  in  the  foregoing  (152)  was  1200. 


153.   Given 


'  a  +  b  +  c  =  18, 
p2  =  95, 
.  abc  =  126,  to  find  a,  b,  and  c. 


Solution. 

(a)    a62  +  a?  +  6c2  =  4489  =  952  -  2(18  x  126).     (Th.  D.) 

(6)    (4489) 2  =  67  =  ac  +  be  -  ab.     (114.) 
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(c)  (ab  +  ac  +  be)  -  (ac  +  be  -  ab)  =  2  ab  =  28  =  (95  -  67). 

(d)  .-.  ab  =  14,  whence  c  =  *ffi  =  9« 

(e)  18  —  9  =  9  =  a  +  b  ;  and  from  a  +  &  =  9,  and  a&  =  14,  we  rind 
a  =  2,  6  =  7. 

a  +  6  -f  c  =  6, 

154.  Given  -  p2  =  H> 

.  ai»c  ==  G,  to  find  a,  b,  c. 
Solution. 

(a)  a3  +  &3  +  c3  =  36  =  63  +  (3  x  6)  -  (3  x  6  x  11).     (139.) 

(b)  .■.  1,  2,  3,  are  respectively  the  values  of  a,  b,  c, 

155.  TJie  sum  of  the  cubes  of  the  first  n  natural  numbers,  as 
1,  2,  3,  4,  5,  •••,  n,  is  always  equal  to  the  square  of  their  sum. 

It,  therefore,  follows 

That  if  the  sum  of  the  cubes  of  the  roots  of  any  equation  is 
equal  to  the  square  of  their  sum,  the  roots  of  such  equation  are 
the  first  n  natural  members. 


PROBLEMS  FOR   SOLUTION 


(1)   Given 


{  xy  —  5. 
(3)   Given 


(4)   Given 


(5)   Given 


(G)   Given 


(2)    Given 

x2  +  y2  +  z2=38, 
xy  +  xz  +  yz  =  30, 
.  xyz  —  30. 

'rf  +  jf -M  =  62, 

z  —  x  =  5, 
.  xyz  —  42. 

'  x  +  y  =  z, 

&  +  tf  +  *  =  *th 


x*  +  y  =  ll, 
xy  =  6. 


21 
6T> 


x-  +  tf  +  z* 

xy  +  xz  +  yz  =  ^, 

xyz 


i 

"54- 
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(S)   Given 


(9)    Given 


(10)   Given 


(J)   Given   J  x2  +  f  +  »2  =  116, 

.  xz  +  yz  —  xy  —  57. 

ar  +  f  +  or  —  0, 

■  xy  +  xz  -f  zy  =  8, 

.  ,n/z  =  8. 

V  +  f  +  22  +  w2  =  54j 

(x  +  w)  =  (s  +  y), 

xiu  +  yz  =  22, 

(a;  -  yf  +  {x-  zf  +  (x  -  wf  +  {y  -  zf 

+  ly  -  wf  +  (z-  IV)2  =  20. 

xi  +  f  +  z2  +  wa  +  «2  =  0, 
xy  +zw=  12, 
xyzivu  =  128, 
i>2  =  32. 

:  tf  _J_  yZ  +  g2  +  w2  +  f  -|_  H2  =  219, 

p2  =  435, 

(»  +  «)  =  (y  +  *)  =  (z  +  "0» 

.  xyzivtu  =  13,000. 

f  #  +  ?/2  +  z2  +  w-  +  u1  =  90, 

p.2  =  155, 

2;?t  +  yw  =  27, 
.  xz  +  #«;  =  20. 
{x2  +  y"-  +  z2  +  iv'  =  0, 

xyziv  =  1, 

[  Z-f  ?/  +  Z  +  W  =  2. 

'  x  +  ?/  +  z  +  io  =  —  3, 
-  p2  ^  - 121, 
.  xyzio  —  —  540. 


<11)   Given 


(12)   Given 


43)   Given 


<14)   Given 
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(15)  The  sum  of  the  squares  of  the  three  sides  of  a  tri- 
angle is  434;  the  difference  between  the  greater  and  less- 
side  is  2.  What  is  the  length  of  a  line  drawn  from  any  of 
the  vertices  of  the  triangle  to  a  point  within  the  triangle 
that  will  be  equally  distant  from  the  three  vertices  (corners) 
of  the  triangle  ? 

(16)  (a)  The  product  of  three  numbers  in  geometrical 
progression  is  729.  What  are  the  numbers  if  their  sum 
equals  39  ?  (6)  The  product  of  four  numbers  in  geometri- 
cal progression  is  64.  What  are  the  numbers  if  their  sum 
equals  15  ? 

(17)  An  army  25  miles  long  starts  upon  a  journey  of  50 
miles ;  and  at  the  same  time  a  courier  starts  from  the  rear 
to  deliver  a  message  to  the  front.  He  delivers  his  message, 
and  returns  to  the  rear  at  the  time  the  army  completes  its 
journey.     How  far  did  the  courier  travel  ? 

(You  can  solve  (17)  in  ten  minutes.     Try  it.) 


SYNTHETIC   MULTIPLICATION. 

156.   Let  it  be  required  to  multiply  x  +  a  =  0  by  x  +  b  =  0. 

There  being  two  values  assigned  to  x,  the  highest  power 
of  x  will  be 2.  (13)  Therefore  x2  will  be  the  first  term,  and 
its  coefficient  is  1,  not  expressed,  but  understood  (56 —  (3)). 
The  next  power  of  x  will  be  x',  or  simply  a-,  the  index  ' 
being  understood.  Its  coefficient  will  be  the  sum  of  the 
values  assigned  to  x,  with  their  signs  changed  (56 — (4)). 
Therefore,  (x  +  a)  (x  +  b)  = 

(A)  x2  +  (a  +  b)  x  +  ab  =  0  (their  product  being  equal  to 
0,  because  x  +  a  =  0  and  x  +  b  —  0). 

Let  us  now  introduce  another  value,  say  —  c,  in  (A); 
then,  x  +  c  =  0.  We  write  for  the  terms  of  the  new 
equation : 
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(B). 


(Z>). 


x3  for  the  first  term 
(a  +  6  +  c)  a;2  /or  £/«e  second  term 
(c  (a  +  6)  +  06)  a  /or  the  third  term 
(ab  x  c  +  0)  a;0  /or  ?7je  fourth  term 

Adding  the  terms  of  (B)  and  putting  the  result  equal  to 
0,  we  have 
(C)       ar5  +  (a  +  &  +  c)  x2  +  (a&  +  ac  +  be)  x  +  a6c  =  0. 

Let  us  now  assign  another  value  to  x,  say  —  d,  and  mul- 
tiply (C)  by  a;  +  d  =  0,  and  we  have 

a;4  /or  the  first  term 
(a  +  6  +  c  +  cZ)  af5  /or  £/«e  second  term 
((a  +  6  +  c)  cZ  +  a&  +  ac  +  6c)  a;2  for  the  third  term 
((ab  +  ac  +  6c)  cZ  +  «6c)  a;  for  the  fourth  term 
(abc  X  cZ)a;0  for  the  fifth  term, 
or  absolute  term. 

Performing   the    indicated    operations,   and    adding    the 
terms  of  (D),  we  have 

(E)    a;4  +  (a  +  6+c+cZ)ar3+(a&  +  ac+acZ+6c+6cZ+«Z)a;2 

-f  (a6c+a6cZ+accZ+6ccZ)a+a6ccZ=0. 

Examining  (B)  we  find  that  it  is  derived  from  (A)  by 
multiplying  it  by  (as  +  c).     We  notice, 

(1)  That  a;3,  the  degree  of  equation  (C),  represents  the 
number  of  roots  (values)  assigned  to  x. 

(2)  That  the  coefficient  of  x2,  in  (G),  is  made  up  of  the 
coefficient  of  x,  in  (A),  +  c. 

(3)  That  the   coefficient  of  x,  in  (C),  is   made   up  by 
c  x  (a  +  6)  +  ab,  in  (A). 

(4)  That  the   coefficient   of  a:0,   in    (C),  is  made  up  of 
(c  x  ab  +  0),  in  (.4). 

(5)  That  the  same  law  of  formation  of  the  terms  in  (D) 
are  the  same,  that  of  multiplying  (G)  by  (a;  +  d). 
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From  the  foregoing  (B  —  D)  we  may  deduce  the  following 

EULE. 

To  introduce  another  root  in  a  given  equation, 

(1)  liaise  the  degree  of  the  given  equation  by  1. 

(2)  Add  the  proposed  root  with  its  sign  changed  to  the  co- 
efficient of  the  second  term  of  the  given  equation,  for  the  co- 
efficient of  the  second  term  of  the  new  equation,  —  writing  for 
the  exponent  of  x,  the  degree  of  the  new  equation,  less  1. 

(3)  Multiply  the  coefficient  of  the  second  term  of  the  given 
equation  by  the  proposed  root,  and  add  the  product  to  the  co- 
efficient of  the  third  term  of  the  given  equation,  for  the  coeffi- 
cient of  the  third  term  of  the  new  equation,  —  writing  for  the 
exponent  of  x,  the  degree  of  the  new  equation,  less  2. 

(4)  Multiply  the  coefficient  of  the  third  term  of  the  given 
equation  by  the  proposed  root,  adding  the  result  to  the  coefficient 
of  the  fourth  term  of  the  given  equation,  for  the  coefficient  of 
the  fourth  term  of  the  new  equation,  —  writing  for  the  exponent 
of  x,  the  degree  of  the  new  equation,  less  3.  Proceed  in  like 
manner  till  all  the  terms  of  the  given  equation  are  dealt  with 
by  the  proposed  root;  and  placing  the  new  equation  equal  to 
0,  the  work  is  accomplished. 

157.   From  the  foregoing  rule  let  us  write  a  general  for- 
mula for  the  introduction  of  a  new  root  in  a  given  equation. 
To  do  this,  we  let 

(F)    xn  +  wise"-1  +  nxn~2  +  oxn~3  +  pxn~4  -\ \-  sx  +  q  =  0 

be  a  general  equation  of  the  nth.  degree  in  which  it  is  pro- 
posed to  introduce  another  root,  say ;  then  x-i — =  0. 

n  n 

Multiplying  the  given  equation  (F)  by  x-] — ,  we  have,  by 
the  rule, 
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(G)  xn+l  +  fm  +  -} xn  +  P&  +  n\ x"-1  +  (m  +  o) xn~* 


+  »=0. 
n 

Let =  —  a,  then  (x  +  a)  =  0,  and  multiplying  (i*7)  by 

(x  +  a),  we  have 

(C)  x"+1  +  (m  +  a)o;n  +  (am  +  ji)^1"1  +  (an  +  o)af*+  (ao  +^)x-"-3 
+  (cq)  +  o)xn-i-\ \-(as+q)x+aq=0, 

and  the  rule  is  established  in  its  most  general  form. 

158.   To  illustrate  numerically,  take  the  equation, 
(A')  a:2  +  4a;  +  4  =  0; 

and  introducing   another   root,   say    —  3,   then    x  +  3  =  0. 
Then,  (x  +  3)  (A')  = 
(C)  a3 +  7  a:2 +  16  £  +  12  =  0. 

Introducing  in  (C)  another  root,  say  —2,  then  #+2=0, 
and  we  have 

(E')  xA  +  9  x3  +  30  x-2  +  48  x  +  24  =  0. 

Introducing  in  (£")  another  root,  say  +  6,  then  x  —  6  =  0, 
and  Ave  have 
(I)         x5  +  6  a;4  -  24  x?  -  132  a2  -  264  a  -  144  =  0. 

Introducing  in  (7)  another  root,  say  +  6,  then  x  —  6  =  0, 
and  we  have, 

(T)     a*  ±0x5-  60  x4  +  12  x3  +  528  x2  +  1440  x  +  864  =  0. 

Introducing  in  (T)  another  root,  say  —  5,  then  x  +  5  =  0, 
and  writing  the  process  in  full,  Ave  have, 

x.6±0^_60x4+  12x3+528x2+1440x  +  864  =       0 
Then,   +5    ±  0    -300    +  60    +2640    +7200  +4320 

x7  +  5x*  -  VOx"  -  2S8x4 + oSSur + 40S0.ir + S064x  +  4320 = 0 
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SYNTHETIC   DIVISION.     HORNER'S  METHOD. 

159.  Synthetic  Division,  which  was  first  used  by  W.  G. 
Horner,  of  Bath,  England,  about  the  year  1829,  is  the 
reverse  of  Synthetic  Multiplication,  which  we  have  just 
explained. 

160.  In  Horner's  method  for  approximating  the  roots  of 
numerical  equations  the  method  of  synthetic  division  is 
employed,  and,  briefly  stated,  is  as  follows : 

Suppose  that  a  root  of  the  equation 

(1)  xn  +  axn~x  +  bxn~2  +  cx"-z  -\ 1-  ex2  +  tx  +  g  =  0 

is  found  to  lie  between  I  and  I  +  1.  Transform  the  given 
equation  into  another  whose  roots  shall  be  less  by  I,  and  we 
have  one  in  the  form 

(2)  yn  +  df-1  +  b'yn'2  +  c'y"-3  +  •  •  •  +  e'y2  +  t'y  +  q'  =  0, 

one  of  whose  roots  is  less  than  1.  If  that  is  found  to  lie 
between  the  decimal  fraction  V  and  V  +  .1,  transform  equa- 
tion (2)  into  another  whose  roots  shall  be  less  by  V,  and  we 
have  an  equation  of  the  form 

(3)  e  +  a"en-1  +  6"e"-2  +  c"en~s  -\ f-  e"e2  +  t"e  +  q"  =  0, 

one  of  whose  roots  is  less  than  .1.  If  that  root  is  found  to 
be  a  little  greater  than  I",  proceed  in  the  same  way  with  (3) 
as  (2),  and  we  obtain 

x=  ,l  +  V  + 1"  +  - 

to  any  degree  of  accuracy. 

As  e  in  (3)  represents  a  small  fraction,  its  higher  powers 

will  be  so  small  that  they  may  be  neglected,  and  its  value 

—  a" 
is  nearly  — —-;   therefore,  V,  1",  ••-,  may  be  found  in  this 

way  with  more  and  more  accuracy  the  smaller  e  becomes. 
This  is  briefly  the  Horner  method,  and  the  only  method  of 
any  satisfaction  prior  to  the  methods  offered  here. 
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161.  How  the  Horner  raolliod  can  be  applied  to  greater 
advantage  than  it  has  ever  been  in  any  prior  work  the 
reader  is  referred  to  our  method  of  changing  equations,  by 
which  imaginary  roots  may  be  approximated  as  real  roots. 

QUADRATIC  EQUATIONS. 

162.  A  Quadratic  Equation  is  the  simplest  form  of  a 
General  Equation  whose  roots  are  two  in  number,  and  repre- 
sented by  one  unknown  quantity ;  as,  x2  +  4  x  +  4  =  0, 
x2  —  5  x  +  6  =  0,  and  or  +  rmx  +  q  =  0. 

163.  Quadratics  are  also  called  Second  Degree  equations, 
and  the  roots  of  such  equations  are  either  Real  Quantities, 
Reed  Imaginaries,  or  Pure  Imaginaries. 

164.  The  roots  of  quadratics  represent  the  sides  of  right 
triangles  when  Real  Quantities ;  the  sides  of  isosceles  tri- 
angles when  Real  Imaginaries ;  and  when  Pure  Imaginaries, 
may  be  represented  by  lines. 

165.  The  roots  of  any  numerical  quadratic  equation, 
whether  real  quantities  or  imaginary  quantities,  can  be 
measured. 

166.  To  illustrate  (§  164),  let  ABC  (Fig.  2) 
be  any  right  triangle.  Let  AB=a,  and  BC=  b, 
and  AC  =  c.  Then  a2  +  b2  =  c2.  (See  any 
geometry.) 

Letting  a  and  b  represent  the  roots  of  a 

q  uadratic,    then    x  —  a  =  0    and    x  —  b  =  0. 

.  Fig.  2. 

Their  product  will  be  the  quadratic 

x2  -  (a  +  b)  x  +  ab  =  0.     (56.) 

(3)  Then,  -  («  +  b)2  -  2  x  ab  =  a2  +  b2.    (Th.  A.)    But  it 

has  been  shown  that  a2  +  b2  =  c2.     Now,  let  ab  =  p,  and  we 

have  the  equations 

(1)  a2  +  b2  =  c2, 

(2)  ab  =p, 
to  find  a  and  b  in  terms  of  p  and  c. 
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Solution. 


(3) 
C4) 
(5) 

(6) 

(<) 


a2  +  b2  +  2  ab  =  c2  +  2.p.     Whence, 

a  +  b  =  Vc2  +  2  p. 

a 


b  =  Vc'2  —  2  p. 


b 


Vc-  +  2p  +  Vc2  -2p 

2 
Vc'2  +  2  p  —  Vc'2  —  2p_ 


AB. 


BC. 


Squaring  (6)  and  (7),  we  have  a2  +  b2  =  c2. 
(6)  and  (7).) 


(By  adding  the  [s]  of 


167.  It  is  now  seen  that  in  all  algebraic  expressions  in  the 
form  of  x2  +  y°-  =  n,  in  which  n  represents  any  positive  integer 
or  fraction,  that  the  square  root  of  the  right-hand  member, 
n,  is  the  hypotenuse  of  a  right  triangle ;  and,  as  the  hypot- 
enuse of  any  right  triangle  may  be  taken  as  the  diameter  of 
a  circumscribed  circle,  we  may  also  say  that  in  all  algebraic 
expressions  in  the  form  of  x2  +  y2  =  n,  that  the  square  root  of 
the  right-hand  member,  n,  is  the  diameter  of  a  circle,  of  which 
the  semicircle  is  the  compass  for  all  true  rectangles  of  the  lines 
represented  by  x  and  y;  and,  being  the  compass  for  all  true 
rectangles,  xy,  it  is  cdso  the  compass  for  all  true  or  positive 
values  of  the  lines  represented  by  x  and  y,  drawn  from  the 
termini  of  its  diameter,  and  meeting  in  the  semicircumference. 

168.  To  further  illustrate  the  foregoing  statements,  let 
us  draw  a  circle  whose  diameter  is  the  hypotenuse  of  the 
rt.A^BC(Fig.2).  Let 
ADC-E  (Fig.  3)  repre- 
sent such  O.  Draw  the 
lines  or  chords  AB  and 
CB,  meeting  at  the  point 
B,  in  the  semicircumfer- 
ence AEG.  Designate 
all  lines  by  x  to  the  left, 
and  y  to  the  right. 
Then  will  AB  =  x,  and 
CB  =  y. 


Whence, 


x*  +  f  =  ACT  =  c2. 
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Letting  xy=p,  then  will  the  values  of  x  and  y  be  the 
same  in  this  last  equation  as  already  found  in  (166). 

169.   Let  us  now  increase  their  rectangle  by  any  positive 

quantity,  say  t;  then  xy=^p-{-t.     (_p  +  *)>  io  be  true,  must 

be  less  than  one-half  the  square  of c;  that  is,  (p  +  t)  must  be 

c2 
<  — :  because,  the  true  greatest  rectangle  of  any  two  lines  that 

can  be  drawn  from  the  termini  of  its  diameter,  and  meeting  in 
the  semicircumference,  is  equal  to  one-half  the  square  of  the 
diameter  of  the  circle.  (See  any  geometry.)  If  p  repre- 
sents the  rectangle  of  the  hues  x  and  y,  when  xy=p  +  t, 

a 

and  p  +  t  <  — ,  and  p  +  t  >p,  the  lines  now  represented  by 

x  and  y,  let  us  assume  to  be  AB'  and  CB'.  Therefore,  in- 
creasing the  rectangle  of  the  lines,  the  sum  of  their  squares 
always  remaining  permanent,  x  gradually  grows  less,  and  y 
gradually  grows  greater,  in  consequence  of  which  the  point 
of   meeting  of  the  lines  moves  in  the   semicircumference 

AC2 
towards  the  point  E ;  and  when  their  rectangle  equals  — — , 

the  lines  become  numerically  equal,  being  then  represented 
by  the  clotted  lines  AE  and  CE  (Fig.  3). 

It  is  now  seen  that  x  may  assume  all  jwssible  values  from 
AC  to  0,  and  y  all  possible  values  from  0  to  AC.  There- 
fore, by  increasing  or  decreasing  the  rectangle  of  the  lines 

AC2 
represented  by  x  and  y,  within  the  limit  of  — — ,  the  lines  as- 

sume  new  positions  and  magnitudes  in  the  semicircle.  And  as 
the  sum  of  the  squares  of  any  two  lines  drawn  from  the 
termini  of  the  diameter  of  any  circle,  and  meeting  in  its 
semicircumference,  is  equal  to  the  square  of  the  diameter, 
such  lines,  with  the  diameter  of  the  circle,  form  rt.  triangles; 
and  the  rectangle  of  any  two  of  such  lines,  so  formed,  is  the 
absolute  term  of  a  quadratic;  and  the  sian  of  such  lines  is  the 
numerical  sum  of  the  roots  of  such  equation,  and,  as  cuch,  are 
real  quantities. 
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170.  Letting  x2  +  y2  always  remain  permanent,  and  in- 
creasing their  greatest  true  rectangle  by  any  positive  value, 

c2 
say  t,  then  xy  =  —  +  t,  and  we  have  the  equations 

(a)  x2  -+-  y2  =  c2,  and 

(P)  xy  =  c^+t, 

to  find  new  values  for  x  and  y. 

Adding  to  (a)  twice  (b),  and  taking  the  square  root  of 
both  members,  we  have 


(c)  x  +  y  =  V2  c2  -\-2t  =  sum  of  lines. 

And  taking  2  x  (b)  from  (a),  and  extracting  the  square 
root  of  both  members,  we  have 


(d)  x  —  y  =  V—  2  t  =  their  difference. 


(6)  ...   ,  =  ^Z±%hVzi^jand 


u)  y— 9 

Here  we  meet  with  this  "vexed"  imaginary,  for  a  full 
meaning  of  which  the  reader  is  referred  to  the  General 
Tlieorem  of  Imaginary  Quantities,  given  in  another  part  of 
this  work.  It  will  be  sufficient,  however,  at  this  time,  to 
point  out  the   location   of  the   lines   now  represented   by 

■ —     It  has  been  shown  that  when  xy  =  — , 

x  and  y  are,  respectively,  represented  by  the  dotted  lines 

c2 
AE  and  CE  (Fig.  3).     When  their  rectangle  exceeds  -  by 

t,    we    have    x  +  y  =  V2  c2  +  2  t,    which    is    greater    than 
x  +  y  =  V2  c2 :    for,  by  our  hypothesis,  t  is  a  jiositive  real 

c2 
quantity.     It  has  been  shown:  that  when  xy  =  -,  that  x  and 

V^o2 
y  are,  respectively,  equal  to  — — — ,  aud  lie  wholly  within  the 

2 
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semicircle  AEC  (Fig.  3),  being  represented  by  the  dotted 

c2 
lines  AE  and  CE.     When  xy  —  — \-t,  x  and  y  are,  respec- 


tively,  equal  to  ^^+2t+V^2t  ^  V2?+2t-V^ 
To  locate  the  real  part  of  x  in  this  last  expression  is  now 


F, 


our   object.     The  c       ""      being   >  — — ,  it   must   lie 

partly  without  the  semicircle.  Beginning  at  the  point  (E) 
in  the  semicircumference,  where  the  lines  AE  and  CE  meet, 
forming  the  true  greatest  rectangle  of  the  lines,  we  lay  off 

the  real  part  of  x,  (        c  ),  to  meet  AC  extended  in 

',  aud  the  real  part  of  y,  f— — ^— ^ — -\  to  meet  AC  ex- 
tended in  G  (Fig.  3).  We  now  have  the  isosceles  triangle 
FEG,  whose  sides  EF  and  EG  represent  the  real  part  of 

-v/9  C2  -\-  ''  t  +  a/ '2  t 

the  Real  Imaginary,  — —       0    •    It  will  be  shown 

in  the  discussion   of   the   General    Tlieorem   of  Imaginary 

Quantities  that  the  imaginary  parts,   ± ^—  are  repre- 

sented  by  the  lines  FA  and  CG,  that,  lie  in  the  same  direc- 
tion of  the  line  AC,  the  diameter  of  the  circle. 

171.  To  illustrate,  numerically,  take  the  equation, 

a2  -  14  a  +  48  =  0. 

Here,  a2  +  V=  100  =  (-  14)2  -  2  x  48.     (Th.  A.) 

And,  ab  =  48. 

Whence,  by  a  solution  of  a2+62=100,  and  a&=48,  we  find 

a  =  8  and  b  =  G. 

To  locate  the  lines  representing  the  values  of  a  and  b, 
draw  a  circle  whose  diameter  is  the  VlOO  =  10,  which  repre- 
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sents,  also,  the  hypotenuse  of  the  right  triangle.  Then 
draw  the  chords  a  and  b,  and  we  have,  respectively,  the 
other  two  sides  of  the  right  triangle. 

172.  In  the  same  way  determine,  by  actual  measurement, 
the  roots  of  the  following  quadratics  : 

(I)  ar-    4x+   5    =0, 

(m)  x2-    6  a; +  11     =0, 

(n)  x--    7x  +  12     =0, 

(0)  x2-    6x  +    9     =0, 
(p)  x2  - 10  x  +  37.5  =  0. 

Multiply  n  and  p  together,  and  show  what  absolute 
theorem  will  apply  in  its  solution. 

173.  Theorem  II.  Z7ie  sum  of  the  squares  of  the  roots  of 
any  general  equation  is  equal  to  the  square  of  the  coefficient  of 
the  second  term,  minus  twice  the  coefficient  of  the  third  term; 
and  the  sum  of  the  squares  of  the  roots  multiplied  by  the  de- 
gree of  the  equation  is  equal  to  the  square  of  the  sum  of  the 
roots  plus  the  sum  of  the  squares  of  the  differences  of  the  roots. 

» 

174.  To  prove  the  theorem,  take  the  general  equation 

x"  +  mxn~l  +  nxn~2  +  ox-"-3  -\ \-px  +  q  =  0. 

Letting  a  +  b  +  c  +  d-\ M +  »»+■••  to  n,  represent 

the  roots  of  the  equation ;  then,  according  to  the  theorem, 

we  have 

(1)  m2-2n  =  a2+b2  +  c2+d2+->-  +  l2+m2+---  to  n  factors 
or  roots  =  the  sum  of  the  squares  of  the  n  roots  of  the  equa- 
tion.    (Th.  D.) 

(2)  n(a?  +  62  +  c2  +  •••)  =□  of  sum  of  n  factors  or  roots 
+  the  sum  of  the  E  of  the  differences  of  the  n  factors  or 
roots  that  enter  into  the  formation  of  the  equation.    (Th.  I.) 
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1.75.  To  illustrate  the  universal  application  of  the  theorem 
in  the  solution  of  numerical  equations,  let  it  be  required  to 
find  the  roots  of  the  following  equations : 

(1)   a2- 4 a; +  5  =  0.  (6)  a?-dx  +  q  =  0. 

(2)-  x2  +  4aj  +  5  =  0.  (7)  a3 + 6  x2 + 12  x + 8  =  0. 

(3)  or +  4  a; +  8  =  0.  (8)  ^-6x2+12.r-9  =  0. 

(4)  x2-±x  +  8  =  0.  (9)  a?-lQx2+76x-96  =  Q. 

(5)  x2  +  dx  +  q  =  0.  (10)  x*-7x  +  6  =  Q. 

(11)  x*  -  14  a3  +  71  x2  -  154  z  +  120  =  0. 

(12)  a-4  +  2  x-3  +  2  or  +  4  a  +  4  =  0. 

(13)  a-4  -  14  a8  +  78  x'2  -  196  a;  +  176  =  0. 

(14)  x5  -  4  x*  -  49  x3  +  64  a;2  +  780  a;  +  1008  =  0. 

(15)  x5  -  31  a;3  +  2  ar  +  192  a;  +  160  =  0. 

Solutions.  Letting  «,  &,  c,  •••,  or  any  other  unknown  quantities, 
represent  the  roots,  then,  from  the  general  law  (56)  of  the  formation 
of  the  coefficients  of  the  foregoing  equations,  we  have 

From  equation  (1), 

(1)  (a  +  b)  =  -4,  and  ab  =  5. 

(2)  .-.  (-4)-2(5)=a2  +  &2  =  6.     (Th.  II.) 

(3)  a"  +  b2  +  2  ab  =  16  =  (6  +  10). 

(4)  a  +  b  =  4. 

(5)  a2  +  b2  -  2  ab  =  -  4  =  (6  -  2  a*). 

(6)  a-&=V^4  =  2V^T. 

(7)  ,.  a  =  i±^i  =  2  +  V3I. 

2 

.*.  The  roots  of  the  equation  are  Real  Imaginaries  (24). 
From  equation  (2), 
(1)  a  +  b  =  4,  and  a&  =  5. 

The  roots  of  which  are  numerically  the  same  as  (1),  hut  the  sign  of 
the  real  part  of  the  imaginary  is  — . 
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From  equation  (3), 

(1)  a  +  6  =  4,  ab  =  8.  (2)  a2  +  b2=(-i)2  -2x8  =  0. 

(3)  .•.  the  roots  are  conjugate  imaginary  origins,  and  (98), 


-  2  +  V^4,  and  -  2  -  V^~4  are  the  roots,  or  2  ±  2\/^T. 

From  equation  (4), 

(1)  a  +  &  =—  4,  and  «&  =  8. 

The  roots  are  the  same  as  the  roots  of  (3),  but  the  real  part  of  the 
imaginary  is  +.     .:  2  ±  2V—  1  are  the  roots. 

From  equation  (5), 

(1)  a  +  b  =  —  cl,  and  ab  =  o.  , ..  d  +  Vd2  -4« 

(4)  .-.  a  = ±— - *■ 

(2)  «2  +  &2  _  fZ2  _  2  g. 


(3)  a  -  b  =  Vd2  -4q.  y  J  "  2 

If  d2  —  4  q  is  minus,  the  equation  contains  imaginary  roots  ;  if  p>lus, 
the  roots  of  the  equation  will  be  real  quantities. 

From  equation  (6), 

(1)  a  +  b  =  —  d,  and  «ft  =  #. 

The  roots  of  (6)  will  be  the  same  as  the  roots  of  (5),  except  as  to 
sign. 

From  equation  (7), 

(1)  («  +  b  +  c)  =  G,  p-2-  12,  pz  or  abc  =  8. 

(2)  (6)2  -  2  x  12  =  12  =  a2  +  V2  +  c2.     (Th.  II.) 

(3)  2x12-  2jp2.     .-.  (138),  -  2,  -  2,  -  2  are  the  roots. 
From  equation  (8), 

(1)  a2  +  &2  +  c2  =  12.     (Th.  II.) 

(2)  .-.  The  numbers  are  equal,  as  2  x  12  =  2p2. 

The  roots  being  the  same  as  the  roots  of  (7),  except  as  to  sign. 
But  2x2x2  =  8,  while  the  absolute  term  of  (8)  is  9  .-.  One  of  the 
roots  at  least  will  be  2  +  v/9  —  8  =  3.  The  sum  of  the  other  two  roots 
will  be  6  —  3  =  3.  Their  product  will  be  9  -=-  3  =  3.  As  four  times 
their  product  is  areater  than  the  square  of  their  sum,  the  numbers,  or 
roots,  are  imaginary.  .-.  a  —  b=  V(3)2  —  4x3  =  V—  3.  Whence  a, 
and  b  are,  respectively,  equal  to 

3WE*  and  b£i 
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From  equation  (0), 

(1)  a  f  b  +  c  =  -  16,  p2  -  76,  and  ahc  =  -  96. 

(2)  «2  +  62  +  c2  =  (-  16)2  -  2  x  76  =  104.     (Th.  II.) 

(3)  104.x  3  =  312  =  □  of  sum  +  sum  [s]  of  cliffs. 

(4)  312  - (-  16)2  =  56  =  sum  rj]  of  cliffs. 

(5)  56  x  3  =  168  =  □  of  sum  of  cliffs.  +  sum  rj]  of  cliffs,  of  cliffs. 
(Th.  I.)  The  side  of  the  greatest  square  in  168,  whose  side  is  integral, 
is  12,  =  2  c  —  2  a,  c  —  a  =  6.  Having  found  c  —  a  =  6,  we  readily  find 
the  values  of  a,  b,  and  c  to  be  2,  6,  and  8,  which  will  satisfy  all  the 
conditions  of  the  problem. 

From  equation  (10), 

(1)  a  +  b  +  c  =  ±  0,  and  abc  =  6,  and  p2=—  7. 

(2)  a2  +  62  +  c2  =  14  =(±  0)2  -  2  (-  7.)     (Th.  II.) 

(3)  (3  x  14)*  =  6  =  «  +  b  +  c. 

f\    l_  c\ 

(4)  .-.      "*"     =  3  =  sum  +  roots  ;  true  sign  — .     .-.  1,  2,  -  3. 

A 

From  equation  (11), 

(1)  «2  +  &2  +  c2  +  (V-  =(-  14)2  _  o  x  71  =  54.     (Th.  II.) 

(2)  54  x  4  =  216  =  □  of  sum  +  sum  [J]  of  cliffs.     (Th.  II.) 

(3)  216  -  (-  14)2  _  20  =  sum  \s\  of  cliffs,  of  roots. 

(4)  20  x  6  =  120  =  □  of  sum  of  cliffs.  +  sum  rj]  of  diffs.  of  cliffs. 

(5)  (120)*  =  10  =  sum  of  diffs. 

(6)  Separating  20  into  6  squares  by  trial,  or  by  factoring  the  abso- 
lute term,  120,  into  4  factors,  we  readily  find  2,  3,  4,  5  as  the  roots 
of  (11). 

(See  full  solutions  of  biquadratics.) 

From  equation  (12), 

(1)  e2+62  +  c2  +  d2  =  0=(+2)2-2(2).     (Th.  II.) 

(2)  (4)2  -  (2  x  4)  2  =  0  =  sum  [J]  of  ps. 

(3)  .-.  The  roots  are  all  imaginary  ;  and  the  equation  can  be  sepa- 
rated into  two  quadratics,  which  are 

a;2  +  (1  +  V3)  x  +  2  =  0,  and  x2  +  (1  -  VS)  x  +  2  =  0. 

(See  full  solution  of  biquadratics.) 
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From  equation  (13), 
i    (1)  a-  +  62  +  c2  +  d2  =(-  14)2  _  2  (78)  =  40.     (Th.  II.) 

(2)  40  x  4  =  160  =  □  of  sum  +  sum  [s]  of  diffs. 

(3)  As  160  <  (—  14)2,  the  equation  contains  imaginary  roots  (130). 
We  now  factor  the  absolute  term  in  order  to  determine  whether  the 
equation  contains  all  imaginary  roots,  or  is  made  up  of  real  and 
imaginary  roots.  176  =  the  factors  2x2x4x11.  We  try  2,  and 
find  that  it  satisfies  the  condition  of  the  problem.  .•.  The  equation 
contains  two  real  +  roots  and  two  imaginary  roots ;  for  even  degree 
equations  contain  an  even  number  of  real  roots  or  none.  But  we  have 
discovered  that  it  contains  one  real  root,  therefore  it  must  contain  two 
real  roots. 

We  now  represent  the  roots  by 

a,  6,  and  c  ±V—  I. 
...  a2  +  hi  +  2  C2  +  _  2 1  =  40.     (Th.  II.) 
a-  =    4  (letting  a  =  2). 

Whence  b-  +  2  c2  +  -  2 1  =  36. 

We  now  try  4  one  of  the  factors,  and  we  find  it  is  a  root.  Taking 
its  square  from  36,  we  have 

2  c2  -  2 1  =  20, 

whence  c2  —  I  =  10. 

(c  +  v^H)  (c  -  V^7)  =  c2  +  I  =  22  =  176  -4-  (2  x  4). 

2  c2  =  32. 

c2  =  16. 

c  =  4  =  V16. 

/.  (c2  +  ?)  -  (c2  -  Z)  =  22  -  10  =  12  =  2 1. 

Whence  I  =  6,  and  V^7  =  V^6. 


.'.  2,  4,  and  4  ±  V—  6  are  the  roots  of  (13). 
(See  solution  of  biquadratics.) 

From  equation  (14), 

(1)  a2  +  52  +  c2  +  (p  +  e2=:(_4)2_2(_49)=114.     (Th.  II.) 

(2)  114  x  5  =  570  =  □  of  sum  +  sum  {£  of  diffs.     (Th.  II.) 

(3)  (570)2  =  22  =  sum  of  roots.  (The  side  of  the  greatest  square 
in  570,  whose  side  is  integral,  is  taken  for  the  sum  of  roots.  It  must 
be  an  even  number  (26).) 
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(4)  .*.  (26),  ~^~~  =  9  =  sum  of  +  roots  in  formation  of  equa- 
tions ;  true  sign  - ;  and 

(5)  (2G),  -"  ~^~ — 1  =  13  =  sum  of  —  roots  in  formation  of  equa- 
tions  ;  true  sign  +. 

From  algebraic  sum  and  sign  of  absolute  term  the  equation  contains 
three  minus  roots  and  two  plus  roots.  Putting  a  +  b  +  c  =  9  and 
d  +  e=  13,  and  adding  («  +  b  +  c)2,  +  (d  4  e)2,  and  from  algebraic 
sum  of  pi  we  find  for  p2  185.  From  this  we  readily  rind  for  the  roots 
of  (14),  -  2,  -  3,  -  4,  6,  and  7. 

(See  full  solutions  of  fifth  degree  equations. ) 

From  equation  (15), 

(1)  a2  +  b°-  +  c2  +  cf2  +  e2  =  62  =(±  0)2  -  2(-  31).     (Th.  II.) 

(2)  62  x  5  =  310  =  □  of  sum  +  sum  fj]  of  cliffs.     (Th.  II.) 

(3)  (310)2  =16=za  +  b  +  c  +  d  +  e.     (17  being  rejected  (26).) 

(4)  .-.  10  ~*~  =  8  =  sum  +  roots  in  formation  of  equation  ;  true 
sign  -. 

-I  s%  f\ 

(5)  — ^—  =  8  =  sum  minus  roots  in  formation  of  equation  ;  true 

sign  +. 

Now  form  the  cubic  and  quadratic;  for  we  have  discovered  that  the 
equation  contains  three  +  roots  and  two  minus  roots  in  its  formation. 

Let  xs  +  8  %•  +  ax  +  y  =  0, 

and  a:2  —  8s;  +  e  =  0  represent  the  equations. 

Their  product 

=  x5+(a  +  e+-  64)x3  +  (8e  +  y  +  -8  a)x*  +  {ae  +  -  8  y)x  +ey  =  0, 

the  coefficients  of  which  are  respectively  equal  to  the  coefficients 
of  (15). 

(1)  .'.  a  +  e  +  -  64  =-  31,  whence  a  +  e  =  33  =(-  31  +  64). 

(2)  8  e  +  y  +  -  8 a  =  +  2,  whence  8e  +  y  =  2  +  8«. 

(3)  ae  +  -  8 y  =  +  192,  whence  ae  =  192  +  8y,  and  e  =  192  +  8y. 

a 

(4)  ey=+  160,  whence  e  =  — . 
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(5)  a  =  33-e.     (From  (1).) 

Q  p     \     ft   O 

(6)  a  =  — "       • .     (From  (2)  by  transposition  and  division.) 

8 

(7)  Whence  (5)  =  (6),   8  e  +  ?/  ~  2  =  33-e  =  16e  +  v/  =  2GG. 

8 

(8)  c  ==  ?2£|Jf.     (From  (7).) 

(9)  .-.  (4)  =  (8)  mQ-V  =  1^0.     golving  ^  we  lmve 

16  ?/ 

(10)  y  -  10,  whence  e  =  -^  =  1G. 

We  may  now  complete  the  cubic  and  quadratic,  which  solved  gives 

for  the  roots  of  (15) 

-  1,   -  2,   -  5,  4,  and  4. 

176.  Thus  far  we  have  shown  that  Th.  II  holds  good  in 
the  solutions  of  equations  containing  two,  three,  four,  or  five 
roots.  Therefore  the  theorem  will  hold  good,  and  is  true, 
for  equations  of  all  degrees.     (Ths.  I  and  D.) 

177.  Theorem  III.  The  sum  of  the  squares  of  the  prod- 
ucts of  the  roots,  taken  two  and  two,  of  an  equation  of  the 
third  degree,  is  equal  to  the  square  of  the  coefficient  of  the 
third  term,  minus  twice  the  coefficient  of  the  second  term  into 
the  absolute  term. 

To  apply  the  theorem,  let 

cc3  +  mx2  +  nx  4-  q  =  0, 

be  an  equation  (in  the  general  form)  of  the  third  degree. 
Then  we  have,  according  to  the  theorem, 

2  2  ^ 

ab  +  ac"  +  be  —  n  —  2  (m  x  n). 
To  apply  the  theorem  to  the  following  cubes : 
(i)     x3  -  13  x2  +  54  x  -  70  =  0. 
'alf  +  ac  +  be  =  (+  5I)2  - 2(- 13  X  -  70)  =  1096. 

(ii)    a3  +  9ar-4  =  0. 

aV  |(7c!  +  k!-(i0/-2(+(Jx-l)  =  72. 
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(iii)   x"  —  7  x  -f  7  =  0. 

off  +  ac+Fc=(-7y-2(±0x  +  7)  =  49. 
(iv)   xs  +  9x2  +  18  jc  + 18  =  0. 

~a~b2  +  ac  +  6?  =  (  +  18)2  -  2  (+  9  x  +  18)  =  0. 
(v)   x3  ±1  =  0. 

^>2  +  ^2  +  6?=(±0)2-2(±0  x±l)  =  0. 
(vi)   x*  +  2  a,*2  —  3  x  —  5  =  0. 

a^2  +  «?  +  6c2  =  (-  3)2  -  2  (+  2  x  -  5)  =  29. 
(vii)   a?  -  7  a;2  - 11  a;  -  8  =  0. 

c7Z>2  +  ac  +  bc=(-  ll)2  -  2(-  7  X  -  8)  =  9. 

178.  Theorem  IV.  TTie  sum  of  the  squares  of  the  prod- 
ucts of  the  roots,  taken  two  and  tico,  of  an  equation  of  the 
fourth  degree,  is  equal  to  the  square  of  the  coefficient  of  the 
third  term,  minus  twice  the  difference  between  the  product  of 
the  second  and  fourth  term  coefficients,  and  absolute  term;  and 
the  sum  of  the  squares  of  the  products  of  the  roots,  taken 
three  and  three,  is  equal  to  the  square  of  the  coefficient  of  the 
fourth  term,  minus  twice  the  coefficient  of  the  third  term  into 
absolute  term. 

To  apply  the  theorem  take  the  general  equation, 

x*  +  mx?  -f-  nx2  +  ox  +  q  =  0. 

(1)  al)2+a7+bl?+al2+M2+c7f=n2-2(mo-q).  (Th.  IV.) 

(2)  aYc+a^t+aaf+bc^=o2—2(nq). 

To  apply  the  theorem  to  the  following  biquadratics : 
(i)   x*  -  21  .r3  +  158  x2  -  504  x  +  576  =  0. 

(1)  ab2  +  ac2  +  ad2  +  bc+  bcf  +  ccf  =  4948 

=  (+  158)2  -  2  [(-  21  x  -  504)  -  576], 

(2)  abc  +  abd2  +  acd2  +  bed2  =  72000 

=  (-  504)2  -  2  (+  158  x  +  570). 
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(ii)   x*  +  2  a3  +  2  x2  +  4  a;  +  4  =  0. 

(1)   c7?  +^2  +  -  +  at  =  -  4  =  (2)2  -  2  [(2  x  4)  -  4], 


(2)   abc  +  abd  +  ...  +  &cd  =  0  =  (4)2  -2(2x4). 

(iii)   a;4  -  a;3  -  3  ar  +  4  a  +  5  =  0. 

(1)  ^2+^?+---+ar=27=(-3)2-2[(-  x  +4)-  +5], 

(2)  ^2+(W+...  +  6^f=46=(+4)2-2(-3x  +5). 
(iv)   a4±l  =  0. 

(1)  a62  +  ac  H h  a?  =  ±  2 

=(±o)2-2[(±0x±0)-±l], 

(2)  abc  ^ h  beef  =  ±  0. 

179.  Theorem  V.  The  sum  of  the  squares  of  the  products 
of  the  roots,  taken  two  and  tivo,  of  an  equation  of  the  fifth 
degree,  is  equal  to  the  square  of  the  coefficient  of  the  third  term, 
minus  twice  the  difference  between  tJie  product  of  the  coefficients 
of  the  second  and  fourth  term,  and  the  coefficient  of  the  fifth 
term;  and  the  sum  of  the  squares  of  the  products  of  the  roots, 
taken  three  and  three,  is  equal  to  the  square  of  the  coefficient 
of  the  fourth  term,  jrtus  twice  the  coefficient  of  the  second  term 
into  absolute  term,  minus  twice  the  coefficient  of  the  third  term 
into  coefficient  of  fifth  term;  and  the  sum  of  the  squares  of 
the  products  of  the  roots,  taken,  four  and  four,  is  equal  to  the 
square  of  the  coefficient  of  fifth  term,  minus  twice  the  coefficient 
of  fourth  term  into  absolute  term. 

To  illustrate  the  application  of  the  theorem  take  the 
general  equation  of  the  fifth  degree, 

ar5  +  mx*  +  war3  -f  ox2  +  px  -f-  q  =  0. 

(1)  ab  +  ac  +  •  •  •  +  de  =  n2  —  2  (mo  —  p). 

(2)  abc  +  abet  +  •  •  •  +  cde  =  (o2  -+-  2  mq)  —  2  (»  X  p)* 


(3)   abed  -f-  ctbde"  +  •  •  •  +  bede'  =p2  —  2  oq. 
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To  apply  tlie  theorem  take  the  following  quiiitics : 
(i)   xo  +  x*  _  26  .*3  -  12  x2  +  134  aj  + 119  =  0. 

(1)  ab2+^c+  •••  +de2=  (_26)2-2  [(+1  x  -12)  -134] 

=  968, 

(2)  Wc+aM2-\-----\-cde2=(-12y-+(2x  +lx+119) 

-2(-26x +134) =7350. 

(3)  o6cd2+o6ce2+-..  +  6cde2=(  +  134)2-2(-12x+119) 

=20812. 

(ii)   &  +  2  x*  +  2  a£  +  2  a,*2  +  4  a  +  4  =  0. 

(1)  ^>2  +  oc2+.-.+de2=(2)2-2[(2  x2)-4]  =  4. 

(2)  ^?+c7^2+-.+^i2=(2)2+2(2x4)-2(2x4)=4. 

(3)  a~bccT  +  •••  +  bcde  =  (4)2-  2  (2  x  4)  =  0. 

180.  The  functions  of  the  squares  of  the  products  of  the 
roots,  taken  in  pairs  of  two,  three,  four,  and  so  on,  become 
of  especial  importance  in  the  solution  of  Higher  Numerical 
Equations.  It  is  not  necessary,  however,  that  they  be  called 
into  use  to.  effect  the  solution  of  many  problems ;  but, 
should  any  difficulty  arise  in  which  the  character  (real  or 
imaginary)  and  signs  of  the  roots,  and  their  location,  are 
not  easily  determined  by  application  of  Theorem  II  and 
Absolute  Theorems,  by  the  proper  use  of  the  foregoing 
theorems,  the  character  and  location  of  the  roots  of  any 
equation  of  the  class  to  which  they  apply  can  be  determined 
without  the  aid  of  the  Sturm  Theorem  or  "  Descartes'  rule 
of  signs";  and  while  the  pupil  is  thus  determining  the 
character  and  location  of  the  roots,  he  is  also  performing 
the  operation  of  a  solution  of  the  problem,  and  the  time 
spent  in  determining  the  character  and  location  of  the  roots 
is  not  lost,  but  gained. 

Note. — In  applying  the  foregoing  theorems,  care  should  be  taken 
to  preserve  the  well-established  uses  of  the  signs,  +  and  — ,  as  used 
in  algebraic  operations. 
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LOCATION   AND   CHARACTER   OF   ROOTS. 

181.  Application  of  theorems  in  determining  the  location 
and  character  of  the  roots  of  an  equation. 

182.  Let  it  be  required  to  determine  the  location  and 
character  of  the  roots  of  the  following  cubics : 

(1)  tf-±x2  +  7x-S  =  0.  (5)  ar3  +  7a:-92  =  0. 

(2)  arJ-2a2  +  3a; -18  =  0.  (6)  x5  ±  1  =  0. 

(3)  ar3  +  3x2  -  5a;  +  12  =  0.  (7)  Xs-  67 x  +  127  =  0. 

(4)  af3  +  7  x2  -  90  =  0. 
From  equation  (1), 

(_  4)2  _  o  (+  7)  =  2  =  a2  +  Z>2  +  c2.     (Th.  II.) 

3x2  =  6=Dof  sum  of  roots  +  sum  @  of  cliffs.     (Th.  II.) 

As  6<(— 4)2,  the  equation  contains  imaginary  roots  (130). 
.-.  It  being  of  the  third  degree,  it  can  contain  but  one  real 
+  root  (110).  Substituting  the  side  of  the  greatest  inte- 
gral square  in  6,  which  is  2,  we  find  the  real  root  >  +  2  and 
<  _l_  3.     By  Theorem  III  we  have 

(+  7)2  _  o(-  4  x  -  8)  =  -  15  =  aV  +  ac  +  be. 

.-.  The  imaginaries  are  pure.     (24.) 

From  equation  (2), 

(_  2)2  -  2(+  3)  =  -  2  =  a?  +  &2  +  c2.     (Th.  II.) 

.-.  Only  one  real  +  root,  and  a  pair  of  pure  imaginary 
roots.  And  by  (134),  the  real  parts  of  the  imaginary  roots 
will  be  — . 

N0TE.  —  it  will  be  shown  in  the  solution  of  cubics  that  equation  (2) 
is  readily  changed  to  the  quadratic  x2  -  -2^  x  +  f  =  0,  the  solution  of 
which  will  be  the  real  root  of  (2), 

From  equation  (3), 

( 4-  S)«  -    -  (-  -\  =  19  -  a2  •!-  b2  !-  c2       T   .  II.) 

(_  5)2  -  2  ( -i-  3  x  +  12,  =      17  =  at/  j  ac      oc.    (Th.  III.) 
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.*.  The  equation  contains  but  one  real  —  root,  and  a  pair 
of  pure  imaginary  roots  (110  —  24). 

Theorem  II  does  not  immediately  detect  the  character  of 
the  roots,  but  Theorem  III  does.  Substituting  in  the  equa- 
tion the  side  of  the  greatest  integral  square  in  19,  which 
is  4,  and  making  its  sign  contrary  to  absolute  term,  we  find 
that  the  real  root  lies  between  —4  and  —  5. 

From  equation  (4), 

(+  7)2-  2(±  0)  =  49  =  a2  +  b2  +  c2.     (Th.  II.) 
(±0)-2(+7x-90)  =  1260.     (Th.  III.) 

Here  both  theorems  give  +  quantities  for  sum  of  squares 
of  roots,  and  sum  of  squares  of  products  of  roots  taken  two 
and  two ;  but  we  know  that  the  third  term  being  wanting, 
the  equation  contains  imaginary  roots,  which  must  bo  real 
imaginaries.  49  x  3  =  147  =  □  of  sum  of  roots  +  sum  E] 
of  cliffs,  of  roots  (Th.  II).  The  side  of  the  greatest  square 
in  147  whose  side  is  integral  is  12;  but  12  is  rejected  (26). 
As  the  equation  contains  a  pair  of  real  imaginaries,  the  sum 
of  whose  squares  is  a  +  quantity,  we  take  11  as  the  numeri- 

cal  sum  of  roots.     .*.  — — —  =  9  =  sum  of  +  roots  in  forma- 

tion   of  equation,  true   sign  —  ;    and  — =  2  =  sum  of 

minus  roots  in  formation  of  equation;    true  sign  +.     Try 
2,  and  find  it  too  small.     .-.  13  is  taken,  and  we  have 

13+7 


9 

13-7 


=  10  =  sum  +  roots ;  true  sign  minus. 
=  3  =  sum  —  roots ;  true  sign  plus. 


3  is  tried,  and  satisfies  the  condition  of  the  problem. 
.-.  Write  —  5+V—  I  and  —  5—  V—  I  for  the  imaginary 
roots.  Their  product  25+1  =  -°.f  =  30.  .-.  —l  =  -  5  and 
—  o  ±  V—  5  are  the  other  two  roots.  Thus  we  have  per- 
formed an  actual  solution  of  the  problem.    It  can  be  readily 
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• 
seen,  that  as  soon  as  the  reader  becomes  acquainted  with 
this  method,  the  entire  process  can  be  performed  mentally 
and  rapidly. 

From  equation  (5).  The  second  term  is  wanting,  and  the 
sign  of  the  third  term  +.  .-.  Only  one  real  root  (104)  and 
a  pair  of  pure  imaginaries.  The  sign  of  absolute  term  is 
— .  .-.  Ileal  root  will  be  +•  Separating  92  into  its  prime 
factors,  Ave  have  2  x  2  x  23.  If  the  real  root  is  integral,  it 
must  be  2  x  2  =  4,  which  we  find  satisfies  the  problem. 

.-.  |-  =  2  =  real   part  of   imaginary.     Its  sign  is  minus. 

...  (_  2  +  V^O  (-  2  +  V^7)  =  V  =  23. 
Whence        - 1  =  - 19,  and  V^l  =  V^M. 


.:  The  roots  of  (5)  are  4,  and  -  2  ±  V-  19. 

From  equation  (6).  The  second  and  third  term  are  want- 
ing. .-.  Only  one  real  root,  which  is  V  ±  1,  and  a  pair  of 
imaginary  roots. 

From  equation  (7), 

( ±  0)2  -  2  (-  67)  =  134  =  a2  +  b-  +  c2.     (Th.  II.) 

134  x  3  -  402  =  □  of  sum  of  roots  +  sum  [U  of  diffs.  of 
roots  (Th.  II.).  The  side  of  the  greatest  integral  square  in 
402  is  20,  which  will  give  for  one  of  the  roots,  —  10.  This 
is  found  to  be  too  great.  The  next  lower  number,  19,  is 
rejected.     (26.)     18  is  then  taken,  and  we  have 

18+0 


2 
18-0 


=  9  =  sum  of  -f  roots  ;  true  sign  —  ;  and 


=  9  =  sum  of  —  roots ;  true  sign  +. 


2 

From  the  algebraic  sum  and  sign  of  absolute  term,  the 
equation  contains  two  +  roots  and  one  —  root.  We  now 
substitute  —9  in  the  equation.  To  do  so,  we  divide  the 
equation  \r/x-\-9,  and  find  that  —9  is  a  little  too  small. 
\Ye  now  discover  the  Natural  to  be  ur  —  67  x  —  126  —  0,  the 
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roots  of  which  are  2,  7,  and  -  9.     (To  discover  the  Natural 

we  divide  (5)  by    —  9,  synthetic  division,  and   solve  the 

quadratic.)     Thus : 

rf  ±  o  -  67  +  127 

-9  +  81-126 
tf  _  9  +  14  +     l 

(Solve  x2  —  9  x  +  14  =  0,  and  we  obtain  2  and  7.) 
If  the  absolute  term  of  (5)  was  + 126,  the  roots  would 
be  2,  7,  and  —  9 ;  but  the  absolute  term  of  the  Natural  has 
been  increased  by  1.     .-.  The  roots  of  (5)  will  be 

>  2,  <  7,  and  >  -  9.     (112.) 

This  means  that  one  of  the  roots  lies  between  2  and  3, 
one  between  6  and  7,  and  one  between  —  9  and  —  10. 

183.  To  determine  the  location  and  character  of  the  roots 
of  the  following  biquadratics : 

(1)  xl  +  5  x3  +  30  x-  -  85  x  -  6  =  0. 

(2)  a;4-Sa;3  +  23a;2-10a;-42  =  0. 

(3)  x*  +  4  ar3  -  .5  x2  - 16  x  - 14  =  0. 

(4)  a;4  -  8  ar3  +  33  x2  -  68  x  +  71  =  0. 

(5)  a;4  -  16  a;3  +  128  x2  -  480  x  +  900  =  0. 

(6)  a;4  -  100  a;3  +  3748  x2  -  62400  x  +  398375  =  0. 

(7)  a;4  -  2  a;3  +  2  a;2  -  16  x  +  64  =  0. 

(8)  a;4  +  x3  +  ar  +  x  +  1  =  0. 

(9)  a;4-3a;3-3x2-3a;-4  =  0. 

From  equation  (1), 

(+  5)2  _  2  (+  30)  =  -  35  =  a2  +  b2  +  c2  +  d2.  (Th.  II.) 
.-.  The  equation  contains  imaginary  roots.  (100.)  The 
sign  of  absolute  term  is  minus.  .-.  Two  real  roots  of  oppo- 
site signs  (103),  and  two  pure  imaginary  roots.  (26.)  The 
absolute  term  separates  into  the  prime  factors  2  and  3;  2 
will  satisfy  the  conditions  of  the  problem,  and  is  therefore 


72  FUNCTIONS   OF   SQUARES. 

a  root.    (16.)    If  we  divide  equation  (1)  by  x  —  2,  we  obtain 
the  cubic 

the  real  root  of  which  is  minus,  and  cannot  be  greater  than 

-§-  =  >  _  .07  and  <  -  .08. 
<4 

The  imaginary  roots  can  be  readily  found  from  a  quadratic. 

From  equation  (2), 

(  _  8)2  -  2  (23)  =  18  =  a2  +  b2  +  c2  +  d\     (Th.  II.) 

4  x  18  =  72 = □  of  sum  +  sum  m  of  diffs.  of  roots.    (Th.  II.) 

The  side  of  the  greatest  square  in  72  whose  side  is  inte- 
gral is  8.     If  8  is  the  true  numerical  sum  of  roots,  then 

O  _i o 

—Jl =  0  =  sum  of  +  roots  in  formation  of  equation ; 

true  sign  — . 


o1 


. i — —  =  8  =  sum  —  roots  in  formation  of  equation  ; 

true  sign  +. 

Then  would  the  equation  contain  no  minus  root,  which  we 
see  is  not  true  from  the  signs  of  its  terms ;  for  the  equation 
contains  tivo  real  roots,  one  +  and  one  — .  "We  have  seen 
that  the  side  of  the  greatest  square  in  72,  which  is  8,  is  too 
small.    Therefore,  say  9;  but  9  is  rejected.    (26.)    10  is  then 

taken  as  the  true  numerical  sum  of  roots;   and  — ' 

«> 

=  1  =  sum  +  roots;  true  sign  — ;  and f =  9  =  sum 

—  roots;  true  sign  +.  —1  satisfies  the  conditions  of  the 
problem.  .•.  10  =  true  numerical  sum  of  roots.  The  abso- 
lute term  separates  into  1,  2,  3,  and  7  as  prime  factors. 
+  3  is  also  found  to  be  a  root.  .-.  —  1  and  +  3  are  the  real 
roots.  The  sum  of  their  squares  =  (l)2  -f-  (3)2  =  10,  which 
we  take  from  the  whole  sum  of  squares,  and  we  obtain 
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18— 10 =8  =  sum  of  GO  of  the  imaginary  roots,  say  a±  V— ~l; 

or,  2  a-  +  -  2 1  =  8.     Their  product  will  be  -i?-  =  14  = 

1  X  o 

a2+Z  =  14.     Multiplying  this  last  by  2  and  subtracting  it 

from  the  sum  of  squares,  we  have  —  2  I  =  —  20.     Whence 

—  Z  =  —  5  and  V—  /  =  V—  5.     And,  adding  and  extracting 

square  root  of  both  members,  we  have  a  =  3.     .•.  The  roots 

of  (2)  are  -  1,  +  3,  and  +  3  ±  V^5~. 

From  equation  (3), 

(+  4)2  -  2  (-  .5)  =  17  =  a2  +  IP  +  c2  +  tf2.     (Th.  II.) 

(_16)2_2(-.5x-14)  =  242  =  a&?+^kf+....     (Th.  IV.) 

17  x  4-68  =□  of  sum  of  roots  +  sum  \B  of  diffs.    (Th.  II.) 

(68)^  =  8  =  sum  of  roots.  (The  side  of  the  greatest  square 
in  68  being  taken  for  numerical  sum  of  roots.  If  it  should 
be  too  great,  or  too  small,  it  will  be  detected  as  we  proceed.) 

.-.  — i— =  6  =  sum  +  roots  in  formation  of    equation; 
2 

true  sign  — ;  and 

o £ 

— - —  =  2  =  sum  —  roots  in  formation  of  equation ;  true 
sign  +. 

From  algebraic  sum  and  signs  of  the  terms  there  are  three 
minus  roots  and  one  plus  root.  2  is  tried,  and  it  satisfies 
the  equation.  +  2  is  therefore  a  root.  We  also  try  —  2, 
and  find  it  to  be  a  root.  By  dividing  equation  (13)  by 
(»  +  2)  (x  —  2),  we  obtain, 

a?  +  4  x  +  3.5  =  0. 

Solving  the  quadratic,  which  we  can  do  mentally,  we  find 
the  other  two  roots  to  be  also  real,  being 

-2±VM. 

Note.  —  While  we  have  been  determining  the  location  and  character 
of  the  roots  we  have  solved  the  equation, 
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From  equation  (4), 

( _  s)2  -  2  (+  33)  =  -  2  =  a2  +  Ir  +  c2  +  c72.     (Tli.  II.) 


(_68)2-2(+33x+71)=-62  =  a6c-+..-  +  6ctr.  (Th.  IV.) 

Both  theorems  give  for  sum  of  squares  of  roots,  and  sum 
of  squares  of  products  of  roots,  taken  three  and  three,  minus 
quantities.  .*.  It  is  safe  to  conclude  that  the  equation  con- 
tains all  pure  imaginary  roots,  which  we  may  now  represent 
as  follows  for  unequal  roots : 

a  ±  V—  I, 


b  ±  V  —  m. 
Should  the  roots  be  equal  conjugate  imaginaries,  then 

2±V=l 

may  represent  the  roots.     Trial  is  made  with  the  equal 
roots,  and  we  obtain  as  the  roots  of  (4) 


2±^-4.5±VL25. 
(See  general  solutions  of  biquadratics.) 
From  equation  (5), 

( _  16)2  -  2  (128)  =  0  =  a2  +  b2  +  c2  +  d2.     (Th.  II.) 
(_  480)2  -  2  (128  x  900)  =  0  =  a~bc  +  •  • .  +  hat.     (Th.  IV.) 
.-.  The  equation  contains  all  imaginary  roots.     (132.) 

Remark.  — To  separate  (5)  into  two  quadratics. 

Let  (0  x2  -  ax  +  30  =  0, 

and  (e)  x2  -  bx  +  30  =  0 

be  the  equations  whose  products  equal  equation  (0).  30=v00l). 
Find  -  a,  and  -  ft,  and  substitute  in  (i)  and  (<<)  and  solve  by  quad- 
ratics.    The  roots  of  the  quadratics  will  be  the  roots  of  the  biquadratic. 
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From  equation  (6), 

(-  100)2  -  2  (3748)  =  2504  =  a2  +  b2  +  c2  +  d2.     (Th.  II.) 

(2504)  x  4  =  10016  =  □  of  sum  +  sum  @  of  cliffs,  of  roots. 
10016  -  (100)2  =  1G  =  sum  [E  of  cliffs.  From  the  signs 
and  magnitude  of  the  coefficients,  and  absolute  term,  and 
sum  of  [JD  of  differences  of  roots,  we  have  no  hesitancy  in 
saying  that  the  equation  contains  four  real  imaginaries.  The. 
problem  is  easily  solved  by  submitting  it  to  a  general  solu- 
tion, in  which  case  no  attention  is  given  to  the  signs  or 
character  of  the  roots,  as  their  true  signs  and  character  are 
developed  in  the  solution. 

From  equation  (7).  By  inspection  we  discover,  men- 
tally, that  the  equation  contains  all  imaginary  roots ;  and 
by  separating  the  equation  into  quadratics,  the  roots  are 
obtained  and  their  signs  and  character  determined. 

Equations  (8)  and  (9)  are  readily  solved  by  (133). 

184.  To  determine  the  location  and  character  of  the  roots 
of  the  following  quintics  : 

(1)  a;5  +  x4  -  26  a3  -  12  x2  + 134  x  + 119  =  0. 

(2)  uc5  +  2a;4  -  3a;3  -  3x2  +  2x  +  1  =  0. 

(3)  a5  ±1=0. 

(4)  ari  +  a;4  +  2ar!  +  2a;2  +  3a;  +  3  =  0. 

(5)  a,-5  -  30  a;4  +  340  a;3  - 1800  x2  +  4384  x  -  3830  =  0. 

(6)  x5  -  73  a;4  +  89  x5  +  103  x2  +  771  x  +  29  -  0. 

(7)  x5  + 14  a;4  +  73.7  x*  +  457  a;2  +  1307  x  +  1218  =  0. 

(8)  a;* -37  =  0. 

(9)  a;5  -  10  a;4  +  126  a;3  -  539  x2  +  1295  x  -  1218  =  0. 

From  equation  (1), 

(+ 1)2  -  2  (-  26)  =  53  =  a2  +  lr  +  c2  -f  d2  +  e2.     (Th.  II.) 

53  x  5  =  265  =  D  of  sum  +  sum  m  of  cliffs.     (Th.  II.) 
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The  side  of  the  greatest  square  in  265,  whose  side  is  in- 
tegral, is  16,  which  is  rejected.    (26.)     15  is  then  taken  for 

numerical  sum  of  roots,  and  we  have 

- — JZAjI — I  —  8  =  sum  +  roots  in  formation  of  equation ; 

i 

true  sign  — . 

— ~  ^~l~ — '-  —  1  =  sum  —  roots  in  formation  of  equation ; 

true  sign  +. 

.-.  265  —  (15)2  =  40  =  sum  0  of  cliffs. ;  ten  in  number, 
10  x  10  =  400,  which  is  a  perfect  square.  .-.  V400  =  20  = 
(4  e  +  2  d)  —  (4  a  +  2  c).  (125.)  From  the  sum  of  the 
cliffs,  and  sum  of  the  roots  Ave  readily  separate  15  into  the 
numbers  1,  2,  3,  4,  5.  Fitting  these  numbers  to  the  sum 
of  +,  and  —  roots,  we  have  in  either  case  three  minus 
roots  and  two  plus  roots.  We  now  try  +  5,  or  any  of  the 
other  numbers  (1,  2,  3,  4),  to  obtain  the  combination  of  the 
roots.  In  either  case  we  find  for  minus  roots  —1,  —2,  —5, 
and  plus  roots  3  and  4.  With  these  roots  we  build  the 
cubic  and  quadratic,  respectively, 

ic3  +  8  a?  +  IT  x  +  10  =  0,  and 

x-  -  7  x  + 12  =  0. 

Their  product  =  0  =  x5  +  a.-4  -  27  x'  -  13  x2  +  134  x  +  120, 
which  is  the  Natural  Equation  from  which  (1)  is  derived, 
by  changing  the  coefficients  of  —  Xs,  —  x2,  and  x°,  or  absolute 
term.  The  sum  of  the  \s]  of  the  roots  of  the  Natural  will 
be  55  =  l2  +  22  -f  32  +  42  +  52. 

The  products  of  the  roots  of  the  Natural,  taken  four  and 
four,  are  abed  —  24,  abce  =  30,  abde  =  40,  and  aede  =  60, 
and  bede  =  120.  The  absolute  term  has  been  decreased 
by  1.     .-.  The  roots  will  be 

<-  1,  >  -  2,  <  -  5,  <  3,  >  4; 
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and  the  products,  four  and  four,  will  be 

>  24,  <  30,  >  40,  <  60,  and  >  120. 
.-.  119-=->   24  =  -  4  =  e, 
119 -><    60  =  -  2  =  b, 
119  -=-  >  120  =  -  .9  =  a. 

Having  now  obtained  the  first  figures  of  the  three  mimis 
roots,  we  proceed  to  find  another  figure  of  the  root,  as 
follows : 

119  h-  24  =  4,  and  a  remainder  of  23.  To  obtain  the 
next  figure  of   the  root  we  divide  23   by  24  + 1,   or  26. 

23  -=-  26  =  .8.      .-.   —  4.8  =  e  to   two   places;    and,   having 

q 
found  a  =  —  .9,  if  we  divide  119  by  120  +  — ,  we  obtain 

a  =  .98+,  to  two  places  of  decimals;  and  119 -4- (60 —  2)  = 
2.05  =  b  to  two  places  of  decimals.  The  other  two  roots 
will  be  found  to  be  real  and  equal.    [See  solution  elsewhere.] 

From  equations  (2),  (3),  (4)  it  is  easily  discovered  that 
such  equations  are  easily  solved.     [See  solutions.] 

From  equation  (5), 

(_  30)2  -  2 (340)  =  220  =  a?  +  b2  +  c2  +  dl  +  e2.     (Th.  II.) 

220  x  5  =  1100  =  □  of  sum  +  sum  ®  of  cliffs.     (Th.  II.) 

1100  -  (30)2  =  200  =  sum  E  of  cliffs. 

200  x  10  =  2000  =  □  of  sum  of  diffs.  +  sum  E  of  the 
differences  of  differences.  2000  is  made  up  of  two  perfect 
squares,  viz.  1600  and  400.  VI600  =  40  =  sum  of  differ- 
ences ;  and  V400  =  20  =  sum  first  order  of  differences. 
And  40  -r-  20  =  2  =  common  difference  of  roots. 

...  flr4-a  +  2  +  a  +  44-a  +  6  +  a  +  8=  30. 
proves  Uitibe  route;  to  &au.siy  ail  tiie  conditions  of  we  urob- 
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lem,  but  that  of  the  absolute  term,  which  has  been  decreased 
by  10. 

.-.  The  roots  of  (5)  are 

<2,  >4,  <6,   >8,  and  <  10, 

which  means  that  the  roots  lie  between  1  and  2,  4  and  5, 
5  and  6,  8  and  9,  and  9  and  10.  We  have  now  accomplished 
all  that  the  "  Sturm  Theorem  "  is  capable  of  doing  for  us, 
but  with  far  less  labor  and  in  much  less  time.  We  will 
now  carry  the  location  of  the  roots  a  step  farther  than  that 
capable  of  being  accomplished  by  the  "  Sturm  Theorem." 
Lettiug  a,  b,  c,  d,  and  e  represent  the  roots,  then,  from  the 
Natural  we  have  for  the  products  of  roots  taken  four  and 
four: 


abed  = 

384, 

abce  = 

480, 

abde  = 

G40, 

acde  = 

960, 

bede  = 

1920. 

3830  _ 
abed 

=  e 

=  3830  - 

->   384, 

=  9.97, 

3830  _ 
abce 

d 

=  3830  -5 

-<   480  = 

=  8.10, 

3830 
abde 

c 

=  3830  - 

->   640  = 

=  5.84, 

3830  _ 
acde 

■b 

=  3830  -j 

-<   960  = 

=  4.11, 

3830 

■■  a 

=  3830  - 

- > 1920  = 

=  1.97. 

bede 

Beginning  with  a,  for  bede  we  add  2  x  10  to  1920  for 
divisor ;  for  b,  decrease  960  by  3  x  10 ;  for  c,  increase  640 
by  1  x  10 ;  for  d,  decrease  480  by  1  x  10 ;  and  e  is  found 
by  taking  (a  +  b  4-  c  +  d)  from  29.99 ;  for  if  we  approxi- 
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mate  the  roots  by  any  known  method,  we  cannot  find  for 
sum  of  roots  a  closer  approximation  than  29.99999  +  ,  which 
will  necessitate  the  approximation  of  each  root  to  at  least 
six  places  of  decimals. 
From  equation  (6), 

x5  -  73  x*  +  89  Xs  + 103  x°-  +  771  x  +  29  =  0. 

We  give  the  method  in  full,  as  this  equation  was  sub- 
mitted for  solution  by  A.  H.  Godby  of  Carder,  Missouri, 
who  regards  the  problem  as  a  difficult  one.  It  will  be  seen 
that  the  equation  is  easily  solved  by  our  method,  while  its 
solution  by  the  Horner  method  and  Sturm  Theorem  is  long 
and  tedious. 

(1)  (-73)2-2(89)  =  5151  =  a2+62+c2+cZ2+e2.     (Th.  II.) 

(2)  (+  771)2  -  2  (103  x  29)  =  588,467 


=  abed'  +  •  •  •  +  bede.     (Th.  V.) 
(3)  (103)2  +  2  (-  73  x  29)  -  2  (89  x  771)  =  -  130,953 


=  aba  +  abd'  +  abe  -\ f-  cde.     (Th.  V.) 

.-.  (Th.  V),  the  equation  contains  imaginary  roots.    (101.) 

But  every  odd  degree  equation  contains  at  least  one  real 
root  affected  by  a  sign  contrary  to  its  absolute  term.  (110.) 
.-.  The  equation  contains  a  minus  root;  and  by  inspection 
of  the  equation  we  can  see  that  such  reed  root  is  <  —  1. 

We  now  proceed  to  discover  its  Natural,  if  possible. 

Dividing  the  equation  by  x  +  1,  we  obtain 

(A)  x*  -  74  or5  +  1G3  x2  -  60  x  +  831  =  0. 

If  the  absolute  term  of  equation  (6)  was  831,  —  1  would 
be  a  root.  So  a,  the  first  root,  is  <  —  1  (113).  Prom  (^4) 
(Th.  IV),  (-74)2-2(+163)  is  largely  a  +  quantity, 
while    (-60)2- 2(163  x  831)   is  largely  a   -    quantity. 
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Therefore  (A)  will  contain  a  real  root  contrary  to  sign  of 
absolute  term ;  and  being  of  even  degree,  if  it  contains  one 
real  root,  it  must  contain  two  real  roots.  .\  (A)  contains 
two  real  and  two  imaginary  roots.  .\  Equation  (6)  con- 
tains three  real  roots  and  two  imaginary  roots.     (110.) 

831  is  exactly  divisible  by  3,  so  we  divide  equation  (A) 
by  x  —  3,  and  obtain 

(E)  x-3  -  71  x2  -  50  x  -  210  =  0. 

If  the  absolute  term  of  (A)  was  630,  (3  x  210),  +  3  would 
be  a  root. 

We  now  multiply  B,  x  +  1,  and  x  —  3  together,  and  obtain 

(C)  x>  -  73  x4  +  89  x5  +  103  or  +  570  x  +  630  =  0. 

.*.  (C)  is  the  Natural  equation  from  which  (6)  is  derived 
by  increasing  the  coefficient  of  x  in  the  Natural  by  201,  and 
decreasing  the  absolute  term  of  the  Natural  by  601. 

From  (B)  it  is  seen  that  the  real  root  will  be  +  ,  and 
>  71,  but  <  72 ;  and  this  would  be  the  case  should  the  abso- 
lute term  of  (B)  be  as  small  as  —  1.  Therefore,  the  roots 
of  (6)  will  be  <-l,  >  +  3,  but  <  +  4,  and  >  +  71,  but 
<  +  72,  and  two  imaginary  roots.  We  will  now  locate  or 
determine  the  roots  more  definitely.  Letting  a,  b,  and  c 
represent  the  real  roots  in  the  order  of  their  magnitude, 
29  -r-  771  =  .037  =  a  to  three  places  of  decimals,  with  a  re- 
mainder, after  division,  of  .473,  which  we  divide  by  601, 
the  decrease  in  absolute  term,  .473  -j-  601  =  .00078,  the  next 
two  figures  of  the  root.  .-.  a  =  —.03778  to  five  places  of 
decimals. 

The  next  root  is  >  3  but  <  4,  so  we  divide  the  equation 
by  +  3,  using  the  method  of  synthetic  division,  and  obtain 
+  2  for  a  quotient.  Continuing  the  division  of  the  remain- 
der by  +  3,  we  obtain  as  a  divisor  of  +  2,  —  3687. 

.  .  2  -•-  36S7  —  .00054  =  the  decimal  part  of  b  to  five  places 
of  decimals.     Whence,  b  —  3.00054  + . 
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Again,  dividing  equation  (6)  by  (x +. 03778)  (x- 3.00054), 
•we  obtain  the  cubic 

(D)  ar3  -  70.03724  x2  -  118.3901731824  x  -  255.70108  =  0, 
which  may  be  written  for  solution, 

(E)  .r3  -  70.04  x2  -  118.4  x  -  255.70  =  0. 
(E),  solved,  gives  c  =  71.7398  +  . 

To  obtain  the  imaginary  roots, 

(.03778)2  +  (3.00054)2  +  (71.7398)2  =  a2  +  b2  +  c2. 

Taking  the  sum  of  the  squares  of  the  roots  thus  far  found 
from  the  sum  of  HI  of  all  the  roots,  ive  obtain  the  sum  of 
the  [H  of  the  imaginary  roots. 

Letting  d±^/—l  represent   the  imaginary  roots,  their 

product  =  *  + 1  =  (.o^s^oo2^!,^  =  3.5672126+, 

5151  -  (a2  +  b2  +  c2)  =  -  4.60328714  =  2  d*  +  -  2 1. 
.:  d2  +  -l  =  -  2.30164357.    (Dividing  (2  d2  +  -  2 1)  by  2.) 
Whence,  2  d2=  1.2655691.  -  (Adding  (d2  +  -  I)  and  a2  +  I) 


/l.  265569       -QKA, 
d=\ 2 =-79o4+- 


And  ±V^7=±V-  2.929428.  (Subtracting  (a2  +  -  T) 
and  (a2  +  I),  dividing  by  2,  and  taking  square  root  of  both 
members.) 

.-.  The  roots  of  equation  (6)  are 


71.7398,  3.00054,  -  .03778,  and   -  .7954  ±  V-  2.929428. 

From  eq.  (7)  a?  +  b2  +  c2  +  d2  +  e2  =  48.6.     (Th.  II.) 

a~b2  +  ~a7+---+de~2  =  - 4722.31.     (Th.  V.) 

.•.  The  equation  contains  imaginary  roots.    (101.)     It  also 
contains  a  real  minus  root.    (110.)     Theorem  V  also  gives  a 
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plus  quantity  for  sum  of  squares  of  roots,  taken  three  and 
three,  and  four  and  four.  [Equation  7  was  submitted  for 
solution  by  A.  H.  Godby,  of  Carder,  Missouri.] 

To  determine  its  Natural  (if  jiossible),  and  locate  the  roots. 

(1)  4S.G  x  5  =  243=  □  of  sum  of  roots  +  sum  of  H]  of  diffs. 

(2)  243-2=121.5. 

(3)  243-3  =  81. 

(4)  The  side  of  the  greatest  integral  square  in  121.5  is  11. 

(5)  The  side  of  the  greatest  square  in  81  is  9. 

(6)  — ^ —  =  10.     (One  root  lies  between  —  9  and  — 11.) 

We  now  divide  the  equation  by  x  + 10,  and  obtain  the 
biquadratic, 

(A)  a*  +  4  x3  +  33.7  x2  + 120  x  + 107  =  0. 

.-.  If  the  absolute  term  of  (7)  was  1070,  —10  would  be  a 
root ;  and  as  the  absolute  term  of  (7)  is  >  1070,  one  of  the 
real  roots  is  >  — 10,  but  <  — 11.     (113.) 

Increase  the  coefficient  of  x2  in  (.4)  by  .3,  and  we  have 

(B)  z4  +  4^3  +  34a2  +  120a;  +  107  =  0. 
Introducing  —  10,  by  synthetic  multiplication,  we  have 

(C)  of  + 14  x*  +  74  x3  +  460  x2  + 1307  x  +  1070  =  0. 

(C)  is  the  Natural  from  which  (7)  is  derived,  by  changing 
the  coefficients  of  x3,  x2,  and  absolute  term  in  (C). 

Does  the  equation  (7)  contain  more  than  one  real  root  ? 

"We  will  now  investigate  whether  it  contains  another  real 
root;  and,  if  it  does,  it  will  contain  three  reed  roots.     (110.) 

Dividing  equation  (7)  by  — 10,  by  synthetic  division,  we 
obtain  — 148  for  a  quotient ;  and  dividing  the  remainder  by 
—  10,  we  obtain  +  8277  for  a  divisor  of  —  148.  sVVs T  =  .01, 
which  is  the  first  two  figures  of  the  decimal  part  of  the 
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root  whose  real  part  is  —10.  .-.  10.01.  Then  for  cor- 
rection divisor  add  .01  of  8277  to  8277,  and  we  obtain 
8360,  nearly.  .-.  -gWo  =  -0177  =  four  decimals  of  the  root. 
.-.  - 10.0177  is  one  of  the  roots  of  (7).  48.0  -(-  10.0177)2 
=  —  51.7553  +  =  sum  of  GO  of  the  other  four  roots  of  (7). 
The  sum  of  GO  of  the  roots  of  the  biquadratic  being  largely 
&  minus  quantity,  the  other  four  roots  of  (J)  will  be  imaginary. 

Note. —  When  it  becomes  known  that  an  equation  of  the  fifth  con- 
tains but  one  real  root,  the  simplest  and  most  satisfactory  method  is 
found  by  changing  the  equation  to  one  of  the  tenth  degree,  and  ap- 
proximating the  product  of  each  pair  of  imaginaries.  When  the 
product  of  each  pair  becomes  known,  they  may  be  placed  equal  to 
a2  +  /,  and  b'1  +  m. 

To  illustrate.     Take  the  equation 

(^1)  x5  +  mx*  +  nxz  +  ox-  +px  +  q  =  0. 

Let  (.4)  contain  but  one  real  root.  Then  we  may  represent  the 
roots,  algebraically,  as  follows  : 


a,  b±\/—l,  c±V—  m. 
The  sum  of  the  squares  of  the  roots  are  found  by  Theorem  II  to  be 
a2  +  2  b2  +  -  2  I  +  2  c2  +  -  2  m  =  m2  -  2  n. 

When  b2  +  I  and  c2  +  m  are  found  it  is  seen  that  all  the  roots  of 
the  fifth  are  easily  obtained. 

[See  solutions  of  quintics  and  general  formula  for  changing  an 
equation  of  the  fifth  into  an  equation  of  the  tenth,  given  in  another 
part  of  this  volume.] 

From  equation  (8) :  One  real  +  root,  and  four  equal  con- 
jugate imaginaries.     The  real  root  is  V37. 
From  eq.  (9) : 

(-16)2- 2(126)  =4= a2+&2+c2+fZ2+e2.      (Th.II.) 

As  4x5  is  <(— 16)2,  the  equation  contains  imaginary- 
roots.    (130.)     The  sum  of  HD  of  roots  is  a  perfect  D,  and  we 

try  (4)2"  or  2  for  the  real  root.     It  is  found  to  satisfy  all  the 
conditions  of  the  equation,  and  is  therefore  a  root.     (16.) 
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.-.  The  sum  of  the  squares  of  the  remaining  roots  will  be  a 
zero  quantity;  and  dividing  equation  (9)  by  (x  —  2),  by  syn- 
thetic division,  we  obtain  the  biquadratic. 

(A)  x4  - 14  ar3  +  98  ar-  343.x  +  609  =  0. 

The  four  roots  of  which  are  found  to  be 

3.5  +  V-12.25  +  V-8.75, 


3.5  -V-12.25+V-  8.75, 
3.5  +  V-12.25 -V- 8.75, 


3.5  -  V  _  12.25  -  V  -  8.75. 

[See  general  solutions  of  biquadratics  given  in  another 
part  of  this  work.] 

185.   To  determine  the  location  and  character  of  the  fol- 
lowing miscellaneous  equations : 

(I)  x4  -  7  x3  +  17  x2  -  16.625  x  +  5  =  0. 

(m)  x4  -  756  x*  +  142885  x2  -  378  &  +  2700  =  0. 

O)  x4  +  114  a?  +  11  x2  -  184566  x  +  1601  =  0. 

(o)  ar*  -  ar3  -  43  x2  +  86.5  a  +  119  =  0. 

O)  x6  +  21  x>  + 170  x4  +  665  ar5  + 1176  a;2  +343  x  -117=0. 

(q)  x7  +  2  a;6  - 13  x5  -  46  x4  -  41  x3 +100  aj2 + 296  x +184=0. 

(r)  a?  +  2  oj8  -  2  a;7  -  4  a;6  +  99  a;5  +  478  x4  +  658  ar3 

+196  a,-2  -  2499  x  +  4878  -  0. 
From  (J). 

(_  7)2  _  2  (17)  =  15  =  a2  +  &2  +  c2  +  rf2.     (Th.  II.) 

(17)2  -  2  [(-  7  x  -  16.625)  -  5]  =  66.25  =  ab2  +  •••  +  cd\ 
(Th.  IV.) 
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By  inspection  we  see  that  the  sum  of  squares  of  products 
of  roots  taken  three  and  three  will  also  be  a  plus  quantity. 
We  would  therefore  infer  that  the  equation  contains  all  real 
+  roots.  The  same  we  will  find  is  true  of  the  other  biquad- 
ratics (m),  (n),  and  (o). 

To  solve  these  apparently  difficult  equations  we  submit 
them  to  a  general  solution,  which  we  will  now  briefly 
illustrate. 

r 

186.  Let  x*  +  ma?  +  nx2  +  ox  +  q  =  0  be  an  equation  of 
the  fourth  degree,  of  which  we  are  required  to  represent  the 
loots  in  terms  of  the  coefficients. 

(1)  Let  n =  —  =  z  +  y. 

4       m 

(2)  Put  zy  =  q. 

(3)  Find  e  and  y  from  (1)  and  (2). 
{3)  Write  for  quadratics 

x2-\ —  x  -f  z  =  0, 
2 

t?  +  1-~x  +  y  =  0. 

(5)  Substitute  the  values  of  z  and  y  in  their  respective 
quadratics,  which  solved  gives  the  roots  in  terms  of  the 
coefficients. 

187.  By  this  method  the  biquadratics  185  can  be  solved, 
■and  their  roots  determined  to  a  far  greater  degree  of  accuracy, 
and  in  less  time  than  it  takes  to  solve  any  one  of  the  equations 
by  the  old  methods.  It  is  the  only  satisfactory  solution  for 
this  class  of  biquadratics  ever  discovered,  and  does  not  depend 
upon  Cardan's  ride,  nor  does  it  require  the  removal  of  the 
second  term.  It  will  be  farther  illustrated  under  the  head  of 
general  solutions. 
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188.   To  solve  (I)  by  quadratics. 

a?* -  7a?  + 17  x-2  -  16.625  x  +  5  =  0. 

/-in       ,  -it     49      .7K     2.^-16.625 

(1)  z  +  y  =  l<  -  — =  4./5  = — 

(2)  zy  =  B. 


((4.85)2  -  4  (5)y  =  z-y=  V2.5625. 


2.375 +V.640625, 


2/  =  2.375-V.64U625. 
We  now  write  the  quadratics 


(e)  x2  -  3.5  x  +  2.375  +  V.640625  =  0. 


(0  x2  -  3.5  x-  +  2.375  -  V^640625  =  0. 

Their  product  equals  equation  (7). 

It  will  be  discovered  in  the  solution  of  the  quadratic  (e) 
that  the  equation  contains  two  real  roots  and  a  pair  of  real 
imaginaries.  Almost  an  entire  solution  of  the  equation  is 
required  by  the  Sturm  Tlieorem  in  determining  the  character 
of  the  roots.  In  the  general  solution  no  attention  is  given  to 
the  character  of  roots,  for  their  true  character  and  signs  are 
developed  by  the  solution. 

From  (p) :  It  will  be  shown  in  the  solution  of  equations 
of  the  Sixth  Degree  that  they  depend  upon  the  solution  of 
a  cubic. 

From  (q), 

(2)2  -  2  ( -  13)  =  30  =  a2  +  62  +  c2  +  d2  +  e2+  f.   (Th.  II.) 
184  =  the  product  of  the  prime  factors  2,  2,  2,  and  23. 

The  equation  is  of  odd  degree,  therefore  one  real  root  at 
least.  (110.)  We  now  try  —  2,  and  find  that  it  satisfies 
the  condition  of  the  equation,  and  is  therefore  a  root.    (16.) 

We  now  separate  the  equation,  if  possible,  into  a  cubic 
and  biquadratic,  letting  2x2x2  =  8  =  absolute  term  of  the 
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cubic.  If  —  2  is  one  of  the  roots  of  the  cubic,  then  will 
2x2=4  be  the  product  of  the  other  two  roots.  We  easily 
form  the  cubic 

(A)  ar3  +  4rc2+ 8x-  +  8=0, 

which  has  —  2  for  a  root.  Dividing  (I)  by  (A)  we  obtain 
the  biquadratic 

(B)  xA  -  2.x3  -  13a2  +  Ux  +  23  =  0. 

The  roots  of  (B)  are  easily  found,  as  in  the  solution  of  (7). 
The  roots  of  (B)  are  all  real,  two  +  and  two  — . 

.-.  (q)  contains  five  real  roots  and  a  pair  of  imaginaries. 

From  equation  (?-),  (+  2)2  —  2 (—  2)  =8  =  sum  of  squares 
of  roots  (Th.  II.).  The  equation  is  of  odd  degree ;  there- 
fore, one  real  +  root  at  least.  (110.)  The  coefficient  of  x 
is  an  exact  division  of  the  absolute  term.  .-.  We  try  +2 
for  a  root,  and  find  that  it  satisfies  the  conditions  of  the 
equation,  and  is  therefore  a  root.  (16.)  The  equation  is 
now  reduced  to  an  equation  of  the  Eighth  Degree,  which  we 
find  no  trouble  in  separating  into  two  biquadratics : 

(A)  x*  +  2  a?  +  x-  -  21  =  0, 

and  (B)  ^  +  2z3  +  17ar  + 16a  +  119  =  0. 

(A)  and  (B)  are  readily  resolved  by  the  general  method 
for  the  solution  of  such  biquadratics.  (A)  contains  two 
real  roots,  one  +,  and  one  — ,  and  two  imaginary  roots; 
and  (B)  contains  all  imaginary  roots ;  because 

which  is  less  than  4  x  119.     That  is, 

(17  _l)2_4  (119)  =  -  200  =  (z  -  y)\ 


Whence,  z-y  =  V-2Q0. 
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.-.  Equation  (r)  contains  six  imaginary  roots  and  three 
real  roots. 

Remark.  —  The  foregoing  illustrations  are  really  methods  of  solu- 
tions, rather  than  methods  of  locations  of  roots.  Our  aim  is  to  solve 
an  equation  without  (jiving  any  attention  to  the  signs  and  character  of 
its  roots,  until  they  are  determined  by  the  solution. 

CUBIC  EQUATIONS  AND  SOLUTIONS. 

189.  To  find  the  roots  of 

(A)  a;3-2.5a;2  +  fix-if  =  0. 
Solution. 

(1)  a2  +  62 +  c2  =  42.375  =(-2.5)2- 2 (fi).     (Th.  II.) 

(2)  aV  +  a~?  +  6?  =  f|i  =  (fi)2  -  2(-  2.5  X  -  if).     (Th.  III.)     . 

(3)  .-.  ac  +  bc-  ab  =  H  =«»)*•     (H*-)  .' 

(4)  .-.  2  ab  =  ]-§,  and  ab  =  T65.     (Subtracting  p2  and  (3).) 

(5)  Whence  |f-^  =  f  =  lj  =  c. 

(6)  2.5  -  \\  =  a  +  b  =  1.25. 

(7)  .-.  From  a  +  b  =  1.25  and  ab  =  Jf,  we  readily  find  the  other 
two  roots  to  be  |  and  f . 

(8)  ,\  The  roots  of  (A)  in  the  order  of  their  magnitude  are  \,  f, 
and  \\,  being  all  real  and  plus. 

190.  To  find  the  roots  of 

(B)  x>-2  x2  -  59  x  +  168  =  0. 
Solution. 

(1)  a2  +  b2  +  c2  =  122  =  sum  of  [s]  of  roots.     (Th.  II.) 

(2)  122  x  3=366=  n  of  sum  of  roots  +  sum  [J]  of  cliffs.     (Th.  II.) 

(3)  (366)2  =  18  =  a  +  b  +  c.     (19  being  rejected  (26).) 

(4)  .-.  — — =  8  =  sum  of  plus  roots  in  formation  of  equation ; 

true  sign  — . 

JO / o\ 

(5)  ^ '-—  10  =  sum  of  minus  roots  in  formation  of  equation; 

true  sign  +  .     , 
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(6)  Either  8  or  10  must  be  a  root  of  the  equation,  at  least  of  the 
Natural,  for  the  equation  does  not  contain  four  roots.  But  it  is 
seen  by  inspection  that  8  is  an  exact  divisor  of  the  absolute  term. 
—  8  is  tried,  and  it  satisfies  the  equation,  and  is  therefore  a  root. 
122  -  (8)2  =  58  =  a2  +  &2,  and  ijp  =  21  =  ab.  We  now  find  the  other 
roots  to  be  3  and  7.     Therefore,  the  roots  of  (B)  are  3,  7,  and  —  8. 

191.  To  find  the  roots  of 

(C)     x3  +  7  x  -  48  =  0. 

Solution.  The  second  term  is  wanting,  and  the  sign  of  third 
term  +  .  .-.  only  one  real  +  root  and  a  pair  of  imaginary  root?. 
(119  and  120.)     The  sum  of  the  squares  of  the  roots 

=  -14=(±0)-2(+7).     (Th.  II.) 

Change  its  sign  and  multiply  by  3,  and  we  have  42.  The  side  of  the 
greatest  square  in  42  whose  side  is  integral  is  6.  .-.  6  -=-  2  =  3  =  c, 
the  greatest  root  (26),  at  least  of  the  natural.  3  is  tried  and  is  found 
to  satisfy  the  conditions  of  the  equation,  and  is  therefore  a  root.  (16.) 
The  other  two  roots  are  found  from  a  +  b  =  3  and  ab  =  16  =  -4/,  from 

q  _l_  V—  55 

which  we  find  a  or  b  to  be — 

2 

192.  To  find  the  roots  of 

(D)    x3  -  12  x2  +  72  x  -  216  =  0. 
Solution. 

(1)  a2  +  62  +  c2  =  0  =(-  12)2  -  2(+  72).     (Th.  II.) 

(2)  (72)2  _  2  ( _  12  x  -  216)  =  0  =  aV  +  a~~c2  +  be2.     (Th.  II.) 

(3)  .-.  Only  one  real  root,  the  \/2T6  =  6.     (122.) 

(4)  0  -  (6)2  =  -  36  =  a2  +  62,  and  ab  =  *$*■  =  36. 


(5)  From  (4)  the  other  two  roots  are  found  to  be  3  ±  V— 27,  or 
3±3V^3. 

193.   To  find  the  roots  of 

a-3  +  32  x*  +  319  x  +  1008  =  0. 
Solution. 

(1)  a2+  ft2  +  c2  =  386  =(32)2  _  2(319).     (Th.  II.) 
(2)  (a~b2  +  a~c  +  be1  =  37249  =(319)2  -  2  (32  x  1008).     (Th.  III.) 
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(3)  (37249)3  =  193  =  ac+bc-  ab.     (114.) 

(4)  .-■  ™^™  =ac  +  be,  and  319  "  193  =  ab  =  63. 

^  2 

(5)  .•.  c  =  ±-°§*  =  16,  and  32-16=16  =  a  +  6,  and  [(«  +  &)2_4  aj>p 
=  a  —  b  —  2. 

C6),.«  =  16-2  =  6,  and&  =  16  +  2  =  8 

(7)  The  terms  are  all  plus,  therefore  we  write  for  the  roots  of  the 
equation,  -  6,  -  8,  and  -  16.     (111.) 

194.   To  find  the  roots  of 

of5  -  4  x2  +  9  =  0. 
Solution. 

(1)  aa  +  b2  +  C2  _  16  =  (_  4)2  _  2  (±  o).     (Th.  II.) 

(2)  «62  +  oc'2  +  6c2  =  72  =  (±  0)2  -  2  (-  4  x  +  9).     (Th.  III.) 

Here  the  third  term  is  wanting,  but  Th.  III.  brings  to  light  the  sum 
of  the  squares  of  the  products  of  the  roots  two  and  two. 

(3)  3  x  72  =  216  =  □  of  sum  of  products  +  sum  of  [s]  of  differ- 
ences of  products.     (Th.  I.) 

(4)  (216)3  =6  =  ab  +  ac  +  bc.     [216  being  a  perfect  cube.] 

(5)  •'•  =  3  =  sum  of  +  products  in  the  formation  of  equa- 
tion  ;  true  sign  — . 

(6)  .-.  _9h--3  =  3  =  c. 

(7)  16  -  (3)2  =  7  =  a2  +  &2  ;  and  7  x  2  =  14  =  Q  of  sum  +  sum  fj] 
of  diffs.     .-.  14  -  (1)2  =  13  =  (a  -  ft)2,  whence, 

(8)  a  -  b  =  Vl3. 

(9)  ,.«  =  1+^H,  and  b  =  1^5?. 

2  2 

195.  To  find  the  roots  of 

a^  +  4  x-2  -  9  =  0. 

Solution  the  same  as  the  above,  and  roots  the  same,  but  of  different 
sign3. 


CUBIC    EQUATIONS   AND   SOLUTIONS.  91 

196.  To  find  the  roots  of 

Xs-.  8589  x  +  .141 1  =  0. 
Solution. 

(1)  «'  +  b-  +  c2  =  1.7178  =(±  0)2  -  2(-  .8589).     (Th.  II.) 

(2)  1.7178  X  3  =  5.1 534  =  □  of  sum  of  roots  +  sum  [s]  of  diffs.  of 
roots.     (Th.  II.) 

(3)  (5.1534)2  =  2  =  sum  of  roots. 

(The  side  of  the  greatest  integral  square  being  taken  for  sum  of 
roots.  This  will  give  the  true  numerical  sum,  or  it  will  be  sufficient  to 
locate  the  roots  by  determining  the  Natural.) 

(4)  .-.  "         —  =  1  =  sum  +  roots  ;  true  sign  — . 

o |-  o 

(5)   ^—  =  1  =  sum  —  roots  ;  true  sign  + . 

As  the  equation  contains  two  +  roots,  from  the  signs  of  its  terms, 
—  1  is  tried  and  is  found  to  satisfy  the  equation.  It  is  therefore  a 
root.     (16.) 

(6)  Whence,    1.7178  -(-  l)2  =  .7178  =  a2  +  V2.      Their    product, 

ab  =  .1411  = • 

1 

From  (6)  a  and  b  are  found  to  be  respectively  equal  to  .17  and 
.83.  Therefore,  we  write  for  the  roots  of  the  equation,  .17,  .83, 
and  —  1. 

Note.  —  Should  the  absolute  term  of  the  above  equation  be  greater 
or  less  than  .1411,  say  less,  and  be  .1410.  The  process  discovers  its 
Natural  just  as  soon  as  —  1  becomes  known.  The  Natural  would  be 
found  to  be  the  given  equation.  We  find  the  roots  of  the  Natural  to 
be  .17,  .83,  and  —  1.  Then  should  the  equation  read,  x3  —  .8589  3; 
+  .1410  =  0,  the  roots  would  be  <.17,  >.83,  and  <- 1.  (112.) 
Should  the  equation  read,  xz  —  .8589  x  +  .1412  =  0,  then  the  roots 
would  be  >  .17,  <  .83,  and  >—  1.  The  methods  for  solving  an  equa- 
tion of  the  th  ird  degree,  whose  roots  are  approximate,  are  to  be  found 
under  Art.  226. 

197.  To  find  the  roots  of 

ar5  +  2r4-9  =  0. 
Solution. 

(1)  a2  +  ?/-  +  e2  =  4=(2)2-2(±0).     (Th.  II.) 

(2)  ^62  +  ^2  +  6?=-36=(±0)2-2(+2  x  +  9).     (Th.  III.) 
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(3)  (Changing  the  sign).    2(36  x  3)i  =  6  =  ab  +  ac  f  be. 

(4)  .-.  b  "^  ^     =3  =  sum  p2  +  roots  ;  true  sign  —  ; 

and  ±     =  3  =  sum  p%  —  roots  ;  true  sign  + . 

A 

(5)  .-.  —  9  h-  —  3  =  3  =,  say  c,  the  greatest  root.  But  the  sum  of 
jT|  of  p2  is  a  minus  quantity.  .-.  The  equation  contains  but  one  real 
toot.  +  3  satisfies  all  the  conditions  of  the  equation,  and  is  therefore 
a  root.     (16.) 

(6)  4  -  (3)2  =  -  5  =  a2  +  &2  ;  and  ab  =  f  =  3. 

(7)  .-.  a  +  6=(a2  +  &2  +  2a6)^  =  (-5  +  6)2  =  l, 

and  a  -  b  =  (a2  +  b2  -  2  aft)*  =  [-  5  -  (+6)]i  =  V-  11. 

/ON  *,       1  ±V-  11 

v  '  2 

198.  To  find  the  roots  of 

x3-2x2-9  =  0. 

Solution  same  as  above,  and  roots  numerically  the  same,  but  of 
opposite  signs. 

199.  To  find  the  roots  of 

x3  +  x-  -  10  x  +  8  =  0. 
Solution. 

(1)  a2  +  &2  +  c2  =  21=(+l)2-2(-10).     (Th.  II.) 

(2)  21  x  3  =  63  =  □  of  sum  of  roots  +  sum  [J]  of  cliffs.     (Th.  II.) 

(3)  (63)i  =  7  =  0  +  6  + c.  (The  side  of  the  great  integral  square 
in  63  being  taken  for  numerical  sum  of  roots.) 

(4)  .-.      +      =  *4  =  sum  +  roots  ;  true  sign  minus; 

and  '  ~      =  3  =  sum  —  roots  ;  true  sign  plus. 

(5)  —  4  is  tried  and  it  satisfies  the  equation,  and  is  therefore  a 
root.     (16. ) 

(6)  .-.  21  -(-4)2  =  5  =  a2  +  &2;  and  8-4  =  2  =  ab. 

(7)  .-.  «  +  &=(«2  +  &2  +  2a6)2=[5+(2x2)]2  =  3; 


and  a-ft=(a2  +  62-2a&)2=[5-(2  x2)]2  =  V9l  =  1. 

(8)  .-.  a  =  ?-±-l  =  2,and^i  =  l. 

(9)  .-.  The  roots  are  1,  2,  and  -  4. 
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200.  To  find  the  roots  of 

r3    i     1    T2  _  i  T 1_  _  A 

Solution. 

(1)  «2  +  &  +  c3  =  f§-i  =  (Jff)2  -  2  (-  i).     (Th.  II.) 

(2)  S&2  +  c7c2  +  £?  =  4%  =  (-  |)2  -  2  (+  3V  X  -  3V).     (Th.  III.) 

(3)  (^  x  3)?  =  i§  =  ab  +  ac  +  &c.  (The  side  of  the  greatest  in- 
tegral [Tj  being  taken  from  %±±  as  the  numerator  and  denominator  of 
the  fraction  representing  sum  of  p2. ) 

(•4)  .-.  (i§  H —  \)  ~  2  =  32„  =  sum  of  +  products ;  true  sign  minus. 

(5)  ■'•  [!£  —  (—  i)]H-2  =  A  =  sum  0I"  —  products  ;  true  sign  plus. 

(6)  3^  -f-  -3%  =  I  =  a.  \  is  tried  and  it  satisfies  the  equation,  and  is 
therefore  a  root.     (16.) 

Cj\    _    1    _; 1  —    a   —  _i    —  ?)/. 

IU  30     •  2"   —    30   —    1~5  —    Ut' 

\°)    TOO         VZJ     —  ?00  -°    +<" 

(9)  From  (7)  and  (8)  6  and  c  are  found  to  be,  respectively,  —  \ 
and  -  1. 

(10)  .-.  \,  —  |,  and  —  \  are  the  roots  of  the  equation. 

Again  : 

fro  x  3  =  i£nr  =  D  of  sum  +  sum  UD  of  diffs- 

The  side  of  the  greatest  integral  squares  in  1083  and  900  is  32  and 
30.  -The  fraction  ff  is,  however,  rejected.  (26.)  |^  is  then  taken  as 
the  numerical  sum  of  roots. 

•"•  (Iff  +  A)  -*-  2  =  M  =  sum  +  roots  ;  true  sign  - ; 

and  (|J-  —  3L)  ~  2  =  \§  —  sum  —  roots  ;  true  sign  +. 

ia  =  1  =  a,  one  of  the  roots.  The  other  roots  are  obtained  as  in 
the  prior  solution. 

201.  To  find  the  roots  of 

a?  +  x  _  30  _  0. 
Solution. 

(1)  a2+&2  +  c2  =  -2=(±0)2-2(l).     (Th.  II.) 

(2)  .-.  Only  one  real  +  root  and  a  pair  of  pure  imaginaries.  (Arts. 
24  and  100.) 

(3)  xz  +  x  =  30.  (Transposing  absolute  term.)  The  side  of  the 
greatest  integral  cube  in  30  is  3,  which  satisfies  the  condition  of  the 
problem,  and  is  therefore  a  root. 
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(4)  .-.  -  2  -  (3)2  =  -  11  =  a2  +  b-,  and  ab  =  -3f  =  10. 

(5)  (a2  +  62  +  2a&)*=[-ll+(2  x  10)]*  =  3  =  a  +  b. 


(6)  (a2  +  62-2a&)*=[-ll-(2  x  10)]*  =  V-  31  =  a  -  b. 

(7)  ...  a  or  b  =  -«±v^«l. 


202.  To  find  the  roots  of 

™3  4  0  3  ™    i      46     O 

Solution. 

(1)  a2  +  62  +  c2  =  fii?-=(±0)2-2(-Aff).     (Th.  II.) 

(2)  |£f  x  3  =  -25«/  =  □  of  sum  of  roots  +  sum  [J]  of  diffs. 

(3)  (%¥•)*  =  M  =  «  +  &  +  c     (ft  being  rejected  (26).) 

(4)  .-.  |f  -=-  2  =  |f  =  sum  of  +  roots ;  true  sign  — ;  and  |f  =  sum 
—  roots  ;  true  sign  +  .  —  ff  must  be  a  root.  It  is  tried  and  satisfies 
the  equation,  and  is  therefore  a  root.  (16.)  £ff  -  (|f)2=|||=ffl2+62, 
and  T4?67  h-  |f  =  I  =  ab.  From  sum  of  squares  of  a  and  b  and  their 
product  we  find  a  =  f,  6  =  f.      .-.  The  roots  of  the  equation  are  f, 

203.  To  find  the  roots  of  the  following  cubics : 

(?)  or5  -  377  x2  +  362G7  a;  -  900315  =  0. 
(m)  ar3  -  373  ar  +  347G7  a:  -  900315  =  0. 
(n)  ar3-23a,-2  +  142.e-    120  =  0. 
(o)  ar3-21.r2  +    98  a;-    120  =  0. 
(p)  .r3  -  49  a-2  +  658  x  -  2G40  =  0. 
(q)  x5  -  51  a;2  +  758  a;  -  2G40  =  0. 

The  foregoing  cubics  were  suggested  by  Professor  R.  P. 
Baker,  now  president  of  Lamar  College,  Lamar,  Missouri, 
in  his  criticism  of  the  application  of  the  functions  of 
squares  in  determining  the  roots  of  equations,  and  he  asks, 
What  shall  Ave  do  with  this  class  of  equations?  The;/ do 
not  differ  in  solution  from  that  of  any  other  equation.  In  (I) 
and  (m)  the  sum  of  the  squares  of  the  roots  in  each  equation 
is  equal  to  69595,  and  their  products  are  also  equal. 
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Taking  equation  (J), 

(1)  69595  x  2  -  2(36267)  =  66656  =  sum  of  squares  of  the 
differences  of  the  roots.     (124.) 

Taking  equation  (m), 

(2)  69595  x  2  -  2  (34767)  =  69656  =  sum  of  squares  of 
differences  of  roots. 

We  now  see  that  the  sum  of  the  squares  of  the  differences  of 
the  roots  of  (I)  and  (m)  are  not  the  same;  and  while  the  prod- 
uct of  the  roots  and  the  sum  of  the  squares  of  the  roots  are 
the  same  in  both  equations,  the  sum  of  the  roots  and  the  sum 
of  the  squares  of  the  differences  of  the  roots  of  each  equation 
are  not  the  same.  Should  they  be  the  same,  the  roots  of  each 
equation  would  be  the  same,  in  consequence  of  which  two  sets 
of  roots  coidd  be  found  that  would  satisfy  the  conditions  of  the 
equations,  and  the  whole  theory  of  equations  would  fall  to  the 
ground. 

204.  Hence  ve  see  that  the  sum  of  the  squares  of  the 
roots  of  two  equations  may  be  the  same,  but  the  sum  of  the 
roots,  and  the  sum  of  the  squares  of  the  differences  of  the  roots, 
will  not  be  the  same. 

From  (I),  6665(5  x  3  =  199968  =  □  of  sum  of  diffs.  of 
roots  +  sum  of  GO  of  the  diffs.  of  diffs.  of  roots.  (Th.  II.) 
If  we  take  from  199968  one-half  of  the  sum  of  their  squares, 
we  will  obtain  the  square  of  the  sum  of  their  differences, 
nearly.  It  will  be  sufficiently  close  to  determine  the  sum 
of  the  differences. 

199968  -  ££f  M.  =  166610  =  □  of  sum  of  diffs.  nearly. 
(Taking  square  root.) 

16  66  40  [408  =  2  c  -  2 a.     (125.)     Whence  c-a=  204. 
10 


808  66  40 
64  64 
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We  now  readily  find  the  roots  of  (J),  as  in  (143),  to  be  39, 
95,  and  243. 

In  the  same  way  we  may  arrive  at  the  roots  of  the  equa- 
tions (m),  (?i),  (p),  (p),  and  (g). 

205.  Again,  when  the  roots  of  equations  are  large  and 
integral,  which  is  readily  discovered  by  the  magnitude  of 
the  sum  of  squares  of  roots  and  size  of  absolute  term,  the 
roots  are  easily  obtained  by  separating  the  equation  into 
its  prime  factors. 

To  illustrate.  Take  absolute  term  of  (?)  or  (m).  The 
prime  factors  of 

900315  =  5,  x  3,  x  3,  x  3,  x  3,  x  3,  x  3,  x  13,  x  19. 

Taking  the  first  and  last  factor  we  have  5  x  19  =  95, 
which  we  try  in  (I),  and  it  proves  to  be  a  root.  (16.)  While 
13  x  19  =  247  proves  to  be  a  root  of  (m).  It  would  be  a 
loss  of  time  to  solve  either  (/)  or  (?n)  by  first  finding  the 
sum  of  the  squares  of  its  roots ;  but  should  the  roots  be  real 
and  imaginary,  and  approximate,  the  functions  of  squares  is 
of  great  advantage :  for  should  the  absolute  term  of  either  (I) 
or  (m)  be  4,000,000,  we  will  find,  mentally,  that  (I)  or  (m) 
will  then  contain  but  one  real  root ;  for  the  sum  of  the 
squares  of  the  products  of  its  roots,  taken  two  and  two. 
is  then  a  minus  quantity.  (101.)  It  will  be  shown  further 
on,  as  we  progress  in  the  solution  of  cubics,  that  the  easiest 
and  simplest  way  to  solve  such  an  equation  is  to  use  our 
method  of  changing  the  cubic,  and  approximating  the 
product  of  the  imaginary  roots. 

SOLUTION   OF   CUBICS   BY   QUADRATICS. 

206.  Letting  of3  -+-  mx2  +  nx  +  q  =  0  always  represent  the 
general  equation  of  the  third  degree,  then,  when 

207.  (A)  =*-£-* 

the  equation  can  be  reduced  to  a  quadratic  of  the  form 
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208.  (B)^(3»_^,  +  ^-|?)=0. 

209.  If  (A)  be  true,  then  the  solution  of  (E)  will  produce 

AIT 

the  greater  real  root,  which  can  be  no  other  than  — :   for 

3  w 

when  '^-  —  —  =  <7,  the   equation   contains    three   roots   so 
2        o 

arranged  in  magnitude  that  the  sum  of  the  two  smaller  roots 
is  equal  to  the  greater  or  third  root.  This  is  also  true  when 
the  cubic  contains  real  and  imaginary  roots,  in  which  case, 
the  sum  of  the  real  parts  of  the  imaginaries  is  equal  to  the 
real  root. 

210.  To  illustrate.     Take  the  equation 

a;3 -8  a2 +  19.75  a? -15  =  0. 

/•in  mi.        nin     m3  8x19.75     83     1K 

(1)  Then,  _-¥  =  9  =  _ -  =  15. 

(Changing  signs.) 

(2)  8  x  *9'75  =  79,  and  f  =  64. 

—  O 

(3)  .-.  79-64  =  15.      Whence  f  =  4   is  a  root  of  the 
equation,  say  c.     Then 

a  +  o  =  4  =  (8  -  4),  and  ab  =  3.75  =  ^. 

Whence  a  =  1.5,  and  b  =  2.5. 

211.  To  find  the  roots  of 

a*  +  5  rf  +  75  x  +  3<125  _.  0. 

Applying  the  formula  (^4)  (207),  we  have 

(1)  5x7.5_53=3125> 

2  o 

(2)  5  x  7.5  =  18  J5 

(3)  %=  15.625. 

o 
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(4)  . .  18.75  -  15.625  =  3.125.  Whence  f  =  2.5  is  one  of 
the  roots  with  its  sign  changed.     .-.  —2.5  is  a  root.    (16.) 

5  -  2.5  =  2.5  =  a  +  b,  and  ^^  =  1.25  =  ab.    From  this 

'  2.5 

we  find  a  or  b  =  - 1.25  ±  V^125. 

212.  To  find  the  roots  of 

of-C^i  13.5  x  -  13.5  =  0. 

Here  we  see  by  Th.  II.  that  (- 6)2  -  2(13.5)=  9,  the 
sum  of  E]  of  roots,  and  that  3x9<(— 6)2.  .*.  The  equation 
contains  imaginary  roots.  (130.)  .'.  Only  one  real  root 
Avith  sign  +.     (110.) 

Applying  the  formula  (A),  we  have 

-6x13.5     (-6)3^     135 
2  8 

.-.  !  =  3  =  one  of  the  roots,  say  c.     Then  a  +  b  =  3,  and 

13  5 
ab  =  — —  =  4.5.     From  a  +  b  and  ab  we  find 

a  or  b  =  1.5  ±  V^2T25. 

213.  It  is  evident  from  the  foregoing  (211,  212)  that 
any  equation  of  the  Third  Degree  may  be  made  to  assume  a 
quadratic  form  by  the  removal  of  its  second  term,  and  then 
substituting  for  the  unknown  quantity  a  new  unknown 
quantity,  which  we  will  illustrate  as  we  progress  in  the 
work. 

REMOVING  SECOND  TERM  IN  CUBICS. 

214.  To  remove  the  second  term  of  the  general  equation 
of  the  Third  Degree, 

(E)  a?  +  mar  +  nx  -f  q  =  0, 

we  change  the  equation  to  the  following  form : 

/-ei\  a  ,  f»l~        \      i  IV2  m3  .     \     mn~\     n 
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m2 

215.  If n  is  -\-,  the  coefficient  of  y  will  be  minus;  and 

if  it  be  — ,  the  coefficient  of  y  tcill  be  plus.  The  coefficient  of 
y  being  one-sixth  of  the  sum  of  the  squares  of  the  differences  of 
the  roots  in  the  equation  to  be  changed,  with  its  sign  changed. 

216.  Let  it  be  required  to  remove  the  second  term  of 
(G)  Xs  +  12  x2  +  44  x  +  48  =  0. 

Applying  the  formula  (F)  we  write 
OH")  ys-±y±0  =  0. 

(1)  (!2-n)=iM-44  =  4.     .,   _4y.     (215.} 

4        4       4 

(2)    f2xm3 + q) = (2 x n x n x n + 48a = lm 

4 
,3v  mn  =  ;?  x  44  =  176  176  _  176  =  Q 

w  3  £ 

217.  It  is  seen  that  the  second  term  of  (G)  can  be  re- 
moved, and  equation  (H)  formed,  mentally.  Were  the  terms 
of  (Cr)  alternately  -f  and  — ,  the  result  would  be  the  same. 

218.  "We  will  now  write  equation  (G)  in  this  form : 

a?  -+12 &-UX  +  48  =  0. 

Applying  the  formula  (F)  we  write 
f  _  92  2/ +  352  =  0. 

To  illustrate. 

(1)  (f-«)  =  ^-(-44)=  +  92.    .-.  -92y.     (215.) 

4 

(3)  ^  =  *2  x  ~  44  =  -  176.     .-.  176  -  (-  176)  =  352. 
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219.  Let  us  now  write  the  equation,  thus : 

xs  -  12  x2  -  44  x  -  48  =  0. 

From  formula  (F)  we  write  the  equation 

y3-  92  ij  -352  =  0. 
To  illustrate. 

(1)  ^-.A  =  i|i-(-44)  =  +  92.    .-.  -92 j,.    (215.) 

(2)  (2^f  +  A  =  r-  X  -"»  X  r"4X  -^  +  -48^-176. 

-4 

^  ?jm     -12x-44  =  +176,   ...  _l7G-(+176)=-352. 

220.  To  remove  the  second  term  in 

a?-2a?+3x-18  =  Q. 

From  formula  (F)  we  write 

2/3  +  l|y-16i|  =  0. 
To  illustrate. 

(1)  ^-n)=(f-3)  =  -lf.     a+112/.     (215.) 

<2)(¥^)=(^fe^+-18)-18«- 

(3)m=-2x+3==_2     ...  _i8ii_(_2)=-16^. 

221.  To  remove  the  second  term  in  ] 

x*  +  2  aj!  +  5  =  o. 

From  the  formula  (F)  we  write 

^-112/4-5^  =  0. 
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To  illustrate. 

(i)  (f-")=  (*-°) =  1t-   ■■■ -Hy-   (215.) 

/QN    7?»l  _^XQ_n  .      K16_0—   il6 

{?)   -y  —       g       —  U'       '  •    °2T        U  —  °2  7 ' 

222.   TJo  remove  the  second  term  in 

Prom  the  formula  (F)  we  write 

2Z3  +  f  M^  +  4fHt  =  0- 
To  illustrate. 


,2 


wr 
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_3  7  5    4032  — _  3657  .      _1_  3. 6_5_7  7/ 

—  2880  2880  —         2  8~8~0"'•       ''     ~  2  8  8  0  #* 

(2)  ^+g)=2xfxf xf x1fc  +  6  =  6T|HT 

7 

,q\    WIW  _  *)        21        1  _    7  ,      r     2J0 7    —  13  073 

WT"8X;pX^~24-       "^3824         24-%476- 

3 

223.  To  remove  the  second  term  in 

a?  +  327  x2  +  35613  a;  -  2590058  =  0. 

Applying  the  formula  (F)  we  write 

if  -  3885087  =  0. 
To  illustrate. 

109 


(1)    /^L2  -  n\  =  (P?7  x  327  -  35613") =0.    .-.  ±0y.  (215.) 

109      109      109 

(2)  g+gLpyxyxff^g^u 
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109 

(3)  ™?:  =  M<<  +35643  =  3885087. 
w     3  £ 

(4)  .-.  0  -  3885087  =  - 3885087. 

224.  It  may  be  remarked  that,  by  application  of  the 
formula  (F),  the  second  term  of  any  simple  equation  of 
the  third  degree  may  be  removed,  mentally,  and  the  new 
equation  written  out  in  full.  In  our  opinion  it  greatly  ex- 
cels in  brevity  that  of  the  old  method.  The  formula  gives 
the  coefficients  of  the  new  equation  in  terms  of  the  coeffi- 
cients of  the  equation  to  be  changed.     When  the  third  term 

of  the  given  equation  is  wanting,  VU1  is  always  a  zero  quan- 

/2  m3       \ 
tity,  and  ( -~=-  +  Q  j  will  be  the  absolute  term  of  the  new 

equation.  If  the  reader  will  apply  the  formula  to  five  or 
ten  different  equations,  which  he  may  form  at  random,  he 
will  become  proficient  in  the  application  of  the  formula; 
and  we  do  not  doubt  that  he  will  prefer  its  use  to  that  of 
the  old  method  when  he  has  occasion  to  remove  the  second 
term  in  a  cubic  equation.  This  method  has,  also,  an  im- 
portant advantage  over  the  old  method  in  this :  that  while 
we  are  applying  the  formula,  the  character  and  signs  of  the 
roots  become  known ;  and  thus  does  the  application  of  the 
formula  perforin  a  double  function. 

225.  Examples.  —  Remove  the  second  term  in  the  follow- 
ing equations,  and  then  compare  the  labor  with  the  old 

method : 

(1)  x3-f^  +  ^x-3  =  0. 

(2)  a?-2x'2  +  5\lx-%  =  0. 

(3)  af5  -  377  x*  -f  36267  x  -  900315  =  0. 

(4)  ^  +  i^  +  H*  +  M  =  0. 
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226.  Thus  far  have  we  been  dealing  with  eubics  contain- 
ing, at  least,  one  integral  root.  We  will  now  take  up  a 
different  class  of  cubic  equations.  The  condensed  method 
of  approximating  the  real  roots  of  cubic  equations  will  be 
found  to  greatly  excel  in  brevity  that  of  any  of  the  old 
methods ;  but  can  only  be  applied  when  the  roots  of  the  equa- 
tion are  all  real  quantities.  We  will  also  introduce,  under 
this  heading,  the  method  for  changing  the  cubic  and  ap- 
proximating the  product  of  the  imaginary  roots,  —  if  such 
equation  contains  imaginary  roots  whose  product  is  incom- 
mensurable. We  also  offer  a  method  for  the  solution  of 
cubic  equations  in  the  form  of  a?±px±q=§.  This  method 
will  be  found  to  differ  but  little  from  the  simple  extraction 
of  the  cube  root  of  a  number,  which  can  be  found  fully 
illustrated  in  any  arithmetic. 

227.  To  change  an  equation  of  the  third  degree  into 
another  cubic  equation  having  for  the  sum  of  its  roots  the 
sum  of  the  products  of  the  roots  taken  in  pairs  of  two,  or  two 
and  two,  of  the  given  equation,  let 

(A)  af  -f  ma?  +  nx  +  q  =  0 

be  a  general  cubic  equation.  To  change  the  equation,  so  that 
n,  the  coefficient  of  x,  shall  become  the  coefficient  of  x2,  we 
write  an  equation,  thus : 

(B)  x'5  +  nx'2  -f  mqx'  +  q2  =  0. 

This  formula,  (B),  will  be  found  to  be  correct;  and,  by 
Theorem  III.,  the  sum  of  the  squares  of  the  roots  in  (B) 
will  be  the  same  as  the  sum  of  the  squares  of  the  products 
of  the  roots,  taken  two  and  two,  of  the  general  equation  (A). 
The  character  of  the  roots  will  be  the  same  in  both  equations. 
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228.  If  n  be  wanting  in  (A,  227),  then  we  write  for  the 
changed  equation, 

(0)  x'3  ±  0  x'2  +  mqx'  +  q2  =  0. 

229.  If  m  be  wanting  in  (A,  227),  then  we  write  for  the 
changed  equation, 

(D)  x'3  +  nx'2  +  q2  =  0, 
omitting  the  third  term,  because  0  x  q  =  0. 

230.  If  m  and  w  be  both  wanting  in  (A,  227),  we  write 

(E)  x'3  +  q2  =  0. 

The  roots  of  (E),  when  found,  will  be  the  separate  prod- 
ucts of  the  roots  in 

(F)  x3  +  q  =  0. 

231.  We  will  now  illustrate  how  the  "Horner  method" 
can  be  used  to  advantage  in  cubics  containing  but  one  real 
root,  if  such  root  be  approximate. 

To  illustrate.     Take  the  equation 

(G)  x3  -  6  x2  +  11  x  -  5  =  0. 

This  equation  contains  but  one  real  root.  .*.  Eepresent 
the  roots  by  a  -f-  V—  /,  a  —  V—  I,  and  b  for  the  real  root. 

(1)  By  Th.  II.,  2  a2  +  -  2  I  +  b2  =  U  =  (-  6)2  -  2  (11). 

(2)  By  formula  (B,  227),  the  changed  equation  will  be 
(H)  x'3  -  11  x'2  +  30  x'  -  25  =  0. 

(3)  The  only  real  root  that  (H)  will  contain,  it  is  evident, 
must  be  that  which  is  represented  by 


(a  +  V-  1)  x  (a  -  V-  I)  =  a2  + 1 
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(4)  It  is  easily  seen  that  when  a2  4- 1  becomes  known, 
a2  H —  I  also  becomes  known ;  and  that  b  is  found  by  divid- 
ing the  absolute  term  in  (6r)  by  the  value  of  a?  +  I  in  (H). 

(5)  By  the  Horner  method  we  find  a?  -\-  I  to  be  7.4043  to 
four  places  of  decimals. 

5 

(6)  .•.  b  = =  .675283  +  to  six  places  of  decimals. 

7.4043 

(7)  .-.  6  -  .675283  =  5.324717  =  2  a.    Whence, 

a  =  2.6623585 ;  and  a2  +  I  =  7.4043. 

(8)  Taking  the  square  of  b  from  the  sum  of  their  squares 
in  (1),  we  obtain  2  a?  -\ —  2  I ;  and,  dividing  by  2,  we  obtain 

a2  +  -l  =  6.77199643 +. 

(9)  .'.  (a2  +  [)-(a?  +  -l)  =  2l=.6323+.    Whence, 


I  =  .31615 ;  and  V-  I  =  V-  .31615. 
(10)   .-.  The  roots  of  (G)  are  .675283,  and 


2.6623  +  ±V-  .3161+. 

232.  To  find  the  roots  of 

(7)  tf-2x-b  =  0. 

Solution  in  Full. 

(1)  a2  +  62+c2  =  4=(+0)-2(-2).     (Th.  II.) 

(2)  S&2  +  ~a~c  +  be  =  4  =(-  2)2  -  2(±  0  x  -  5).     (Th.  III.) 
By  substituting  VI  or  2  in  (^4),  the  Natural  equation  is  formed. 

(/')  .-.  x3  -  2  x  -  4  =  0  =  the  Natural  of  (7). 

(3)  x3  =  5  +  2x.     (From  (.4)  by  transposing.) 


(4)  .-.  x  =  V5  +  2x.     (From  3.) 


(5)  x  >  2  ;   .-.  V5  +  2x>V9.  (6)  .-.  x  =  v"J  +  inc.  2x. 
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We  now  proceed  to  take  the 
follows : 

(2)3  = 

(2)2  x  300  =  1200 

120000 
20  x  9  x  30  =      5400 

(9)2= 81 

125481 


V9  +  inc.  2  x.     The  process  is  as 


9|2.09455145 

8 

1.000 


1.000000 

■  18  =  inc.  2  x  =  2  x  .09 
1.180000 
1.129329 


(209)2  x  300  =  13104300 
209  x  4  x  30  =        25080 

(4)2  = 16 

13129396 


.050671000 

.008  =  inc.  2x  =  2  x  .004 

.058671000 

.052517584 


.006153416000 

.0010  =  inc.  2  a;  =  2  x  .0005 


(2094)2  x  300  =  1315450800 
2094  x  5  x  30  =    376920 

(5)2  = 25 

1315827745 


.007153416000 
.006579138725 


3(20945)2  =(2094)2  +  2(2094  x  5) 
+  52  =  131607907500 


.000574277275000 

.00010  =  inc.  2x  =  2  x  .00005 

.000674277275000 

.000658055246375 

.000016222028725 

.000002  =  inc.  2x  =  2  x  .000001 


.0000182+ 
The  last  two  figures  being  found  from  the  last  divisor. 

233.  The  foregoing  process  differs  but  little  from  the 
simple  extraction  of  the  cube  root  of  a  number  -f-  p  times 
the  increment  of  its  root,  after  the  side  of  the  greatest  integral 
cube  is  taken  from  the  number. 

234.  Keturning  again  to  the  solution  of  (7).  Having 
found  one  of  the  roots,  say  c  =  2.09455145,  to  eight  x>laces  of 
decimals,  we  immediately  discover  that  the  other  two  roots 
will  be  imaginary,  because  (2.09455145)2  >  4,  the  sum  of  the 
squares  of  the  roots.  This  also  became  known  as  soon  as  one 
of  the  roots  was  found  to  be  >  2,  for  the  (>  2)2  is  >  4.  The 
real  parts  of  the  imaginary  will  be  — ,  and  is  2.09455145 
-h  2  =  1.047275  +  .     Their  product  will  be  5^-2.09455145 
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=  2.3871  +  .     Therefore,  the  part  affected  by  the   radical 
will  be 

2.3871  -  (1.04275)2  =  1.29037+ . 


.*.  —  1.047275  ±  V-  1.29037+  are  the  other  two  roots. 

235.  Again :  Applying  formula  (D),  we  have  (229), 

(x3  —  2  x  —  5  =  0)  =  ar3  +■  2  x2  —  25  =  0  =  the  new  equation. 
a?  =  25  -2  x2. 

x=-fy'25-2x2,  as  x  >  2,  -\/25  -  2  x2  <  Vvt. 
.-.  x  =  Vll  -  inc.  2  a;2  =  2.3871  + . 

The  labor  is  greatly  lessened  by  the  latter  method,  as  can 
be  verified  by  trial. 

236.  To  find  the  roots  of 

(J)  a?-7a>  +  7  =  0. 

Solution. 

(1)  a2  +  &2  +  c2  =  14. 

(2)  14  x  3  =  42  =  □  of  sum  +  sum  [s]  of  diffs.     (Th.  II.) 

The  side  of  the  greatest  integral  square  in  42  is  6.  .*.  6  h-  2  =  3, 
and  —  3  introduced  in  (J)  gives  the  Natural 

(c)  x3  -  7  x  +  6  =  0. 

The  roots  of  (c)  are  1,  2,  and  —  3.  Therefore,  the  roots  of  (J) 
will  be  >  1,  <  2,  and  >—  3  (113).  We  now  approximate  the  roots  to 
two  places  and  obtain  1.3,  1.7,  nearly,  and  3.0.  The  sum  of  the 
squares  of  their  differences  is  4.73+,  say  4.8.  We  now  take  the  square 
root  of  42  within  the  limit  >  4.8  and  <  4.9. 

42|6.0978+ 
36 
120  6.00 


1209 

6.0000 

1.0881 

12187 

4.911900 

.085309 

121948 

4.82559100 

.00975584 

4.81583516 
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^^  =  3.0489.     Whence,  say  c  =  -  3.0489. 


.-.  a  +  b  =  3.0489,  and  a  -  b  =  V(14  -  (3.0489)*  x  2)  -  (3.0489)2 

=  a-b  =  .3351. 

Whence,  a  =  1.3569,  and  b  =  1.G920. 

237.  Returning  to  the  solution  of  (J,  236),  tve  have,  by 
transposition  and  changing  sign  of  absolute  term, 

(6)  x3  =  7  +  7  x. 

Whence,  x  -  vT+Tx. 


As  x  >  3  in  (6),   V7  +  7  x  >  V28.     .-.  x  =  V28  +  inc.  7; 
Taking  cube  root  of  28  +  inc.  7  x [3.048017 


(3)3  = 
(3)2  x  300  =  2700 

270000 
30  x  4  x  30  =  3600 

(4)2= 16 

273616 


27 


1.000 


1.000000 

.28  =  inc.  7x  =  7  x  .04 
1.280000 
1.004464 


(304)2  x  300  =  27724800 
304  x  8  x  30  =   72960 

(8)2  = 64 

27707824 


.185536000 

.056  =  inc.  7  x  =  7  X  .008 

.241536000 

.222382592 


(3048)'2  X  300  =  2787091200 
3048  x  9  x  30  =    822960 

(9)2  = 81 

2787914241 


.019153408000 

.0003  =  inc.  7x  =  7  x  .0009 

.025453408000 

.025001228169 


.000362179831000 

.00007  =  inc.  7x  =  7  x  .00001 

.000432179831000 

.0002787+ 

.0001534 

.000049  =  inc.  7  x  =  7  +  .000007 

.0002024 

Here  we  have  c  =  3.048917  to  six  places  of  decimals. 
14  -  (e)2  =  «2  +  b2  -  4.7041478119. 
.-.  [(4.7041478119)  x  2  -(c)2]*  =  a-b  =  .33513. 
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.<a  =  3.048917 -. 33513  =  1356g9+j 
and  &  =  3.048917 +  . 33513  =  169202+ 

238.  Remark.  When  the  square  of  300  is  known,  the  square  of 
the  successive  numbers  3.04,  3048,  30,489,  304,891,  and  3,048,917,  are 
readily  found  by  the  algebraic  formula  :  («  -j-  b)'2  =  «'-  +  b-  +  2  ab. 

To  illustrate.     (1)  (304)2  =  (300  +  4)2  =  (300)2  +  (4)2  +  2 
x  300  x  4  =  (a  +  b)2  =  a2  +  b2  +  2  x  a  x  b. 

(2)  (300)2=  90000 

(3)  (4)2  =   16 

(4)  2  x  300  x  4  =  2400 

(5)  Sum  =  92416  =  (304)2. 

Again :  (3048)2  =  (3040)2  +  (8)2  +  2  x  3040  x  8. 

(3040)2  =  100  x  92416  =  (10  x  304)2  =  9241600 

(8)2=  64 

2x3040x8=  48640 

Sum  =  9290304 

In  the  same  way  the  square  of  30,489,  •••,  may  be  found 
without  much  labor. 

239.  The  method  (236)  given  for  solution  of  (J)  excels 
all  other  methods  in  brevity ;  but  it  can  only  be  applied  in 
the  solution  of  equations  whose  roots  are  all  real  quantities. 
The  method,  which  we  shall  call  Condensed  Approximation, 
depends  upon  this  fact:  If  the  roots  of  an  equation  are 
known  to  two  places  of  decimals  each,  the  square  root  of  the 
sum  of  squares  of  roots,  multiplied  by  the  degree  of  the  equa- 
tion, taken  within  the  limit  of  the  sum  of  the  squares  of  the 
differences  of  the  roots  to  two  places  of  decimals,  will  be  the 
sum  of  the  roots  to  four  places  of  decimals;  and  taken  within 
the  limit  of  the  sum  of  the  squares  of  the  differences  of  the 
roots  to  four  places  of  decimals,  tcill  be  the  sum  of  the  roots  to 
eight  places  of  decimals ;  and  of  eight  places,  to  sixteen  places; 
and  so  on,  without  limit. 
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240.  To  find  the  roots  of 
(#)  a3  -  3  x  + 1  =  0. 

Solution.     (1)   Th.  II. ,  a*  +  b2  +  c*  =  6. 

(2)   6  x  3  =  18  =  □  of  sum  of  roots  +  sum  [s]  of  diffs.     (Th.  II.) 
The  side  of  the  greatest  □  in  18,  whose  side  is  integral,  is  4. 
.-.  4+2  =  2.     With  -  2  we  build  the  Natural 

(L)  x3  -  3  x  +  2  =  0. 

The  roots  of  (L)  being  1,  1,  and  -  2.     .-.  The  roots  of  (J)  will  be 
<  1,  >1,  and  <  —2  (113).     This  means  that  one  root  lies  between 
0  and  1,  one  between  1  and  2,  and  one  between  —  1  and  —  2,  but 
near  —  2. 
(3)  .-.  xs  =  1  +  3  x. 

[Changing  sign  of  absolute  term  and  transposing.] 


(4) 


=  Vl  +  3x. 


As  x  in  the  transposed  equation  is  >  1,  and  near  2,  the  vT+3x 

>  \/4.     .'.  x  =  v^4+  increment  3a;. 

Taking  the  cubic  root  of  (4  +  increment  3  x),  we  have,  as  follows 

4  + inc.  3a:|1.87938 
1 


300 

8  x  1  x  30  =  240 

(8)2  =  _64 

604 

(18)2  x  300  =  97200 
18  x  7  x  30  =   3780 

(7)2  = 49 

101029 


3.000 

2.4  =  inc.  3  x  =  3  x  .8 

5.400 

4.832 


.508000 

.21  =  inc.  3x  =  3  x  .07 


.778000 
.707203 


(1.87)2  x  300  =  10490700 
187  x  9  X  30  =   50490 

(9)2  = 81 

10541271 


.070797000 

.027  =  inc.  3  a:  =  3  x  .009 

.097797000 

.094871439 


(1879)2  x  300  =  1059182300 
1879  x  3  x  30  =    169,110 

(3)2  =  9 

1059351419 


.002925561000 

.0009  =  inc.  3x  =  3  x  .0003 

.003825561000 

.003178054257 


.000647506743 

.00024  =  inc.  3  x  =  3  x  .00008 

.0008875+ 
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The  last  figure  of  the  root  being  obtained  from  the  last  divisor. 
.-.  The  greater  root,  say  c,  =  —  1.87938,  or  a  +  b. 

.-.  6  -  (c)2  =  a2  +  bn-  =  6  -  (187938)2  ; 

and  2[6-(1.87938)2]  =  («+6)2+(a-&)2.        (41,  Th.  I.) 

a  +  b  =  1.87938. 

.".  a  -  &  =  [(6  -  1.879382)  2  -  1.87U382]!  =  1.184788. 
.    „      1.87938-1.184788       o.-0Q» 
2 
and  &  =  1-87938  + 1.184788  =  L532084j 

2 
We  now  submit  the  condensed  method  in  full. 

241.    Solution  of  (if  240)  by  the  Condensed  Method. 
3  x  G  =  18  =  (a  +  b  +  c)2  +(a  -  &)2  +(a  -  c)2  +  (6  -  c)2.     (Th.  II.) 
The  roots  f  oH|d  to  two  places  of  decimals  each  are  : 

a  =    .34, 

6  =  1.53, 

c  =  1.87. 

.-.  1.53  -    .34  =  1.19,  and  (1.19)2  =  1.4161.  (1) 

1.87-    .34  =  1.53,  and  (1.53)2  =  2.3409.  (2) 

1.87-1.53=    .34,  and  (  .34)2  =    .1150.  (3) 

Adding  (1),  (2),  and  (3),  we  have  for  the  sum  of  the  squares  of  the 
differences  of  the  roots  to  two  places  of  decimals,  3.8726. 

Taking  the  square  root  of  3  x  6,  or  18,  within  this  limit,  we  obtain 
the  sum  of  the  roots  as  follows : 


Limit  3.8726 

18 |3.7587 
9 

6.7 

9.00 
4.69 

7.45 

4.3100 
.3725 

7.508 

3.937500 
.060064 

7.5167 

3.87743600 

.00526169 

3.87217431 
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"Why  not  .0006  for  the  fourth  decimal  place  ?  The  last  divisor 
would  then  be  75166,  and,  multiplied  by  .006,  gives  .00450996,  which, 
taken  from  the  last  remainder  3.87743600,  gives  3.87292604.  So  we 
see  that  .0007  is  the  closest  approximation  to  the  limit  3.8726.  Hav- 
ing the  sum  =  3.7587,  one  root,  the  greater,  is  ' ' jL  =  1.87935.  The 
other  roots  will  be  found  as  in  the  preceding  solution. 

Remark.  —  (1)  Find  by  trial  the  first  root  to  two  places  of  deci- 
mals, and  (2)  the  last  root,  or  greater,  to  two  places  of  decimals ; 
(3)  their  difference  will  be  the  middle  or  second  root  in  magnitude  to 
two  places  of  decimals. 

242.   To  find  the  roots  of 


(M) 


a?  +  a*-.  500  =  0. 


Here  the  sum  of  the  \s\  of  the  roots  =  1  =  (1)2  -  2(+0).     (Th.  II.) 
The  real  root  is  +  (110).     The  integral  part  of  the  real  root  must 

be  the  side  of  the  greatest  integral  cube  in  500.    This  we  find  to  be  7. 

And  as  (7)2>1  x  3,  the  equation  contains  imaginary  roots  (100). 

1  x  3  =  3  =  □  0I  sum  °f  roots  +  sum  of  {s\  of  diffs.  of  roots.     And 

as  one  of  the  roots  is  >  7,  its  □  is  >49.     .-.  3  —  >49  =  >  —  46. 

Transposing  terms,  we  have  xz  =  500  —  x2.    Whence,  x  =  y/bOO  —  x2, 

as  x  >  7.     The  ^500" 


x-< 


Taking  the  cube  root  of      500 -inc.  x2 17.61728+ 
(7)3  =  343 


(7)2x  300  =  14700 
7x6x30=  1260 

(6)2= 36 

15996 


(76)2x300  =  1732800 
76x1x30=       2280 

(1)2= I 

1735081 


(761)2x300  =  173736300  Less 
761x7x30=       159810 

(7)2= 49 

173896159 


157 
Less  49  =  inc.x2=(7)2 
108.000 
95.976 
12.024 
Less  8.76  =  inc.  x2=2  x  7  x  .6  x  (6)2=8.76 
3.264000 
1.735081 
1.528919 

,1521  =  inc.a;2=2x7.6x.01+(.01)2=7521 
1.370819000 
1.217273113 


.159545887 


The  other  two  figures  of  the  root  are  found  from  the  last  divisor, 
subtracting  the  increment  of  x2  before  multiplying. 
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"We  now  have  the  real  root,  say  c,  =  7.G1728,  and 
500 


c. 


=  a2  _|_  i  _  65.64022853  +  =  (a  +  V^T)  (a  -  V-  I). 


(«  +  V^T)2  +  («--v^r02  +  (<:)2=2a2+-2Z  +  c2  =  l  =  snmof  [s]  of  roots. 

.-.  l-(7.61728)2  =  l-58.0229545984  =  -57.0229515981=2  a2+  -2  I. 
Whence,  a2  +  -  I  =  -  28.5114772992. 

(a2  +  -  Z)-l(aa+Z)  =  -21=  -94. 1517058292. 
Whence,  -  Z  =  -  47.0758529146. 

.-.  ^/-  Z  =  V- 47.07585  +  . 


.-.  The  roots  of  (31)  are  7.61728,  and  -4.30864— ± V-47.07585-  +  . 

243.  .To  find  the  roots  of 

(N)  a?-7x  + 1  =  0. 

Solution  by  the  Condensed  Method. 

(1)  Its  Natural  is  x3  -  7  x  +  6  =  0.     (J,  236. ) 

.*.  Roots  are  all  real,  and  <  1,  >2,  and  <—  3.     (113.) 

(2)  The  sum  of  \%\  of  roots  =  14. 

"We  now  approximate  the  first  and  last  root  to  two  places  of  deci- 
mals each,  and  find  .14  and  2.71.     .-.  2.57  will  be  the  middle  root. 

(3)'  2.57  -    .14  =  2.43,  and  (2.43)2  =  5.9049.  (a) 

(4)  2.71-    .14  =  2.57,  and  (2.57)2  =  6.6049.  (6) 

(5)  2.71-2.57=    .14,  and  (  .14)2  =    .0196.  (c) 

(6)  .-.  12.5294.     [Adding  (a),  (&),  (c).] 

(7)  14  x  3  =  42,  and  (42)*  within  the  limit  12.5294,  gives 

(8)  5.42895  =  sum  to  five  places  of  decimals. 

(9)  .-.  2.71447  =  c,  the  greater  root,  to  five  places  of  decimals. 
[Dividing  (8)  by  2,  the  second  term  of  (iV)  being  wanting.] 

(10)  .-.  14  -(2.71447)2  =  a2  +  &2; 

and  (a2  +  &2)  2  =  (a  +  b)-  +  (a  -  b)'2.     (Th.  I.) 

(11)  .-.  {[14  -  (2.71447)2]2  -  (2.71447)2}?  =  a  -  b  =  2.4280+. 

(12)  ,,a  =  2-71447- 2.4280  =U327+ 

2 

(13)  .,&=  2-71447 +  2.4280  =  26712Q+ 

244.  Second  Solution.     xz  =  1  +  7  x.     [Transposing  terms  and 
changing  sign  of  absolute  term  of  (JV,  243).] 

Remark.     The  reason  for  changing  sign  of  absolute  term  is  to 
render  the  greater  root  a  +  quantity. 
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(1)  x  has  been  located  to  be  >  2,  but  <  3. 

(2)  :.K  =  v/l  +  7it  =  \/l  +  7x2  =  \/l~5.     Butasx>2, 


the 


y/1  +  1  x  >  \/l5.     .•.  x  =  \/15  +  increment  7  x. 


(2)8  = 
(2)2  x  300  =  1200 
7  x  2  x  30  =    420 

(7)2  =  _J9 
1669 


(2.7)2  X  300  =  218700 
27  X  1  x  30  =       810 

(1)2  = I 

219511 


(271)2  x  300  =  22032300 
271  X  4  x  30  =   32520 

(4)2  = 16 

22064836 


(2714)2  x  300  =  2209738800 
2714  x  4  x  30  =    325680 

(4)2  = 16 

2210064496 


Using  the  last  divisor  and 
omitting  all  but  six  places  of 
decimals  in  the  quotient. 


1512.7144787 
8 


7.000      • 

4.9  =  inc.  7x  =  7  X  .7 


11.900 
11.683 


.217000 

.07  =  inc.  7  x  =  7  X  .01 


.287000 
.219511 


.067489000 

.028  =  inc.  7x  =  7  X  .004 

.095489000 
.088259344 


.007229656000 

.0028  =  inc.  7  x  =  7  X  .0004 

.010029656000 
.008840257984 


.001189398016000 

.00049  =  inc.  7  x  =  7  x  .00007 


.001679+ 
.001547 


.000132 

.000056  =  inc.  7  x  =  7  x  .000008 

.000188 


Then  c,  the  greatest  root,  =  —  2.7144787  to  seven  places  of  deci- 
mals. The  other  two  roots,  a  and  b,  are  now  obtained  as  in  (JV,  243) 
to  be,  respectively,  .143277  and  2.571200. 

245.   To  find  the  roots  of 
(O)  x3  +  x  -  9  =  0. 

Solution.  (1)  The  equation  contains  but  one  real  +  root  and 
two  imaginary  roots  which  are  Pare,  and  their  real  parts  are  — . 
(104,  100.) 


SOLUTIONS   OF   CUBICS.      APPROXIMATE   ROOTS.    115 


(2)  By  formula  (D,  229)  we  write 

(P)  x3  -  x2  -  81  =  0. 

The  roots  of  (P)  are  evidently  the  products  of  the  roots  taken  two 
and  two  in  (0).  As  (0)  contains  but  one  real  root,  (P)  will  con- 
tain but  one  real  root  which  is  the  product  of  the  imaginary  roots 
in  (0).  Transposing  terms,  x3  =  81  +  x2.  The  side  of  the  greatest 
integral  cube  in  81  is  the  integral  part  of  the  root  x  in  (P).  This 
is  4.     .•.  x>4.     "Whence 

x  =  \/97  +  inc.  x2  =  [(85  +  16)  +  inc.  x2]i 


^8  = 

(4)2  x  300  =  4800 

4  x  6  x  30  =    720 

(6)2  =  _36 

5556 


(4.6)2  x  300  =  634800 
46  x  8  x  30  =    11040 

(8)2  = 64 

645904 


(468)2x  300  =  65707200 
468  x  7  x  30  =       98280 

(7)2  = 49 

65805529 


97,[4.687072+ 

64 

33.000 
5.16  =  inc.  x2  =  (4.6)2  -  (4)2 
38.160 
33.336 
4.824000 

.7424  =  inc.  x2  =  2  x  4.6  X  .08  +  .082 
5.566400 
5.167232 
.399168000 

.065569= inc.  x2=2  x  468  x  .0007  +  .00072 
.464737000 
.460638703 


.  004098297  +  468  7  x  2  x .  00007  + .  00007 


.*.  Letting  a  ±  V—  I  represent  the  imaginary  roots  in  (O),  their 
product  will  be  a2  +  I  =  4.687072  ;  and  9  -f-  (a2  +  I)  =  1.92017532694, 
the  real  root  of  (O)  to  eleven  places  of  decimals.  The  second  term 
being  wanting  in  (O),  the  sum  of  the  +  and  —  roots  in  the  forma- 
tion of  the  equation  are  numerically  the  same.  .-.  1.92---4-f-2 
=  .96008766347  is  the  real  part  of  the  imaginary  with  its  sign  changed ; 
and  [(.9600  •••  7)  +  V^7][(.9600  •••  7)- V^7]  =  4.687072.  Whence 
we  find  +  I  -  3.76531+. 

.-.  The  roots  of  (O)  are  1.92017532694,  and 

-  .96008766347  ±  V-3.76531+. 

Remark,  x3  +  x  —  10  =  0  may  be  taken  as  the  Natural  of 
x3  +  x  —  9  =  0.     The  roots  of  the  Natural  being  2,  and  —  1  ±  V—  4. 
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246.    To  find  the  roots  of 

(Q)  xz-  123  x  +  345  =  0. 

Solution. 

(1)  «2  +  52  +  c2  =  246. 

(2)  246  x  3  =  738  =  □  of  sum  of  roots  +  sum  \s\  of  diffs.     (Th.  II.) 

The  side  of  the  greatest  integral  square  in  738  is  27,  which  we 
reject.  (26.)  26  is  then  taken,  and  26-^2  =  13;  and  substituting 
—  13  in  equation,  we  discover  that  26  is  not  the  true  numerical  sum  oi 
roots,  being  too  great.  25  is  rejected.  (26.)  24  is  then  taken,  and 
24  -f-  2  =  12,  and  —  12  substituted  in  the  equation,  the  Natural  is 
formed,  being 
(B)  Xs  -  123  x  +  252  =  0. 

.•.  If  we  change  sign  of  absolute  term  in  (Q),  the  greater  root  will 
be  -f.     The  roots  of  (B)  are  2.13+,  9.87+,  and  -  12. 
.-.  The  roots  of  (Q)  will  be  >  2.13,  <  9.87,  and  >  -  12. 
Changing  sign  of  absolute  term  and  transposing,  we  have 


x3  = 

:  345  +  123  x. 

Whence,            x  = 

:  ^345  +  123  x. 

As  x  >  12,  the       ^345  +  123  x  >  S/1821. 

.*.  X- 

:  S/1821  +  inc.  123  x. 

1821 112.291023 

(12)3  = 

1728 

93.000 

(12)2  X  300  =  43200 

24.6  =  inc.  123  x  =  123  X  .2 

12  x  2  x  30  =   720 

117.600 

(2)2  =    4 

87.848 

43924 

29.752000 

11.07  =  inc.  123  x  =  123  x  .09 

(122)2  X  300  =  4465200 

40.822000 

122  x  9  x  30  =   32940 

40.4839S9 

(9)2=     81 

.338011000 

4498221 

.123  =  inc.  123  x  =  123  X  .001 

(1229)2  X  300  =  453132300 

1229  X  1  X  30  =    36870 

(1)2=       1 

453109171 

.401011000 

.453169171 

.007811821)000 

.00240  =  inc.  123  x  =  123  x  .C 

.01030 

.00906 
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The  last  two  figures  of  the  root  being  obtained  by  the  last  divisor, 
adding  the  increment  of  123  x  each  time  before  multiplication. 

.-.  The  greater  root  in  (P)  is  —  12.291023  to  six  places  of  decimals. 

Letting  a,  b,  and  c  represent  the  roots  in  order  of  magnitude,  c  will 
be  the  greater  root.  Then  a  +  b  =  c,  the  second  term  of  the  equation 
being  wanting. 

(1)  rt2+Z/2  +  c2_246.     .-.  246-(12.291023)2 

(2)  =240-151.009246380529 

(3)  =  94.930753013471  =  a-  +  b2,  and  multiplied  by  2 

2 


(4)  =  189.8G1507220942  =  (a  +  5)2+(«-&)2.      (41  —  Th.  I.) 

(5)  (a  +  &)2  =  151. 009246380529;  and  subtracted, 

(6)  =  38.792200810413  =  («-&)2;  and  taking  square  root, 

(7)  =     0.228313  =  «-5. 

,*,  12.291023-6.228343      ,„„,„„          , 

(8)  .*.  a  = =  3.031340;  and 


(9)  6  = 


12.291023  +  6.228343  =  9  259683- 


Therefore  the  roots  of  the  equation  (Q)  are  all  real,  being  two  phis 
roots  and  one  minus  root. 

PROBLEMS. 

Find  the  roots  of  the  following  equations : 

1.  05s-3cb+7=0.  11.  x*-5x2-5x-4:=0. 

2.  a?+3x-7^G.  12.  ar3+5a2+5.v+4  =  0. 

3.  a3-27a2+54a-216  =  0.  13.  a3-1421a2+5GS4  =  0. 

4.  a3+27a2-54a+216  =  0.  14.  a3+1421  x+ 5684  =  0. 

5.  a3-lla2+17a-22  =  0.  15.  a-3 +23 a2 +13 a  +  13=0. 

6.  a3-lla2+17a+22=0.  16.  a3+23a2+13a-13  =  0. 

7.  a-3 -12  a2 +72  x -144=0.  17.  a3- 10  a2 +31  a- -30  =  0. 

8.  a*3+12a2+72a+144  =  0.  18.  a-3+10a2+31  a-30  =  0. 

9.  ar"_3^_3.x_4  =  o.  19.  .r3+17a2  +  20a+l  =  0. 
10.  a3+3a2  +  3a+4  =  0.  20.  a3-17a2+20a-l  =  0, 
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Apply  formula  (A,  227)  to  the  following  equations : 

(a)   ^-17 ar  +  54z-350  =  0.      (d)   x*  +  \\x- f  =  0. 
(6)   x3-±x2  +  6x-5  =  0.  (e)    a8-^ »  +  |  =  0. 

(c)   ar>  +  6a;-21  =  0. 

Find  the  value  of  x  in  each  of  the  following  expressions : 
(/)  [    9  + increment    3  as]*       x>2,  <  3. 

(g)  [  28  + increment    6  a?]*.       x  >  3,  <  4. 

(/i)  [127  +  increment  20  a?]*.       a;  >  5,  <  6. 

(t)  [  16  + increment    3  a;]*.       x  >  2,  <3. 

BIQUADRATICS  AND  SOLUTIONS. 
247.  To  find  the  roots  of 
(4)  x4  +  4  ar*  -  19  a;2  -  46  a;  + 120  =  0. 

Solution. 

(1)  a2  +  62  +  c2  +  d2  =  54=(4)2-2(-19).     (Th.  II.) 

(2)  54  x  4  =  216  =  □  of  sum  of  roots  +  sum  [s]  of  diffs.    (Th.  II.) 
The  side  of  the  greatest  integral  square  in  216  is  14. 

(3)  ...  14  +  4  _  9  _  sum  0f  pius  roots  in  formation  of  equation  ; 

true  sign  — . 

C4>    •  .     ~     =  5  =  sum  of  minus  roots  in  formation  of  equation  ; 
v  '  2 

true  sign  + . 

From  algebraic  sum  and  signs  of  the  terms  of  the  equation,  there 
are  two  +  roots  and  two  —  roots.     .•.  We  write  the  quadratics 

(p)  x2  +  9x  +  y  =  0. 

(q)  x2  -  4  x  +  e  =  0. 

The  product  of  (p)  and  (?)  will  be 
(B)        x*  +  4  x*  +  (e  +  y  +  -  45)x2  +  (9  e  +  -  5  y)x  +  ey  =  0. 

The  coefficients  of  (J5)  are  evidently  equal  to  the  coefficients  of 
(JL),  at  least  in  the  Natural. 
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(5)  .'.  e  +  y  +  -  45  =  -  19.    Whence, 

(6)  e  +  y  =  26. 

(7)  ey  =  120.     [From  the  absolute  terms  of 

{A)  and  (£)]. 

Solving  (6)  and  (7),  we  find  e  =  6  and  y  =  20.  We  now  complete 
the  quadratics  of  (p)  and  (<?),  which  solved  gives  for  the  roots  of  (A), 
2,  3,  and  -4,-5. 

The  roots  of  (.4)  may  also  be  found  from  a  +  b  =  5  and  c  +  d  =  9, 
and  a&cd  =  120. 

248.  To  find  the  roots  of 

(C)  a4  +  re3  +  .5  r2  -  5  #  +  25  =  0. 

Solution. 

(1)  a2  +  62  +  c2  +  cZ2  =  0  =  (+  l)2  -  2(.5).     (Th.  II.) 

(2)  a6c2  +  aM2+ac52  +  6cd2  =  0=(-5)2-2(.5  x  25).     (Th.  II.) 

.*.  The  equation  contains  all  imaginary  roots ;  for  in  equations  of 
the  fourth  degree,  unless  a  few  "reciprocal  equations,"  when  the 
sum  of  squares  of  roots  and  sum  of  squares  of  products  of  roots  taken 
three  and  three  are  in  both  cases  a  zero  qtiantity,  the  equation  must 
contain  all  imaginary  roots.  Such  imaginary  roots  must  be  equal 
conjugate  imaginaries,  in  which  the  square  of  the  real  part  of  the 
imaginary  must  be  numerically  equal  to  that  part  of  the  root  affected 
by  the  radical ;  or  the  equation  must  contain  Pure  and  Heal  imagi- 
naries, the  sum  of  whose  squares  are  numerically  equal,  but  having 
opposite  signs,  in  consequence  of  which,  cancel  each  other,  or  become 
zero.  Equation  (C)  having  one  of  its  terms  affected  by  a  minus 
sign,  the  real  parts  of  the  imaginaries  will  have  opposite  signs,  one 
pair  being  +  and  one  pair  — .  "We  now  represent  the  roots  of  (C)f 
algebraically,  as  follows : 

a  ±  V-  a2,  and  b  ±  V-  b2. 

Their  product  will  be  4  a2b-  -  25.     Whence  ab  =  25. 

From  their  algebraic  sum  we  write  2  6— 2  a  =  l.     Whence  b  —  a  =  .5. 


.-.  a  +  b  =  [(a  -  b)2  +  4  aft]*  =  VlO.25  =  3.201562  +  to  six  places 
of  decimals. 

,.  a=3.201562-.5=1350781+)  and  6=3.201662  +  .5  =  1>860781+> 

It  A 

.-.  The  roots  of  (C)  will  be 

1.350781  iV-Cl.350781)2,  and  -  1.850781  ±V- (1.860781)*. 
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249.  We  now  write  the  equation 

(D)  a;4  +  or3  +  .5  x2  +  5  x  +  25  =  0. 

It  will  be  noticed  that  (D)  differs  from  (C,  248)  only  in  that  of 
the  sign  of  the  fourth  term.  The  sum  of  squares  of  roots,  and  sum  of 
squares  of  products  of  roots  taken  three  and  three,  are  in  both  cases  a 
zero  quantity.  .-.  The  equation  contains  imaginary  roots,  one  pair 
being  Pure  and  one  pair  Real.  The  signs  of  the  real  parts  will  not 
be  changed,  one  being  +  and  the  other  — .  We  now  write  for  the 
roots  the  algebraic  expressions, 

a  ±  V^~l,  and  —  b  ±  V—  in. 

2  a-  H —  21  represents  the  sum  of  the  squares  of  one  pair,  and 
2  b2  -\ —  2  in  represents  the  sum  of  the  squares  of  the  other  pair  of 
imaginaries.     .-.  (2  a2  +  -  2  I)  +  (2  b2  +  -  2  m)  =  0.     (Th.  II. ) 

If  2  a2  =  2  Z,  then  will  2  b'2  =  2  in,  and  the  roots  would  be  the  same 
as  in  (C,  248j.  But  this  we  know  cannot  be  the  case,  for  no  two 
equations  can  have  the  same  roots  if  the  signs  of  its  terms  are  dif- 
ferent. The  last  term  is  a  perfect  square,  therefore  we  may  write  the 
quadratics, 

(_p)  x2  +  2  b  +  5  =  0,  and 

(</)  a;2  -  2  a  +  5  =  0. 

If  (p)  and  (q)  be  the  true  quadratics,  their  product  must  be  equa- 
tion (/)).     This  product  we  find  to  be 

(E)  x*  +  (26  +  -  2  rt)x3  +  (10  +  -  4  ab)x2  +  (10  b  +  -  10  a)x  +  25  =  0. 

The  coefficients  of  (E)  are,  therefore,  equal  to  the  coefficients  of 
(D).  .-.  26-2rt  =  l.  Whence  b  -  a  =  .5,  and  10  +  -  4  ab  =  .£  ; 
whence  4  a&  =  9.5,  and  10  b  —  10  a  —  5  ;  whence  6  —  «  =  .5. 

.-.  a  +  ft  =[(a  -  6)2  +  4  a&]^  =  (9.75)^  =  3.122498+,  to  s*";k  places 
of  decimals. 

.•.  a  —  -— 

Having  found  the  real  pai'ts  of  the  imaginaries,  we  now  proceed  to 
find  ±  V— /,  and  ±  V  —  in.     We  may  now  write  the  imaginaries  thus  : 

1.311249  ±  V~/,  and  1.811249  ±  V-^m. 

The  sum  of  the  squares  of  these  expressions  will  be  : 

(1.31249)22  ±  2(V^l)2  =  3.43874788  +  -  2  I.  (e) 


a  =  -122498--5  =  1.311249,  and  b  =  3-122498  +  -5  =  1.811240. 


(1.81124)22  i  2(  V-  m)2  =  G.5612458S  +  -  2  m.  (c) 
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(1)  /.  0  =  4.99999088  +  -  I  +-  m.      [Adding  (e)  and  (c)   and 
dividing  by  2.] 

This  last  expression  may  be  written  for  solution 

(2)  5  +  -1  +  —  m  =  0\ 

(3)  .-.  I  +  m  =  5,  or  4.99999688+. 

(4)  (a+^/^i)(a-^/^]■)=a-  +  L 


(5)  (b  +  y/-  m)  (b  -  V-w)  =  Jfi  +  m. 

(6)  .-.  a2  +  b2  +  I  +  m  =  the  sum  of  their  products. 

(7)  As    I  +  m  =  5,    m  =  5  -  ?.      (a2  +  Z)(62  +  m)  =  oft8  +  a2m  + 
62Z  +  7j»  =  25. 

(8)  It  has  been  found  that  4  «b  =  9.5,  whence  ab  =  2.375.     .-. 

(9)  a2b2  -  (2.S75)2  =  5.040625,    which    we    now    substitute    in 
(a2  +  0(62+  »)■ 

(10)  .-.  5.640625  +  «2»i  +  &2?  +  ??»  =  25,  and  subtracting  5.640625 
from  both  sides  we  have 

(11)  ahn  +  b2l  +  Im  =  19.359375. 

(12)  .-.  P  -  6. 561249Z=-  10.7625053.      [Substituting  in  (11)  a2 
and  b2,  and  putting  m  =  5  —  Z.] 


(13)  .-.  Z  =  3.28062294,  and   ±  V^7  =  ±  V- 3.28062294. 

(14)  (m)  now  becomes  known,  and  ±  V—  m  =  ±  V—  1.71937394. 

Remark.  —  It  is  seen  that  in  the  solution  of  (D)  we  have  arrived 
at  roots  in  the  form  of  a±  V  —  b'2,  and  b±  V  —  ar  ;  and  in  the  solution 
of  (C),  roots  in  the  form  of  a  ±  V—  a2,  and  6±V-  6J.  In  both 
cases  the  sum  of  the  squares  of  the  roots,  and  the  sum  of  the  squares 
of  the  products  of  the  roots,  taken  three  and  three,  are  zero  quan- 
tities ;  and  we  will  find  this  to  be  true  of  all  equations  of  the 
fourth  degree,  having  the  sum  of  squares  of  roots  and  sum  of  squares 
of  products,  taken  three  and  three,  a  zero  quantity.  There  are, 
however,  a  few  "reciprocal  equations"  of  the  fourth  degree  that, 
may  be  found  to  contain  two  real  roots  and  two  imaginary  roots. 
x4  +  2  x3  +  2  x2  +  2  x  +  1  =  0  is  an  equation  of  the  latter  class,  usually 
called  a  "reciprocal"  or  "recurring"  equation. 

Referring  again  to  solution  of  (D),  the  numerical  sum  of  roots  is 
found  to  be  U.244996+. 
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6  944996  +  1 
•••  — — =  3.622498  =  sum  of  +  roots  in  formation  of  equa- 

6.244996  —  1 
tion ;  true  sign  — ;  and  — ~ =  2.622498  =  sum  of  minus  roots 

in  formation  of  equation  ;  true  sign  +.     /.  The  roots  of  (Z>)  are 


1.311249  ±  V- 3.28062294, 
and  -  1.811249  ±  V-  1.71937394. 

250.  To  find  the  roots  of 

(E)  x*  -  x?  +  .5  x2  -  5  x  +  25  =  0. 

Solution.  (1)  a2  +  62  +  c2  +  d2  =  0  =  (-  l)2-  2(.5).  (Th.  II.) 
(2)  a6c2+aM2+a«Z2+6cd2=0  =  (-5)2-2(.5  x  25).  (Th.  IV.) 
.-.  The  roots  are  imaginary  (132).     We  now  write  the  quadratics : 

[(e)  x2  -  \  +  V(T)x  +  5  =  0,  and 

L    (/)  x2-£-\/(0x  +  5  =  0. 

Their  product  will  be 

(F)  x*  -  x3  +  (10  +  \  -  l)x*  -  5  x  +  25  =  0. 

The  coefficients  of  (F)  are  evidently  equal  to  the  coefficients  of 
(E).  .-.  10£  -  I  =  .5.  "Whence,  I  =  9.75,  and  Vl  =  V9T75  =  3.122498. 
We  now  complete  the  quadratics  (e)  and  (/). 

(SO  cc2  -  3.622498  x  +  5  =  0,  and 

(/i)  x2  +  2.622498  x  +  5  =  0. 

Solving  (g)  and  (h),  the  roots  of  (E)  are  obtained,  being  numeri- 
cally the  same  as  the  roots  of  (2>,  249),  but  of  opposite  signs  in  the 
real  parts  of  the  imaginaries. 

Remark.  —  It  will  be  found  that  if  we  desired  to  solve  (D,  249) 
by  quadratics,  we  would  simply  change  the  signs  of  the  coefficients  of 
x  in  (g)  and  (h) ;  and,  in  which  case,  the  equations  would  be  for  the 
solution  of  (X>,  249) 

(0  x2  +  3.622498  x  +  5  =  0,  and 

O')  x2-2.622498x  +  5  =  0. 

The  solutions  of  (i)  and  (j)  would  be  the  roots  of  (D.  249),  and 
would  be  a  great  saving  in  time  and  labor. 
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251.  To  find  the  roots  of 

(G)  x*  +  22x*  +  75  x2  -  662  x  -  2224  =  0. 

Solution.     (1)  a-  +  62  +  c2  +  d2  =  334  =  (22)2-  2(75).     (Th.  II.) 

(2)  334  x  4  =  1336  =  □  of  sum  of  roots  +  sum  [s]  of  diffs.  of 
roots.  (Th.  II.)  The  terms  of  the  equation  not  being  all  +,  or  alter- 
nately +  and  — ,  the  numerical  sum  of  p2  is  not  known.  .-.  We  take 
from  1336,  (22)2-2(-75)  or  634.  This  will  be  the  sum  of  the 
squares  of  the  differences,  nearly;  sufficiently  near  to  obtain  the 
numerical  sum  of  roots,  and  to  find  its  Natural,  at  least.  1336  —  634 
=  702  =  □  of  sum,  nearly,  according  to  our  hypothesis.     The  side  of 

the  greatest  square  in  702  whose  side  is  integral  is  26.     .-.  "  '  "*~"  =  24 

oq  _  22 
=  sum    +    roots  ;    true  sign  — .     =  2  =  sum   —   roots  ;    true 

A 

6ign  +.     We  now  form  the  quadratics : 

(p)  x2  +  24  x  +  y  =  0,  and 

(g)  a;2  -  2  x  -  z  -  0. 

The  product  of  (p)  and  (q)  is 
(H)    x*  +  22  xs  +  (-  z  +  y  +  -  48)x2  +  (-  242  +  -  2  y)x  -  zy  =  0. 

The  coefficients  of  (H)  are  equal  to  those  of  (£). 

(1)  /.  -  z  +  y  +  -  48  =  75.     Whence,  y  -z=  123. 

(2)  zy  =  2224.  [From  absolute  terms  of  (£)  and  (H)  by  chang- 
ing sign.] 

(3)  •••  [0*  -  y)2  +  4  zy]\  =  155  =  z  +  y. 

(4)  .-.  z  =  155  ~  123  =  16  ;  and  y  =  155  +  123  =  139. 
v  J  2  '  *  2 

Substituting  the  values  of  z  and  y  in  (p)  and  (3)  and  solving  by 
quadratics,  we  find  for  the  roots  of  (G),  1  ±  vTf,  and  —  12  ±  V5. 

252.  To  find  the  roots  of 

(J)  x*-5x*  +  5a?-8x  +  l  =  0. 

Solution. 

(1)  «2  +  k2  +  c2  +  rf2  =  15=  (-5)2-2(5).     (Th.  II.) 

(2)  Wo2  +  afa?  +  ocrf2  +  &cd2  =  15  =  (-  5)2  - 2(5  x  1).     (Th.  IV.) 


124  FUNCTIONS   OF   SQUARES. 

"We  now  have  an  equation  which  is  generally  called  "recurring" 
or  "reciprocal."  "When  the  coefficients  of  such  equations  equally 
distant  from  the  extreme  terms  of  the  equation  have  the  same  sign, 
they  may  be  reduced  to  an  equation  of  half  that  degree  by  dividing 
the  equation  by  x2. 

Dividing  (J)  by  x2,  and  collecting  terms,  we  have 

Substituting  y  for  x  +  -,  and  y2  —  2  for  x-  +  — -» 
x  x2 

y2  -  5  y  +  4  =  0. 
Whence,  y  =  4,  or  1. 

,\  x  +  -  =  4t,  whence  x  =  2  ±  V3 ; 

x 

and  when  x  +  -  =  l,  x  =  A  (1  ±  V—  3) . 

x 

253.  It  will  now  be  our  object  to  render  the  solutions  of 
all  such  equations  much  more  simple  and  direct. 

To   do   this   we   write   for   such    equations   the   general 
(special)  equation 
(L)  xi  +  ma?  +  nz~  +  mx  +  1  =  0. 

We  now  write  for  the  equation  (L)  the  quadratics 

(p)  x2  +  ax  +  1  =  0. 

(q)  x2  +  bx  +  l  =  0. 

Their  product  will  be 

(M)       x*  +  (a  +  &)  Xs  +  (db  +  2)  x2  +  (a  +  6)  x  + 1  =  0. 

Examining  the  coefficients  of  (L),  we  at  once  discover 
the  relations  of  the  terms  to  that  of  (J).  The  coefficients 
of  (i¥)  are  evidently  equal  to  the  coefficients  of  (L).  We 
notice  that  the  coefficients  of  x3  and  x  are  the  same ;  Avhile 
the  coefficient  of  x'2  is  made  up  of  the  product  ab  +  the  sum 
of  the  products  of  the  quadratics  (p)  and  (7),  a  +  b  being 
the  sum  of  the  roots  of  the  quadratics  that  enter  into  the 
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formation  of  equation  (M).  It  is  also  easily  seen  that  this 
law  of  formation  will  hold  good  as  long  as  the  coefficients 
of  x3  and  x  in  (L)  remain  the  same,  and  its  absolute  term 
a  perfect  square. 

254.  To  solve  (J,  252), 

(1)  a  +  b  =  5,  ab  +  2  =  6,  ab  =  4. 

(2)  ab  =  4. 

(3)  [(a  +  b)2  -4a&]*  =  a-:&  =  3. 

(4)  .-.  a  =  — —  =  1  ;  and  b  =  ±±^  =  4. 

v  2  2 

Substituting  the  values  of  a  and  b  in  (p)  and  (g),  we  have 
(?■)  x2-x  +  l  =  0. 

(s)  x2  -  4  x  +  1  =  0. 

Solving  (r),  x2  -  (  )+4  =  3. 

sc  -  2  =  V3. 

x  =  2  ±  V3. 
Solving  (s),  x2  -()+!=-  I, 


X     Ty     - 


2 

2 

.-.  The  roots  of  C J)  are  2  ±  V3,  and  — — — ;  being  two  real  and 
two  imaginary. 

[As  indicated  by  the  radicals,  it  is  seen  that  two  of  the 
roots  will  be  +,  and  two  — .] 

255.  We  now  write  the  equation 

(P)  xi  +  5  a;3  +  5  x1  +  5  x  +  1  =  0. 

Here  the  terms  are  all  -f-  ;  and  the  sum  of  the  squares  of 
the  roots,  and  sum  of  square  of  products  of  roots  taken 
three  and  three  are  the  same.  The  coefficients  of  x3  and 
x  are  the  same.  Therefore  we  write  the  equation,  alge- 
braically, as  follows: 

(P')      x*  +  (a  +  b)x*  +  (ab  +  2)  x2  +  (a  +  b)x  -f 1  =  0. 
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The  quadratics  of  (Pr)  being 

(0  a-2  +  ax  + 1  =  0,  and 

(u)  x2  +  bx  +  1  =  0. 

Solution. 

(1)  a  +  b  =  5. 

(2)  a&  =  3  =  ab  =  5  -  2  =  a&  +  2. 

(3)  [(a  +  6)2-4  aby  =  a  -  6  =  13  =  (5)2  -  4(3). 

(4)  /.  a  =  ^Z_^  =  2.5-v^25; 

and  6  =  ^-±^H  =  2.5  +  \^25. 

2 

We  now  complete  the  quadratics  (t)  and  («)  by  substituting  the 
numerical  values  of  a  and  b.     We  then  have 

(«')  x2+(2.5-V3T25>  +  l=0. 

(«')  x2  +  (2.5+v^25)x  +  l=0. 

Solving  (J,'). 
*2+(  )  + (1.25- v^8125)2=-l  + (1.25- V^125)2=. 375 -2.5\^8l25. 
x  +  1.25- V.  8125  =  V.375  =  2.5  V^8125. 
.-.  x  =  -  1.25±  V.375  -  2.5V.8125. 

256.  Let  us  now  take  the  equation 
(2V)  x*  +  6  z?  +  6  x-  -6x4  1  =  0. 

Solution.  (1)  a  +  b  =  6,  and  -(a  +  6)=  -  6  ;  and  -  1  becomes 
the  absolute  term  of  the  quadratics.  .-.  ab  —  2  =  6.  Whence,  ab  =  8. 
To  illustrate  more  plainly,  we  write  the  quadratics  for  (iV),  as  follows : 

Q>')  x2  +  ax  -  1  =  0, 

(3')  x2  +  to  -  1  =  0. 

The  product  of  (p1)  and  (g')  will  be  the  biquadratic, 

(M>)  x4  +  (a  +  6)x3  +  (a&  -2)x2-(«  +  &)x  +  1  =  0. 

(2)  .-.  [(a  +  &)2-4«6]  =  a-6  =  2=[(6)2-4(8)]2  =  2. 

(3)  /.  a  =  ^  =  2,and&  =  l±i  =  4. 
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We  now  complete  (p1)  and  (q'),  and  we  have, 

(r')  x2  +  2x  =  l, 

(s')  x2  +  4  x  =  1. 

Solving  (r'),  z2+(  )+l  =  2, 

x  +  1  =  -v/2 . 

x  =  -  1  ±  V2. 
/Sbfoinp  (*'),  x2  +  (  )  +  4  =  5, 

x  +  2  =  VE, 

x  =  -  2  ±  V5. 

...  The  roots  of  (iV)  are  — 1±  V2,  and  —  2  ±  V5,  being  all  real  and 
minus. 

257.   Let  us  now  write  the  equation 
(S)  a?  +  5a?  +  6'z  +  l  =  0. 

Writing  the  biquadratic 
(S')     x*  +  (a  +  b)x*  +  («6  +  2)  ar  +  (a  +  &)  a  +  1  =  0. 

The  middle  term  in  (S)  is  wanting ;  therefore,  ab  +  2  =  0. 
Whence,  ab  =  —  2;  or  if  a&  is  +,  2  is  — . 

Solution.     (1)  a  +  6  =  5. 

(2)  a&  =  -  2. 

(3)  [(a  +  6)2-4  a&]l  =  a  -  b  =  V33  =  (5)2  -  4(-  2). 

(4)  ...  a  =  5  ~f™,  and 

(5)  b  =  5  +  VM- 

v  '  2 

We  now  complete  the  quadratics  (t)  and  (m)  (255), 

V33> 


(*")  a;2  +  (5~2V33)x  +  l=0, 

(«")  a.2+/5+v/33\a,  +  1=0> 


■^=2 


4  lb 

„.   ,  5-\/33_(42-V33)^ 
4  4 

.'.  x  =  -|±i[V33±(42T\/33)^. 
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258.  The  reader  will  readily  admit  by  an  examination  of 
the  preceding  articles  (252-256)  that  the  method  greatly 
excels  in  brevity  and  simplicity  that  of  the  old  method 
(252,  K). 

259.  To  find  the  roots  of 

(T)  x*  +  5  xz  +  8.25  x2  +  5  *  +  1  =  0. 

Solution-.     (1)  a  +  b  =  5  ;  ab  +  2  =  8.25  ;  ab  =  6.25. 

(2)  [(«  +  6)2-4  «6]i  =  a  -  b  =  0  =  (5)2  -  4  (6.25). 

(3)  a  =  ^±0  _  2.5  .  and  b  =  25  =  ^9- 
w  2  2 

/.  The  quadratics  that  solve  the  equation  are  : 

ck2  +  2.5x  +  1  =0, 

and  x°  +  2.5x  +  l  =  0. 

Their  product  will  be  equation  (T). 

260.  Now  we  will  change  the  absolute  term,  making  the 
equation  read, 

(  T)  a4  +  5  aj3  +  8.25  a2  +  .5  «  + 17  =  0. 

Now,  this  equation  cannot  be  solved  by  the  old  method 
of  reducing  the  equation  to  an  equation  of  half  the  degree. 
Dividing  the  equation  by  x"  it  becomes 

a~  +  5a  +  8.25  +  --r^?  =  0. 
x       X' 

Collecting  terms  we  nave 

^  +  11  +  5(^  +  ^  +  8.25  =  0. 
x-         \       xj 

AY    ■  •  17 

Here  [  -  )  differs  very  materially  from  ■ — .     Thus  we  see 

\xj  sr 

that  we  cannot   apply  the  old  method.     The  only  method 

for  the  solution  of  (?"),  contained  in  any  prior  work,  is  the 
Horner  or  Newton  methods  of  approximation,  Which  is  long 
and  tedious;  and,  the  introduction  of  a  fractional  coeffi- 
cient renders  the  solution  of  (T')  still  more  difficult  and 
tedious  by  either  the  Newton  or  Horner  method.    However, 


BIQUADRATICS   AND   SOLUTIONS.  129 

it  will  be  seen  that  the  equation  is  easily  solved  by  our 
method  (186). 

We  will  now  lay  down  the  following  immutable  law  for 
the  solution  of  a  certain  class  of  biquadratics  by  quadratics. 

261.  Letting  x*  -f-  mx*  +  nx2  -f-  ox  +  q  =  0  always  represent 
a  general  equation  of  the  Fourth  Degree,  ivhen  n =  — ,  a 

solution  of  the  biquadratic  by  quadratics  lies;  because  n , 

o 
and  —,  are  each,  resjjectively,  equal  to  the  sum  of  the  absolute 

m 

terms  of  the  quadratics  that  enter  into  the  formation  of  the 

m2        2  o 

biquadratic ;  and,  therefore,  n ,  or  — ,  is  equal  to  the  true 

4  m 

sum  of  the  quadratic  factors  of  the  absolute  term  of  the 
biquadratic. 

It  now  becomes  important  to  know  the  meaning  of  the 
term  quadratic  factors,  for  which  we  adduce  the  following 
definition. 

262.  Quadratic  Factors  are  the  absolute  terms  of  any  two 
quadratics  whose  product  forms  a  biquadratic,  and  are, 
therefore,  true  factors  of  the  absolute  term  of  the  biquad- 
ratic. 

263.  Eef erring  again  to  the  solution  of  (T',  260),  we 
have  (261)  the  following 

Solution. 

(1)  8.25  -^  =  2  =  z  +  y  =  l*J>.. 
w  4  y         5 

(2)  zy  =  17. 

(3)  .-.  [(«  +  yy  -  4  zyf-  =  SV^T  =  [(2)2  -  4(17)]* 


(4)  .-.  z  =  2  +  S/-7i  =  1  +  4v^l,  and 

(5)  ,=*=J^EI=i-4V=l 
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The  quadratics  are 


(a)  x2  +  2.5a;  +  l  +  4v^rr  =  0. 

(6)  ic2  +  2.5x+  1  -4\/^T  =  0. 

The  product  of  (a)  and  (6)  will  be  (  T',  260)  ;  and  by  the  solution 
of  either  (a)  or  (6),  we  arrive  at  the  roots  of  the  equation 

x*  +  5  xs  +  8.25  x2  +  5  x  +  17  =  0. 

264.  It  will  be  noticed  by  an  examination  of  the  equation 

(T')  a?  +  5  a?  +  8.25  a2  +  5  a?  +  17  =  0, 

that  z  + 1/  =  2,  no  matter  what  the  absolute  term  becomes, 
so  long  that  it  does  not  become  zero.  Should  the  sign  of  the 
absolute  term  be  mimes,  the  solution  will  be  the  same;  but 
if  the  terms  of  the  equation  are  all  minus  (except  the  first 
term),  the  solution  will  be  different  than  that  of  the  solution 
of  (T,  260). 

265.  To  find  the  roots  of 

04)  xi-5xz-5a?-5x-6  =  0. 

By  inspection  we  write  for  the  roots  of  the  equation 
6,  -  1,  and  ±  0  ±  V^l.     (133.)       , 

266.  To  find  the  roots  of 

(B)  x*  -  5  a?  -  5  a?  -  5  x  -  5  =  0. 

Here,     (-  5)2  -  2(-  5)  =  35  =  «2  +  b*  +  c2  +  d*.     (Th.  II.) 
(_5)2_2(_5  x- 5)  =  -25  =  sum  of  [s]  of  ^3.     (Th.  IV.) 

The  last  term  is  negative.  .-.  Two  real  roots  of  opposite  sign. 
(103.)  Hence,  the  sum  of  the  squares  of  the  products  of  the  roots 
taken  three  and  three  being  a  minus  quantity,  the  equation  contains 
but  two  real  roots  and  two  imaginary  roots.  (101.)  We  may  now 
write  the  roots,  algebraically,  as  follows  : 

a,  b,  and  c  ±  V—  I. 

If  we  examine  (A,  265),  we  will  find  that  it  is  the  Natural  of  (B). 
The  roots  of  (A)  may  be  written,  algebraically, 

a,  b,  and  ±V~^1. 
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Let  us  now  take  the  equation  (A,  265) ,  and  apply  Ths.  II.  and  IV. 

(1)  Sum  of  □  of  roots  =  35. 

(2)  Sum  of  □  of  p2  =  -  25. 

(3)  Sum  of  □  of  pz  =  -  35. 
Applying  Ths.  II.  and  IV.  to  equation  (B),  we  have 

(1)  Sum  of  [s]  of  roots  =  35. 

(2)  Sum  of  £0  of  po  =  -  25. 

(3)  Sum  of  [s]  of  pz  =  -  25. 

The  sum  of  the  squares  of  the  roots,  and  the  sum  of  the  squares 
of  the  products  of  the  roots  taken  tico  and  two,  have  remained 
unchanged  ;  while  the  sum  of  the  squares  of  the  products  of  the  roots 
taken  three  and  three  have  been  reduced.  But  the  character  of  the 
roots  of  each  equation  are  the  same,  being  two  real  roots  and  two 
purely  imaginary.  Should  the  absolute  term  of  (JS)  become  —  1,  the 
signs  and  coefficients  of  the  other  terms  of  the  equation  remaining 
permanent,  the  equation  would  still  contain  two  real  and  two 
imaginary  roots. 

We  now  lay  down  this  rule  prior  to  the  solution  of  (B) : 

267.  When  the  equation  x*  +  w8  +  nx2  +  ox  +  q  =  0  con- 
tains real  and  imaginary  roots  in  the  form  of  a,  b,  and 

±  V—l,  m  —  a  +  b,  and  +  I  =  (V— /) (—  V—  I)  =  —  ;  and  in 

m 

consequence  of  ivhich  the  roots  of  the  biquadratic  are  readily 
obtained. 

Referring  again  to  (B,  266),  let  us  represent  the  roots  by  —  a, 
+  b,  and  ±  V—  I  in  its  formation,  being  the  algebraic  expressions  of 
the  roots  in  the  formation  of  the  Natural  (A,  265).  If  (B)  con- 
tains roots  in  this  form,  then  —  abl  —  —  5  ;  and  a  +  b  =  —  5,  and 
—  ab  +  I  =  —  5.     We  now  have  the  equations,  by  changing  signs, 

(1)  a  -  b  =  5 ;    (2)  ab  -  I  =  5 ;    (3)  abl  =  5. 

From  the  above  equations  we  find  the  first  two  figures  for  the 
values  of  a  and  b.     a  =  5.9,  b  =  .92,  and  I  =  .90. 

From  this,  by  the  Condensed  Method,  the  roots  are  found  to  be 
5.9901+  and  —  .9218+.  And  having  found  the  real  roots,  the  imagi- 
nary roots  are  readily  found  to  be  —  .03715  ±  V—  .90323. 
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268.  We  will  now  introduce  the  method  for  changing  an 
equation  of  the  Fourth  Degree  to  an  equation  of  the  Sixth 
Degree,  in  which  the  sum  of  the  products  of  the  roots  of  the 
biquadratic  shall  be  the  sum  of  the  roots  of  the  Sixth  Degree 
equation. 

To  change  the  general  equation 

(C)  x*  +  mx3  +  nx2  +  ox  +  q  =  0, 
we  write  the  equation 

(D)  if+ny5+(mo-q)yi+[(m2-2  n)q+2  nq+(o2—2  nq)~\  f 

+  [g(om-4  q)  +  3  52]?/2-f-  nq2yx+q3  =  0. 

To  illustrate.     Take  the  equation 

(E)  x*  -7  ^  +  20  a2 -32  x  +  24  =  0. 
Applying  the  formula,  we  have 

(F)  2/6-20^+200?/4-1240?/3+4800?/2-115202/+13824-0. 

The  sixth  will  contain  the  same  character  of  roots  as  the 
fourth;  that  is,  if  the  roots  of  the  fourth  are  real  and  imagi- 
nary, the  sixth  will  contain  real  and  imaginary  roots ;  but  if 
the  fourth  contains  all  imaginary  roots,  the  sixth  will  contain 
hvo  real  wots,  ivhich  will  be  the  separate  products  of  the 
imaginary  roots  of  the  biquadratic.  The  real  roots  of  the  sixtJi 
tvill  then  be  the  Quadratic  Factors  of  the  absolute  term  of  the 
biquadratic. 

To  solve  (E). 

(1)  (_  7)2  _  2(20)=  9  =  a2  +  b2  +  c2  +  d2.     (Th.  II.) 

(2)  9  x  4  =  30  =  □  of  sum  of  roots  +  sum  \s\  of  diffs.     (Th.  II.) 

(3)  As  36  <(—  7)2,  the  equation  contains  imaginary  roots.     (130.) 

(4)  (-  32)2  -  2(20  x  24)=  64  =  sum  of  [J]  of  ps.     (Th.  IV.) 

In  both  (1)  and  (4)  the  sum  of  [s]  is  a  perfect  rj.  .-.  V9  =  3  =  one 
of  the  roots,  and  -\/64  =  8  =  2 (a2  +  I)  =  twice  the  product  of  the 
imaginary  roots.  .-.  §  =  4  =  a2  +  1 ;  and  3.  x  4.  =.  12,  and  24  -=- 12  =  2,. 
the  other  real  root. 
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The  sum  of  the  squares  of  the  roots  may  be  written 

cfi  +  b"  +  2  a2  +  -  2 1  =  9.  («) 

(a2  +  62)  =  (2)2  +  (3)2  =  a2  +  &2  =  13.  (s) 

.-.  2  a2  +  _  2  Z  =  -  4.     [Taking  (s)  from  («).]     («) 

a2  +  -  J  =  -  2.     [Dividing  (m)  by  (2).]     («) 

But  a2  +  Z  =  4.  (w) 

.-.  2  a2  =  2.     Whence  a2  =  1,  and 
.-.  a—  1. 
.-.  The  roots  of  (#)  are  2,  3,  and  1  ±  V^3. 

269.  The  question  that  will  naturally  arise  in  the  mind 
of  the  reader  is  this :  Does  it  simplify  the  solution  of  an 
equation  of  the  Fourth  Degree  to  change  it  to  an  equation  of 
the  Sixth  Degree? 

Our  answer  is  this : 

There  are  a  certain  class  of  biquadratics  in  which  a  solution 
is  obtained  more  easily  and  readily  by  changing  the  equation, 
and  especially  is  this  true  when  the  roots  of  the  biquadratic  are 
all  approximate  imaginaries.  By  applying  formula  ■(!),  268), 
the  roots  can  be  readily  arrived  at  by  the  Horner  method. 

To  illustrate.     Take  the  equation 

(A)  x*  -  6  x5  + 18  ar  -  26  x  +  20  =  0. 

The  roots  of  this  equation  are  all  approximate  imaginaries. 
The  roots  of  its  Natural  are  1  ±  V—  2,  and  2  ±  V—  3 ;  and 
these  roots  will  satisfy  all  the  conditions  of  (A)  but  that  of 
its  absolute  term.     Applying  formula  (D,  268),  we  obtain 

(B)  if  - 18  tf  + 136  y4  -  676  f + 2720  y2-  7200  y+ 8000  =  0. 

As  (^.1)  contains  all  imaginary  roots,  (B)  will  contain  two 
real  roots  representing  the  quadratic  factors  of  the  absolute 
term  of  (A).  The  product  of  the  imaginary  roots  of  (A) 
may  be  represented,  algebraically,  by  a2  +  I  and  b2  +  m,  and 
the  sum  of  the  squares  of  the  roots  by 

2  a2  +  2  b2  +  -  2 1  +  -  2  m  =  0  =(-  6)2  -  2(18). 
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It  is  evident  that  to  solve  (A)  we  have  but  to  hud  either  a-  +  I, 
or  b2  +  m.  a2  +  I  =  3  =  (1  +  V—  2) (1  —  V—  2)  in  the  Natural,  the 
absolute  term  of  which  is  21,  being  the  product  of  1  ±  V^2  and 
2  ±  V^3.  The  absolute  term  of  (^1)  has  been  reduced,  so  we  begin 
to  find  a2  +  I,  which  we  know  to  be  <  3  and  >  2. 

We  find  from  (B),  by  the  Horner  method,  a2  +  I  =  2.99512+. 

20 
Whence  b2  +  to  =  6.67661  =  — =i— r.    We  now  have  the  equations : 

(1)  2  a2  +  2  b2  +  -  2  Z  +  -  2  m  =  0  =  (-  6)2  -  2  (18),  (Th.  II.)  = 
the  sum  of  the  squares  of  the  roots  of  (-4). 

(2)  a2  +  b2  +  -  I  +  -  m  =  0.     [Dividing  (1)  by  2.] 

(3)  a2  +  I  =  2.99512. 

(4)  b2  +  to  =  6.67661. 

(5)  a2  +  b2  +  I  +  to  =  9.67173.     [Adding  (3)  and  (4).] 

(6)  2  a2  +  2  62  =  9.67173.     [Adding  (5)  and  (2).] 

(7)  /.  9.67173  =  (a  +  6)2  +  (a  -  b).     (Th.  I.) 

(8)  2  a  +  2  6  =  6.     [From  equation  (A).] 

(9)  a  +  6  =  3. 

(10)  (a  -  ft)2  =  .67173.     [Taking  (a  +  6)2  from  (7).] 


(11)  .-.  a  -  b  =  .8195  =  V.67173. 

(12)  ...  a  =  3  ~  -8195  =  1.09025,  and 

(13)  b  =  '?  +  ;8195  =  1 .90975. 

(14)  I  =  1.80648.     [Taking  a2  from  (3).] 

(15)  to  =  3.02947.     [Taking  62  from  (4).] 
The  roots  of  (^1)  are 


1.09025  ±  V-  1.80658,  and 


1.90975  ±V- 3.02947. 

Remark. —Find  the  roots  of  (^4)  by  the  old  method,  and  then 
compare  it  with  the  foregoing  solution.  We  have  no  doubt  but  what 
you  will  prefer  the  method  which  we  have  just  offered. 
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270.   To  find  the  roots  of 
(L)  x*  -  14a3  +  79 x2  -  210  x  +  250  =  0. 

Solution. 

(1)  a2+62  +  c2  +  d2  =  38=(-14)2_2(79).     (Th.  II.) 

(2)  38  x  4  =  152  =  □  of  sum  of  roots  +  sum  of  [s]  of  cliffs,  of  roots. 
(Th.  II.) 

(3)  Asl52<(  — 14) 2,  the  equation  contains  imaginary  roots.  (130.) 

(4)  79  -  £ff  =  2  x~210  =  30  =  z  +  y.     (261.) 

4  —  14 

(5)  zy  =  250. 


(6)  [(30)2  -  4 (250)]  ^  =  V-  100. 

(7)  .-.  z  =  15  +  V-25,  and 

(8)  y  =  15-V^25. 

We  now  form  the  quadratics, 
(p)  x2  -  7  x  +  15  +  \^25  =  0. 

(?)  x2-  7  x  +  15  -  V^25  =  0. 

Their  product  equals  {Li) ;  (jp)  solved  gives 
3.5  ±  V-2.75-V^25  ; 
and  (g)  solved  gives   3.5  ±  V-  2.75  +  V-25. 

We  now  meet  with  an  entirely  different  class  of  biquadratics  in 
(L)  than  that  of  any  of  the  prior  equations  which  we  have  given  and 
solved.  We  notice  that  the  quadratic  factors  of  (L)  are  a  pair  of 
conjugate  imaginaries  ;  and  we  can  readily  see  that  if  we  change  (L) 
to  an  equation  of  the  Sixth  Degree  that  it  will  contain  all  imaginary 
roots,  and  we  cannot,  therefore,  approximate  the  roots  by  the  Horner 
method.  If  we  try  to  find  the  roots  of  such  an  equation  by  the  Hor- 
ner method,  or  by  any  of  the  old  methods,  we  will  come  to  the  con- 
clusion that  any  of  such  methods  are  very  unsatisfactory.  The  easiest 
and  most  ready  method  for  the  solution  of  such  equations  will  be 
found  to  be  that  explained  in  Arts.  186  and  261. 

271.  To  find  the  roots  of 
(M)  xi  +  2x2-±x-2  =  0. 

Solution. 

(1)  a2  +  62  +  c2  +  d2  =  4  =  (2)2-2(±0).     (Th.  II.) 

(2)  ^6c2+a&d2+acd2+6«f=16=(-4)2-2(±0x-2).     (Th.  IV.) 
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In  both  cases  the  theorems  give  perfect  squares. 

(3)    al/ +  a~c2+axf^2+bl^'+ccf =12  =  (±0)2-2[(2x  -4)-(-2)]. 

We  may  now  safely  conclude  that  the  roots  are  all  real.  The 
middle  term  being  wanting,  we  let  z  +  y  =  2,  and  zy  =  —  2,  which, 
solved,  gives  z  =  1  +  V3,  and  y  =  1  —  V3.  We  now  form  the  quad- 
ratics, 

(p)  x2  +  2.73205x  +  2.73025  =  0, 

(q)  x2-    .73205  x-    .73025  =  0. 

Their  product  will  be  the  equation  (Jf ).  Or  we  may  write  for  the 
quadratics, 

(p>)  x2+(l+V3)x  +  l+V3  =  0, 

(g')  x2+(l-V3)x  +  l-\/3  =  0. 

From  (p')  and  (q1)  the  roots  of  (31)  may  be  accurately  expressed 
in  the  form  of  irrational  fractions  and  imaginary  quantities,  we  hav- 
ing now  discovered,  by  inspection  of  the  quadratics  (p)  and  (p'),  that 
the  equation  does  not  contain  all  real  roots,  as  first  suggested ;  but 
that  (M)  contains  two  real  roots  of  opposite  signs  and  a  pair  of  im- 
aginary roots. 

We  now  see  that  the  Quadratic  Factors  of  a  biquadratic  may  be 
whole  numbers,  irrational  fractions  in  pairs,  or  a  pair  of  conjugate 
imaginaries.  In  (p1)  the  absolute  term,  (1  +  V3),  is  made  up  of  the 
product  of  a  pair  of  conjugate  imaginaries.  Should  we  change  (J/) 
to  an  equation  of  the  Sixth  Degree,  we  can  obtain  the  product  of  the 
imaginaries  expressed  in  the  form  of  an  incommensurable  root. 

272.   To  find  the  roots  of 
{N)  x4-8ar3  +  14ar  +  4x-8  =  0. 

Solution. 

(1)  Sum  of  GO  of  roots  =  36  =(-  8)2  -  2(14). 

(2)  36  x  4  =  144  =  □  of  sum  of  roots  +  sum  of  [s]  of  diffs.  of  roots. 

(3)  Sum  of  [s]  pz  =  240  =  (4)2  -  2(14  x  -  8). 

The  terms  of  the  equation  not  being  alternately  +  and  — ,  and  the 
last  term  — ,  the  equation  contains  at  least  two  real  roots  of  opposite 
Signs.  As  the  equation  contains  both  +  and  —  roots,  8  is  not  the 
true  numerical  sum  of  roots.     .-.  The  true  sum  is  >  8. 
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We  now  find  by  synthetic  division  two  of  the  roots  to  two  places  of 

decimals,  and  from  this  we  find  the  other  two  roots  to  two  places  ;  and 

the  sum  of  the  squares  of  the  differences  of  the  roots  thus  far  found  we 

find  to  be  54.4  +  .      We  now  take  the  square  root  of  4  x  36,  or  144 

within  this  limit. 

144  [0.4641  =  sum  of  roots 

81 


184        63.00 
—  7.36 


1886    55.6400 
1.1316 


18924    54.508400 
.059696 


189281    54.44870400 
.00189281 


9.4641  4-8 


=  .73205  =  sum  of  +  roots  in  formation  of  equa- 


tion ;  true  sign  — :  and  — * ^  =  8.73205  =  sum  of  —roots  in 

formation  of  equation  ;  true  sign  + . 

—  .73205  is  found  to  be  the  negative  root.  2.73205  is  also  a  root. 
The  other  two  roots  are  then  found  from  their  sum  and  product. 

Again  :  It  is  now  seen  that  equation  (X)  is  more  easily  solved,  and 
that  we  can  separate  it  into  two  quadratics.  The  factors  of  the  abso- 
lute term  (and  the  only  ones)  are  1  and  8  and  2  and  4.  But  the  pre- 
vious solution  shows  us  that  2  and  4  are  the  proper  factors.  We  now 
write  the  quadratics 

(p)  x2  —  ax  —  2  =  0,  and 

(g)  x2  -  bx  +  4  =  0. 

Their  product  will  be 
(Ar')     x*  -  (a  +  &)x3  +  (ab  +  4  -  2)x2  +  (2  b  -  4  a)x  -  8  =  0. 

If  this  be  the  true  equation,  the  coefficients  of  (JV)  will  be  equal  to 
the  coefficients  of  (iV').     We  now  have  the  equations 

(1)  a  +  b  =  8,  (2)  ab  =  14  -  (4  -  2)  =  12. 

From  (1)  and  (2)  we  find  a  =  2  and  b  =  6,  which  substituted  in 
(p)  and  (q)  gives 

(pi)  x2  -  2  x  -  2  =  0,  and 

(q1)  x2  -  6  x  +  4  =  0. 
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The  solution  of  (p')  gives  1  ±  V3,  and  the  solution  of  (<?')  3  ±  a/5. 
They  are  the  true  roots  of  the  biquadratic  (iV),  and  can  be  easily 
approximated,  if  required,  to  any  degree  of  accuracy.  It  will  be 
noticed  that  if  we  apply  formula  (261)  that  it  will  fail  to  render  the 
roots.  A  universal  general  solution  for  biquadratics  will  be  given 
later. 

273.  To  find  the  roots 
( M')  x*  +  Xs  -  195.5  x2  -  234  x  +  139.5  =  0. 

Solution.  (1)  a2  +  62  +  c2  +  cP  =  392  =  Q  of  sum  of  roots  +  sum 
of  [T|  of  diffs.  of  roots. 

(2)  392  -=-  2  =  196.  .-.  The  roots  of  the  equation  are  the  sides  of 
two  rt.  triangles  constructed  in  a  circle  whose  diameter  is  the  square 
root  of  196.    (136.) 

We  may  now  represent  the  roots  of  the  equation,  as  follows  : 

a+Vl 
a-Vl 

b  +Vm 
b  —  a/hi 

If  the  sides  are  integral,  I  and  m  will  be  found  to  be  zero.  From 
algebraic  sum  we  write 

(1)  2  a  -  2  b  -  1 ;  whence,  a-b-  .5. 

(2)  a2  +  62  +  I  +  m  -  196,  one-half  sum  [s]. 

(3)  2  a2  +  2  I  =  196.     [Sum  [s]  in  both  cases  being  equal.] 

(4)  .-.  2  ft2  +  2  m  =  196. 

(5)  392  x  4  =  1568  =  □  of  sum  +  sum  [Tj  diffs. 

(6)  .-.  1568 -2 (195.5)  =1 177  =□  of  sum  of  roots,  nearly;  at  least, 
sufficiently  near  to  determine  numerical  sum  of  roots.  The  side  of 
the  greatest  integral  square  in  1177  is  34,  which  is  rejected.  (26.) 
33  is  then  taken,  and  we  have 

§3  +  1  =  17  =  sum  of  +  roots,  true  sign  — ; 
2 

and  §3_-_l  _  16  _  gum  of  _  rootS)  tme  s;gn  +# 

2 

2  a  +  2  b  =  33  ;  whence,  a  +  b  =  16.5. 

m. ,  g  =  16.5  -  .5  =  8,  ^^16^  =  8.5. 
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...  ai  +  i  -  98  =  I  =  98  -  (8)-=  34.  .-.  8  ±  V34  for  two  of  the  roots ; 
and  b~  +  m  -  98  =  m  =  98  -  (8.5)2  =  25.75.  .-.  -  8.5  ±  V25.75  are  the 
other  two  roots;  and,  as  they  will  satisfy  all  the  conditions  of  the 
problem,  they  are,  therefore,  the  true  roots  of  the  equation  (ili7). 

273  a.   To  find  the  roots  of 
(.4)         x*  -  27  a3  +  261.91  x2  - 1075.41  + 1563  =  0. 

[Submitted  for  solution  by  Professor  J.  B.  Young,  of  Safford, 
Arizona.] 

Solution.  Applying  formula  under  (186),  we  discover  that  this 
difficult  equation  is  easily  solved. 

(1)  261.91  -<&1  =  2*-1075-41  =  79.66  =  z  +  y. 

4  27 

(2)  zy  =  1563. 

(3)  z  =  39.83  +  V23.4289,  and 

(4)  y  =  39.83  -  V23.4289.    [Solving  (1)  and  (2).] 
The  quadratics  then  will  be 

(p)  x2  -  13.5  x  +  39.83  +  V23.4289  =  0,  and 

(g)  a;2  -  13.5  x  +  39.83  -  V23.4289  =  0. 

Solving  the  quadratics  (jj)  and  (q),  we  obtain  for  the  roots 

6.75  ±  [(6.0625)  +  V23.4289]i,  and 

6.75  ±  [ (6.0625)  -  V2&4289] k 

Remark.  — It  w^ill  take  fully  four  hours1  time  to  find  the  roots  to 
four  places  of  decimals  each  by  the  Horner  method. 

274.   To  find  the  roots  of 

(.4)  x4  +  30  x3  +  325  x2  +  489  x  +  2478  =  0. 

Solution. 

(1)  a2  +  b-  +  c2  +  (I2  =  250  =  sum  of  fj]  of  roots.  (Th.  II.)  The 
terms  of  the  equation  are  all  +.  .-.  No  real  +  roots.  (111.)  By 
inspection  we  see  that  Theorem  IV.  will  give  largely  a  plus  quantity 
for  sum  of  [s]  of  roots  taken  three  and  three,  and  two  and  tivo.  We 
now  represent  the  roots  by 

a  +  Vf, 

a  —VI, 

b  +Vm, 

6  —  V??j. 
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If  the  roots  arc  integral,  I  and  m  will  be  zero. 

(2)  .-.  2  a2  +  2  b2  +  2  J  +  2  m  =  250. 

(3)  «2  +  &2  +  I  4-  m  =  125.    ■ 

(4)  250  x  4  =  1000  =  □  of  sum  +  sum  \s\  of  diffs.  of  roots.  (Th.  II.) 

(5)  .-.  1000  -  (SO)2  =  4  «2  +  4  b2  -  8  ab  +  8  I  +  8  m  =  100. 

(6)  a2  +  b2  -  2  a&  +  2  I  +  2  m  =  25.     [Dividing  (5)  by  4.] 

Now  factor  absolute  term  into  its  prime  factors.    2478  =  2  x  3  x  7  x  59. 
Put 

(7)  (n  +  VI)  (a  -  Vl)  =  a2  -  I  =  2  x  3  x  7,  or  59. 

(8)  (6  +  Vm)  (6  -  Vm)  =  &2  -  m  =  59,  or  2  x  3  x  7. 

(9)  a2  +  62  -  I  -  m  =  101. 

(10)  /.  2  a2  +  2  62  =  22G.     (Adding  (3)  and  (9).) 

(11)  V226  =  15  =  (a  +  b)  +  (a  -  by.     (Th.  II.) 

(12)  .'.  B-lsl 

/ION  15  +  1        Q      *        15-1       - 

(13)  .-.  a  =  — - —  =  8:6= =  7. 

2  2 

(14)  (a  +  VI)  (a  -  VI)  =  a2  -  J. 

(15)  (6  +  Vm)  (6  -  Vm)  =  62  -  m. 

(16)  (a2  -  I)  (b2  -  m)  =  ab2  +  fa  -  a°-m  -  bH  =  2478. 

Substituting  in  (15)  and  (16)  the  values  of  ab"  and  a2,  62,  and 
collecting  terms  we  have 

(17)  685  +  Im  -  64  m  -  49  I  =  0. 

Substituting  in  (6)  the  values  of  a2,  ft2,  and  2  a&,  we  have 

(18)  I  +  m  =  12,  whence  m  =  12  -  Z. 

Substituting  in  (17)  the  value  of  (m),  and  transposing  and  collect- 
ing terms,  we  have 

(19)  I2  -  27  I  =  -  110,  from  which  we  find 

(20)  1  =  5.     .-.  m  =  7=(12-5). 

(21)  .•.  The  roots  of  the  equation  are  —  8  ±  V5,  and  —  7  ±  Vf. 

275.  To  find  the  roots  of 
(B)  x*  + 14  x3  +  96  x2  +  368.x-  +  768  =  0. 

Solutions. 

(1)  a2  +  62  +  c2  +  d2  =  4=(14)2-2(9G).     (Th.  II.) 

(2)  ab~i?  +  ab<?  +  oaf  +  baf  =  -  12032  =  (368)2  -  2(14  x  768). 
.•.  The  equation  contains  imaginary  roots.     (101.) 
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Factoring  absolute  terms,  we  have 

7G8  =  2x2x2x2x2x2x2x2x3. 

Trial  of  the  combinations  of  these  factors  show  that  24  and  32  are 
the  true  quadratic  factors  of  the  absolute  term.  (3)  a2  +  b2  +  l+m  =  b6. 
The  sum  of  squares  may  be  represented  by  2  a2  +  2  b2  —  2  I  —  2  m, 
which,  divided  by  2,  gives  (4)  a2  +  b2  —  I  —  m  =  2,  which,  added  to 
(3),  gives  2  a2  +  b2  =  58.     Whence  a  +  b  =  7,  and  a  -  b  =  3. 

And  subtracting  (3)  and  (4),  I  +  m  = =  24.     We  now  readily 

— 

write  for  the  roots  —  5  ±  V—  7  and  —  2  ±  2V  —  5.  (See  the  universal 
general  solution  for  biquadratics.) 

276.   To  find  the  roots  of 

«t  +  8a^-.3'^-  206 a:  -  520  =  0. 

Solution. 

(1)  a2  +  62  +  c2  +  d2=70=(8)2-2(-3).     (Th.  II.) 

(2)  70  x  4  =  280  =  □  of  sum  of  roots  +  sum  of  [s]  of  diffs.  of  roots. 
(Th.  II.)    The  side  of  the  greatest  integral  □  in  270  is  16.    Therefore. 

1  (*   _1_   ft 

— ^t—  =  12  =  sum  of  +  roots  ;  true  sign  — ; 

1  £K        ft 

and  ■  -  ~     =   4  =  sum  of  —  roots  ;  true  sign  +. 

The  last  term  is  negative,  .-.  two  real  roots  of  opposite  sign.  We 
try  4,  and  find  that  16  is  not  the  true  numerical  sum  of  roots.  17  is 
rejected.  (26.)  [The  numerical  sum  being  >  16,  because  the  root  4  is 
found  to  be  too  small.}    18  is  then  taken,  and  we  have 

18-4-8 

— i—  =  13  =  sum  of  +  roots  ;  true  sign  — ; 

1g  c 

and  — - —  =    5  =  sum  of  —  roots  ;  true  sign  + . 

5  is  tried,  and  it  satisfies  the  condition  of  the  problem,  and  18  is  there- 
fore the  true  numerical  sum  of  roots.  We  have  now  discovered  that 
the  equation  contains  a  pair  of  imaginary  roots,  because  270<(18)2. 
(130.)  13  -  5  =  9  and  9-5  =  4.  .-.  -  4  is  a  root.  The  other  two 
roots  are  now  readily  found  to  be  —  4.5  ±  V—  5.75. 
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277.  To  find  the  roots  of 

x*  +  q  =  0. 

Solution.  The  equation  is  of  even  degree,  and  the  sign  of  its  last 
term  +.  The  second,  third,  and  fourth  terms  are  wanting,  therefore, 
the  sum  of  squares  of  roots,  and  sum  of  squares  of  roots  taken  three 
and  three,  will,  in  either  case,  he  a  zero  quantity ;  and  Th.  IV  gives 
for  sum  of  squares  of  products  of  roots  taken  two  and  two,  +  2q. 
.-.  The  equation  contains  all  imaginary  roots,  the  real  part  of  one 
pair  heing  + ,  and  the  other,  - .  The  roots  may  be  represented  alge- 
braically, by  

±a±V-a2. 

By  an  algebraic  process  we  arrive  at  the  following  formula  for  the 
roots  of  such  an  equation  : 

*(l)**(0* 


If  q  =  1,  the  roots  will  be  ±  V.5  ±  V-  .5  ;  which  factored,  gives 
±  V.25  x  2  ±  V+  .25  x-2  =  ±  |  V2  ±  \  V^2. 

278.  To  find  the  roots  of 

x*  +  8  =  0. 
Solution.     Applying  formula  (186),  the  quadratics  are 
(p)  x2  +  0  x  ±  0  +  y/~^8  =  0. 


(q)  x2  +  0  x  ±  0  -  V^8  =  0. 

Solving  either  (p)  or  (g)  the  roots  of  the  biquadratic  are  obtained. 

279.  To  find  the  roots  of 

x4  -  20  a3  +  140  x-  -  400  x  +  19  =  0. 
Solution. 


(186) 


(1)  140-I=i2L9  =  LXlL400  =  *  +  y  =  40. 

(2)  zy  =  19. 

Jx2-10x  +  2  =  0, 

(3)  lac2-10x  +  y  =  0. 
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From  (1)  and  (2)  we  find  z  and  y  to  be,  respectively,  20  +  V381 
and  20  —  V381.     We  now  complete  the  quadratics  (3) 

(p)  x2  -  10  x  +  20  +  V38l  =  0. 

(g)  x2-  10x  +  20-V381  =  0. 

Solving  either  (p)  or  (q)  the  roots  of  the  biquadratic  are  found 
to  be 

5±(5±V381)i 

280.  To  find  the  roots  of 

x*  +  2  x3  +  3  a-2  +  2  a;  -  11  =  0. 
Solution. 

(1)  s-^  =  ^  =  2  =  z  +  y. 

(186)  .(2)  ay  =  -11. 

r  x2  +  x  +  y  =  0, 
(3)    -{  * 

>  I  x2  +  a;  +  z  =  0. 

From  (1)  and  (2)  we  find  z  and  y  to  be,  respectively,  1  +  Vl2  and 
1  —  Vl2,  which  substituted  in  (3)  we  have 

(p)  x2  +  x  +  1  +Vl2=0. 

(?)  x2  +  x  +  1  -  Vl2  =  0. 

Solving  either  (p)  or  (q)  we  obtain  for  the  roots'of  the  biquadratic, 

_i±(_.75TVT2)i 

Taking  +  sign  in  radical  we  have  two  real  roots,  and  taking  - 
sign,  two  imaginary  roots. 

281.  To  find  the  roots  of 

x*  +  20  a,-3  +  100  x2  +  17  =  0. 


Solution. 


(186) 


(l)100-m2  =  4±0  =  0  =  a  +  y. 

(2)  zy  =  17. 

fx2  +  10x  +  2/  =  0, 
1  ;    lx2  +  10x  +  s  =  0. 
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From  (1)  and  (2)  we  find  z  or  y  =  ±  0  ±  V—  17,  which  we  substi- 
tute in  (3)  and  obtain 

(p)  x2  +  10a;  ±  0  +  V-  17  =  0. 

(q)  x2  +  10  x  ±  0  -  v^Tf  =  0. 

Solving  either  (p)  or  (3)  we  obtain  for  the  roots  of  the  biquadratic, 


-5±V25  +  V-17, 


and 


-5±V25  -V-17. 


282.   To  find  the  roots  of 

x*  _  o  a?  +  71 7?  -  70  x  +  23  =  0. 


Solution. 


(186) 


(l)71-^  =  2-^  =  0  +  2,  =  7O. 

(2)  zy  =  23. 

x2  -  x  +  y  =  0, 
x2  -  x  +  z  =  0. 


(3) 


From  (1)  and  (2)  we  find  z  and  y  to  be,  respectively,  35  +  V1202 
and  35  —  V12U2,  which  substituted  in  (3)  gives 

(p)  x2  -  x  +  35  +  V1202  =  0,  and 

(q)  x2  -  x  +  35  -  V1202  =  0. 

Solving  (p)  or  (q)  the  roots  of  the  biquadratic  are  found  to  be 

|±V- 34.75  ±Vl202. 

283.   To  find  the  roots  of 

x4  +  f  x3  +  f  x2  +  3^  a;  +  2  =  0. 


Solution. 


O  CR\2         O    Y      36 

(1)  5_ii2_  =  £2Liis  =  2  +  y  =  jf. 


4 
2. 


* 


7 
(2)  zy 

■  x2  +  f  x  +  y  =  0, 
x2  +  $  +  «  =  0. 
From  (1)  and  (2)  we  find  z  and  y  to  be,  respectively, 
6+V- 


(3) 


4U 


*Z°S,  and  8  " 


4700 


49 
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We  how  complete  the  quadratics  (3), 

,   N  0,5,6+  V—  4766      A j 

(p)  x2  +  f  x  +  49 =  0,  and 


•  \                                 o  ,   ,      ,  6  —  V—  4766      n 
(?)  x-  +  fx  + — =  0. 

Solving  ( p)  or  (3)  we  obtain  for  the  roots  of  the  biquadratic, 

t'?(-  3  ±  (-  15  ±  4  V-4766)*). 
Remark.  —  The  reader  will  now  be  able  to  see  the  importance  of 
the  formula  (186). 

284.   Solve  the  following  Biquadratics  by  the  formula 
(186) : 

(1)  x4  -  2  a?  +  5a?  -  Ax  +  £  =  0. 

(2)  x*  -  2  x3  -  13  x2  +  14  jc  +  17  =  0. 

(3)  x4  +  2a?  +  15x2  +  14x  +  27  =  Q. 

(4)  a;4  -  2  x3  -  10  x2  +  11  x  +  24  =  0. 

(5)  x*  -  2 x5  -  2x2  +  3 x  -  119  =  0. 

(6)  z4  +  2ar3  +  x2  +  lf  =  0. 

(7)  a;4-  2X3  +  x2-  21  =  0. 

(8)  a;4  4- 13  x*  +  75  a;2  +  219|  a;  +  2111  =  0. 

(9)  .r4  +  13  x5  +  13  x2  -  190^  x  +  2111  =  0. 

(10)  x*  -  2  ar5  +  7  a;2  -  5  a;  +  23  =  0. 

(11)  a4  +  2  ar3  +•  17  x2  +  16  x  + 119  =  0. 

(12)  x*  +  14  ar3  +  a;2  -  336  x  +  16  =  0. 

(13)  x4  + 114  ar3  +  11  a;2  -  178695  x  +  1601  =  0. 

(14)  a4  -  756  x3  +  428652  a;2  -  108020304  x  +  22170267  =  0. 

(15)  x4  +  756  ar5  +  142884  ar  +  5000  =  0. 

(16)  x4  -  17  x3  + 101  x2  -  247  x  +  200  =  0. 

(17)  x4  -  x3  -  43  x2  -  21.625  x  +  117  =  0. 

(18)  x4  -  11  ar5  +  41  x2  -  59.125  x  +  31  =  0. 

(19)  x4  - 1728  x3  +  746500  x2  -  3456  x  -  741317  =  0. 

(20)  x4  +  3x3  +  |x2-2ifx  +  5  =  0. 

To  solve  any  of  the  foregoing  equations  by  the  "Sturm 
Theorem"  and  the  "  Horner  Method  "  the  task  is  diffictrft. 


146  FUNCTIONS   OP   SQUARES. 

THE   QUINTIC   AND  SOLUTIONS. 
285.  To  find  the  roots  of 
(.4)  a?  -  q  =  0. 

Solution. 

(1)  Sum  of  squares  of  roots  =  0.     (Th.  II.) 

(2)  Sum  of  squares  of  products  of  roots  pi  =  0.     (Th.  V.) 

(3)  ,\  Only  one  real  root  with  sign  contrary  to  sign  of  absolute 
term. 

(4)  The  real  root  is  (g)5. 

(5)  The  other  roots  are  equal  to  conjugate  imaginaries. 
i 


(6)    («F-g)+a»-(g)'  = 

The  formula  for  the  solution  of  (B)  is 


(B)  X*  +  (q)h*  +  (q*)h2  +  (q*yx  +  (g*)*  =  0. 


(J0  ^+^z+fmly+mi=o. 

To  illustrate  numerically,  we  take  the  equation      ( 
(C)  x5-3  =  0. 

(1)  The  real  root  is  (3)*,  and  (a6-  3)-=-  x  -  (3)*  = 

(Z>)  x*  +  (3)*x8  +  (9)^x2  +  (2iyx  +  (81)*  =  0. 

The  quadratics  for  the  solution  of  (D)  will  then  be 


00  s*  +  (^+fr2>*)s  +  (9)^0. 


m  x2  +  ^3)i-Af5(3^x+(9)|  =  a 


Note.  —  See  Universal  Solution. 
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286.   To  find  the  roots  of 

(E)  x5  +  4  x*  -  61  Xs  -  76  x2  + 1068  x  -  1440  =  0. 

Solution. 

(1)  a2  +  62  +  c2  +  d2  +  e2  =  138=(  +  4)2-2(-61).     (Th.  II.) 

(2)  138  x  5  =  690  =  □  of  sum  of  roots  +  sum  of  [s]  of  diffs.  of 
roots.     (Th.  II.) 

(3)  690  —  61  =  629  =  Q  of  sum  nearly;  sufficiently  near  to  deter- 
mine its  Natural. 

(4)  The  side  of  the  greatest  □  in  629  whose  side  is  integral  is  25, 
■which  is  rejected  (26);  24  is  then  taken  for  numerical  sum  of  roots, 
and  we  have 

24  +  4 

(o)  — ±—  =  14  =  sum  of  plus  roots,  in  formation  of  equation  ; 

true  sign  — . 

(6)  — ^—  =  10  =  sum  of  minus  roots  in  formation  of  equation  ; 
true  sign  +. 

(7)  From  algebraic  sum  and  signs  of  terms  we  see  that  the  equa- 
tion contains  three  +  roots  and  two  —  roots.  We  now  write  the 
cubic  and  quadratic. 

(p)  x8  -  10  x2  +  ax  -  ?/  =  0. 

(g)  x2  +  14  x  +  z  =  0. 

The  product  of  (p)  and  (q)  is 

(F)  o;5  +  4x4  +  (a  +  s+  -  140) xs  +[14 a  -(e  +  y)]x2 

+  (az  +  -  14  y)  x  -  zy  =  0. 

If  (F)  be  the  true  equation,  the  coefficients  of  (E)  and  (F)  arc 
equal. 

(8)  c  +  z  =  79.     [From  third  terms.  ] 

(9)  .-.  a  =  79  -  z.     [Transposing  (z)  in  (8).] 

(10)  a  =  10  Z  +  y  ~  76.     [From  fourth  terms.] 

14 

(11)  .-.  79  -  z  =  10*+J"76,     [From  (9)  and  (10).] 

(12)  Whence    24  z  +  y  =  1182.      [Multiplying    (11)    by    14,    and 
collecting  terms.] 
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(13)  zy  =  1440.     [From  absolute  terms ;  changing  signs.] 

(14)  .-.  z  =  48  and  y  =  30.     [Solving  (12)  and  (13).] 

Substituting  the  values  of  z  and  y  in  the  cubic  Q?)  and  quadratic 
(q) ,  we  have 

( p')  x3  -  10  x2  +  31  x  -  48  =  0. 

(g')  x2  +  14  x  +  30  =  0. 

Solving  (p')  and  (q1),  we  obtain  2,  3,  5,  and  —  6,  —  8. 
2  satisfies  equation  (E ) ;  they  are,  therefore,  the  true  roots  of  the 
equation. 

287.   To  find  the  roots  of 
(G)    x5  +  25  x4  -f-  250  x3  + 1250  x2  +  3125  x  +  3125  =  0. 

Solution. 

(1)  (25)2  -  2(250)  =  125  =  a2  +  62  +  c2  +  d2  +  e2.     (Th.  II.) 

(2)  125x4=2(250).  .-.  The  roots  are  equal  at  least  in  the 
Natural.  (138.)  .\  25 -=- 5  =  5,  and  the  roots  are  —5,  —5,  —5, 
—  5,  —  5.  As  they  will  satisfy  the  equation,  they  are  therefore  the 
true  roots.     Should  the  equation  read 

(H)  x5  +  25  x4  +  250  x3  +  1250  x2  +  3125  x  +  243  =  0, 

the  real  root  of  (H),  and  the  only  one,  will  be 


-[5-^(3125-243)]. 

The  other  four  roots  of  the  equation  will  be  found  from  a  biquad- 
ratic.    Should  the  absolute  term  be  3157,  then  the  real  root  will  be 

- [5  +  ^(3157  -  3125)]  =  -  7. 

288.   To  find  the  roots  of 
(/)  x5  +  7  x4  +  20  x3  -  30  x*  -  216  x  -  432  =  0. 

Solution. 

(1)  rt2  +  &2  +  c2  +  rP  +  e2  =  9  =  (7)2-2(20).  (Th.  II.) 


(2)    a&ccr+-  +  bcdc-  =  20736  =  (-216)2-2(-30x  -432).  (Th.  Y.) 

(3)  Both  these  results  are  perfect  squares,  and  we  therefore  try 
the  square  root  of  0  (or  3)  for  the  real  root.  As  3  satisfies  the  con- 
ditions of  the  equation,  it  is  a  root.     The  square  of  3  taken  from  the 
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sum  of  the  squares  of  the  roots  leaves  0  for  the  sum  of  the  squares 
of  the  remaining  roots.  ,\  The  equation  contains  imaginary  roots. 
How  man j'  ?  Dividing  the  equation  by  x  —  3  (by  synthetic  division"), 
we  find  that  the  sum  of  the  squares  of  the  roots  p3  of  the  biquadratic 
is  0.  .-.  The  equation  contains  four  imaginary  roots  (132),  and  only 
one  real  +  root. 

The  roots  of  the  biquadratic  may  be  represented  algebraically  by 
a  ±  aV—  1,  and  6  ±  bV—  1.     Their  product  will  be 

(a±  aV^l)(6±  &V^T)  =  4a62  =  ifi=  144. 

Whence,  2  ab  =  12,  and  ab  =  6.     Their  sum  =  +  7  -  (—  3)  =  10. 

From  a  +  b  —  10  and  ab  =  C  the  roots  are  obtained  as  in  the  solu- 
tion of  biquadratics. 

289.  To  find  the  roots  of 
(.7)  a5  +  a;4  -  26  .r3  -  12  x2  +  134  x  +  119  =  0. 

[Submitted  for  solution  by  W.  M.  H.  "Woodward,  United  States 
Interior  Department,  Santa  Fe,  N.M.] 

Solution  in  full. 

(1)  a2  +  &2  +  c2  +  c?2  +  e2  =  53=(l)2-2(-26).        (Th.  II.) 
To  locate  roots,  and,  if  possible,  to  find  its  Natural. 

(2)  53  x  5  =  265  =  rj  of  sum  of  roots  +  sum  [f]  of  diffs.  of  roots. 
The  side  of  the  greatest  integral  square  in  265  is  16,  which  is  rejected 
(26).     15  is  then  taken,  and  we  have, 

15  +  1 

(3)  — ~—  =  8  =  sum  of  +  roots ;  true  sign  — . 

15  —  1 

(4)    =  7  =  sum  of  —  roots  ;  true  sign  -f . 

(5)  265  -  (15)2  =  40  =  sum  of  [s]  of  diffs.  of  roots. 

(6)  40  x  10  =  400  =  □  of  sum  of  diffs.  +  sum  of  [s]  of  the  diffs. 
of  diffs.    400  is  a  perfect  square. 

.-.  (7)   (400)i  =  20  =  sum  of  diffs.  =(4  E +  2d)  -  (1  a  +  2d).  (125) 
We  now  readily  find  1,  2,  3,  4,  and  5  for  the  root.?.     From  algebraic 
sum  and  sign  of  absolute  term  the  equation  contains  three  minus  roots 
and  two  plus  roots,    With  —1,-2,  -  5,  3,  and  4  we  build  the 
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Natural 
(K)  x5  +  x*  -  27  or5  -  13  x2  +  134  x  +  120  =  0. 

(8)  .-.  The  roots  of  (J)  will  be  <-l,  >-2,  <+3,  >+4,  <-5. 

With  the  roots  of  the  Natural  we  find  the  products  of  the  roots 
taken  four  and  four,  and  locate  the  roots  as  in  [(1),  (184)].  We 
find  the  sum  of  the  squares  of  the  differences  of  the  roots  to  two  places 
of  decimals  to  be  44.44+.  We  now  take  the  square  root  of  the  sum 
of  squares  of  roots  multiplied  by  the  degree  of  the  equation  within 
this  limit.     53  x  5  =  265. 

Limit  44.44+  265. 1 14.8512  =  sum  of  roots. 


196. 

28.8 

69.00 

23.04 

2965 

45.9600 

1.4825 

29701 

44.477500 

.029701 

297022    44.44779900 
594044 

44.44185856 

...  14.8512  +  1  _  79256  _  sum  of  +  roots  .  true  sign  __ 

14.8512  -  1  _  6  9256  _  sum  _  roots  .  true  sign  + 

We  can  now  separate  the  equation  into  a  cubic  and  quadratic, 
which  solved  gives  for  the  roots  of  the  equation 

-  .98770+,  -2.05745+,  -  4.88055+,  and  3.4628,  3.4628. 

290.   To  find  the  roots  of 
(L)  x5-xi-68xi-60x2  +  1160  x  +  2419  =  0. 

[Submitted  for  solution  by  Professor  J.  B.  Young,  Safford,  Arizona.] 

First  Solution. 

(1)  a2  -f  52  +  c2  +  d2  +  e2  =  137  =  (-  l)2  -  2(-  68).     (Th.  n.) 

(2)  137  x  5  =  685  =  □  of  sum  of  roots  +  sum  [s\  of  diffs. 

(3)  The  side  of  the  greatest  integral  square  in  685  is  26,  which  is 
rejected.     (26.)    25  is  then  taken,  and  we  have 
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(4)  f5  +~  1  =  12  =  sum  +  roots ;  true  sign  — . 

(5)  25  —  (—  1)  =  13  =  Sum  —  roots  ;  true  sign  +. 

The  digits  that  will  satisfy  these  numbers  are  readily  found  to 
be  3,  4,  5,  6,  aud  7  ;  and  from  sign  of  absolute  term  and  algebraic 
sum  it  is  seen  that  three  of  the  roots  are  minus,  and  two  plus. 

The  product  of  3,  4,  5,  6,  and  7  is  2520,  >  2419.  .-.  The  roots  of 
(L)  will  be 

<-3,  >-4,  <-5,  and  >6,  and  <  7.     (113.) 

We  now  write  the  cubic  and  quadratic, 
(p)  x3  +  12  x2  +  ax  +  y  =  0. 

(q)  x2-  13x  +  z  =  0. 

Their  product  will  be 

(3/)      x5  -  x*  +  (z  +  a  +  -  156)x3  +  (12  z  +  y  +  -  13  «)a;2 

+  (az  +  -  13  y)x  +  zy  =  0. 
The  coefficients  of  (J/)  are  equal  to  the  coefficients  of  (L). 

(1)  .\  »  +  a4--150  =  -  68.     Whence  z  +  a  =  88,  and  a  =  88  -  z. 

(2)  12  «  +  y  -  13  a  =  -  60.     Whence  a  =  C0  +  12  g  +  y. 

(3)  ...  «0  +  12g  +  y  =  8S_z  =  25s  +  y  =  io84. 

//)N  1084  -y 

(4)  /.  z  = *~ 

y  J  25 

2410 

(5)  z  = .     (From  absolute  terms.) 

y 

(Q\    •    1084 -?/_  2419 
*■       "        25  y 

(7)  ?/2  -  10849  =  -  60475.     [Reducing  (6).] 

(8)  y  =  59.     [Solving  (7).] 

(9)  z  =  41  =  aft*. 

We  now  complete  the  cubic  and  quadratic  by  introducing  the  values 
of  a,  z,  and  y,  and  we  have 

0>')  a3  +  12  x2  +  47  a;  +  59  =  0. 

(q')  X-  -  13  x  +  41  =  0. 
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Solving  (q1),  we  obtain  for  two  of  the  roots 

G.5±.5V5. 
Letting  x  —  y  —  4,  and  applying  formula  (F,  214),  to  (p'),  we  have 
(iV)  y»  -  y  -  1  =  0. 


y  is  >1.    .-.  y  =  V2  +  increment  y  =  1.3247179505. 

.-.  x  =  1.3247179505  +  -  4  =-  2.6752820495. 

The  other  two  roots  of  (p1)  are  now  easily  found  to  be 


-  4.66235897525  ±  V- .06615823338455+. 

,\  Equation  (i)  contains  two  real  +  roots,  and  one  real  —  root, 
and  a  pair  of  real  imaginaries. 

Second  Solution  for  (L). 

(1)  When  we  discover  that  the  sum  of  roots  is  25,  and  that  the 
roots  of  the  Natural  are 

—  3,   —  4,   —  5,  6,  and  7, 

we  see  that  the  only  change  has  been  in  that  of  the  absolute  term. 
If  we  should  approxmate  the  sum  of  the  roots,  we  cannot  find  a  closer 
approximation  than  24.99999  to  five  places  of  decimals.  We  may, 
therefore,  at  once  write 

(1)  24.99999  =  sum  of  roots. 

(2)  .-.  24.99999 +  -1  _  n  999995  _  sum  of  +  rootg  .  true  slgn  _# 

(3)  24.99999 -(-1)  _  ^.99999  _  sum  0f  _  roots  .  true  sign  +. 

We  may  now  form  the  cubic  and  quadratic, 

(p')  Xs  +  11.99999x  +  (rx-  +  ?/  =  0. 

(q')  x2-12.99999x  +  4;=0. 

We  can  readily  see  the  labor  that  is  required  to  solve  (p')  and  (q'), 
and  that  the  first  solution  is  the  most  ready  method. 

Remark.  —  The  sohition  of  y3  —  y  —  1  =  0  is,  practically,  the  solu- 
tion of  the  cubic  x8  —  6x2  +  11  x  —  7  —  0;  and  by  no  other  method  can 
any  of  the  roots  of  the  equation  (L)  be  accurately  expressed  except  by 
the  method  which  we  offer  in  the  first  solution ;  and  the  character  (real 
or  imaginary)  and  the  signs  of  the  roots  are  developed  by  the  solution. 
The  "Homer  Method,"  the  "Sturm  Theorem"  and  "  Descartes'1 
Iiicle  of  Signs"  arc  loholly  disregarded. 
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DISCUSSION  OF  THE  "WANTZEL  THEOREM  ON  THE  ALGE- 
BRAICAL SOLUTION  OF  EQUATIONS  OF  A  DEGREE 
HIGHER   THAN  THE   FOURTH. 

(By  W.  M.  H.  Woodward,  United  States  Interior  Department, 

Santa  Fe,  N.  M.) 

291.  I  will  give  at  length  WantzeFs  demonstration  of 
the  impossibility  of  the  algebraical  solution  of  such  equa- 
tions, as  it 'appears  in  Serret's  "Cours  d'Algebre  Superieure," 
with  such  comments  as  seem  proper  from  time  to  time. 

"  Let  f(x)  =  0 

be  an  equation  of  the  mth  degree,  of  which  the  coefficients 
are  not  determined,  and  designate  by 

^J   X2l    '"}   Xmf 

its  m  roots,  which  we  will  suppose  may  be  expressed  alge- 
braically in  functions  of  the  coefficients. 

If  the  equation,  f(x)  =  0,  is  satisfied  by  the  value  xx  of  x, 
whatever  may  be  its  coefficients,  we  must  reproduce  identi- 
cally x1  in  substituting  in  the  expression  the  rational  function 
corresponding  to  each  root,  since  the  roots  of  the  equation 
are  then  entirely  arbitrary.  Likewise,  every  relation  be- 
tween the  roots  must  be  identical,  and  not  cease  to  exist 
if  we  replace  these  roots  by  each  other  in  any  manner 
whatever. 

Designate  by  y  the  first  radical  which  enters  in  the  value 
of  Xj3  in  following  the  order  of  calculation,  and  let 

tft=Pi 

p  will  depend  immediately  upon  the  coefficients  of  f(x)  =  0, 
and  will  be  expressed  by  a  symmetrical  function  of  the 
roots,  F(xu  x.2,  x3,  •••);  y  will  be  a  rational  function,  cf>{xl}  x2, 
#3,  •••),  of  the,  same  roots, 
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Since  the  function  <£  is  not  symmetrical,  unless  the  nth 
root  of  p  can  be  extracted  exactly,  it  must  change  whenever 
we  transpose  two  roots,  x1}  x2,  for  example ;  but  the  relation 

<£"  =  F 

will  always  be  satisfied.  Besides,  the  function  F  being 
invariable  by  this  transposition,  the  values  of  <f>  are  the 
roots  of  the  equation  yn  =  F,  and  we  have 

<}>(x2,  xh  x3,  ...)  =  a<f>(x1,  x2,  avj,  ...), 

a  being  an  nth  root  of  unity." 

It  now  becomes  important  to  know  the  definition  of  a 
symmetrical  function. 

"  Whenever  a  function  of  several  quantities  does  not 
change  when  we  exchange,  between  themselves,  in  every 
possible  manner,  the  quantities  which  it  embraces,  this 
function  is  called  symmetrical "  (Serret's  "  Cours  d'Algebre 
Superieure,"  170).  According  to  this  definition,  if  a  function 
changes  at  all  when  two  of  the  quantities  which  it  involves 
are  exchanged,  it  is  not  symmetrical,  although  it  may  not 
change  when  another  two  are  exchanged.  For  example, 
take  the  function,  ab  +  ac  +  ad  +  be  +  bd,  of  the  quantities 
a,  b,  c,  and  d.  If  we  exchange  a  and  b,  we  have  ba  -f-  be 
+  bd  +  ac  +  ad,  which  is  identical  with  the  first  function. 
Also,  if  we  exchange  c  and  d,  the  resulting  function  is  iden- 
tical with  the  first.     But  if  we  exchange  a  and  c,  we  have 

cb  +  ca  +  cd  +  ba  +  bd, 

in  which  we  have  cd  where  we  at  first  had  ad.  In  like 
manner,  if  we  exchange  a  and  d,  we  have  a  function  with 
cd  in  place  of  ac.  If  we  exchange  b  and  c,  the  resulting 
function  replaces  bd  with  cd.  Also,  if  we  exchange  b  and  d, 
we  see  that  be  is  replaced  Avith  cd.  From  this  Ave  know 
that  because  a  function  is  not  symmetrical,  it  does  not 
necessarily  folloAv  that  its  value  changes  whenever  two  of 
the  quantities  which  it  involves  are  exchanged.     Although 
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it  is  not  proven,  it  appears  that  in  this  particular  case  the 
function  actually  does  change  its  value  with  each  inter- 
change of  the  roots  of  the  equation. 

Resuming  the  demonstration :  "  If  we  transpose  the  roots 
Xi  and  x2  there  comes 

<£(*!,  x2,  x3,  •••)  =  atjtfxa,  x1}  x3,  •••), 

from  which,  on  multiplying  in  order, 

a-  =  1. 

This  result  proves  that  the  number  n,  supposed  prime,  is 
necessarily  equal  to  2.  Then  the  first  radical  which  occurs  in 
the  value  of  the  unknown  must  be  of  the  second  degree.  This 
is  what  happens,  in  fact,  for  the  equations  which  we  know 
how  to  solve. 

The  function  <f>  having  only  two  values,  changes  with  every 
transposition,  and  will  not  be  changed  (No.  493,  Serret's 
"  Cours  d'Algebre  Superieure ")  by  a  circular  substitution 
of  three  or  of  five  letters,  because  each  of  these  substitu- 
tions is  equivalent  to  an  even  number  of  transpositions." 

Since  the  mere  fact  that  a  function  is  not  symmetrical 
does  not  necessarily  prove  that  it  will  change  in  value  by 
every  exchange  of  two  letters,  it  is  allowable,  till  the  con- 
trary is  proved,  to  suppose  that  possibly  some  of  the  trans- 
positions do  not  change  the  value  of  the  function.  If  this 
is  the  case,  it  may  be  changed  by  a  circular  substitution  of 
three  letters,  if  two  of  the  letters  by  being  exchanged  do 
not  affect  the  value  of  the  function,  although  the  function 
admits  of  only  two  values. 

Returning  to  Wantzel's  demonstration : 

"  Continue  the  series  of  operations  indicated  to  form  the 
value  x1  of  x. 

We  will  combine  the  first  radical  with  the  coefficients  of 
f(x)  —  0,  or  the  function  <£  with  some  symmetrical  functions 
of  the  roots,  with  the  aid  of  the  first  operations  of  algebra, 
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and  we  will  thus  obtain  a  function  of  the  roots  susceptible 
of  two  values,  and,  consequently,  invariable  by  the  circular 
substitution  of  three  letters." 

That  a  function  is  susceptible  of  two  values  does  not 
necessarily  prove  that  it  changes  its  value  with  every  trans- 
position of  the  letters  involved,  and  if  by  some  interchange 
its  value  does  not  change,  it  is  not  necessarily  invariable  by 
the  circular  substitution  of  three  letters. 

"  The  subsequent  radicals  will  be  able  to  give  still  some 
functions  of  the  same  kind,  if  they  are  of  the  second  degree. 
Suppose  that  we  let  a  be  a  radical  for  which  the  equivalent 
rational  function  is  not  invariable  by  these  substitutions; 
designating  it  always  by 

y  =  <f>(x1,  x2,  x3,  •••). 

In  the  equation  yn  —  p 

we  still  make  p  =  F(xh  x2,  x3,  •••) ; 

this  function  will  not  be  symmetrical,  but  only  invariable 
by  the  circular  substitution  of  three  letters.     If  we  replace 

Xy,    X2,    £3 

by  x2,  %%,  xx 

in  <f),  the  relation  <£"  —  F 

will  always  remain ;  and,  since  F  does  not  change  by  this 
substitution,  we  have 

<j>(x2,  x3,  x1}  x4,  •••)  =  tutfft,  Xz,  x3,  XA,  •••), 

a  designating  an  ?jth  root  of  unity. 

"  By  making  in  this  equation  the  circular  substitution 

(#1,  x2,  x3), 

and  by  repeating  this  substitution,  we  will  have 

<f>(x3,  xu  Xo,  ar4,  •••)  =  a<j>(x.,,  x3,  .r„  a^  •••), 

</>(a;„  x2,  x3}  x¥  —)  =  «</>(x3;  x1}  x2,  x^  ...).j 
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then,  by  multiplying  together  the  three  preceding  equations, 
we  will  conclude  that 

«3=1. 

Thus,  n  will  be  equal  to  3. 

If  the  number  of  the  quantities  xx,  x2,  x3,  x4,  •••  is  greater 
than  four,  or  if  the  equation  f(x)  =  0  is  of  a  degree  higher 
than  the  fourth,  we  will  be  able  to  effect  in  <£  a  circular 
substitution  of  five  letters,  for  example, 

v"d  ®2>  x3s  Xv  Kb)  '■> 

the  function  F  will  not  change  by  this  substitution,  and 
we  will  have 

<j>(x2,  x3,  Xi,  x5,  xh  •••)  =  a<t>(x1}  x2,  x3,  x^  xs,  •••;, 

then  in  repeating  from  another  part  the  same  substitution, 

<p(x3,  xi}  x5,  xv  x2,  •••)  =  a<p(;x2,  x3,  xi}  x5}  a*1?  •••), 

By  multiplication  we  obtain 

«5=1, 

which  involves  a  =  1,  since  a  is  a  cube  root  of  unity.', 

It  has  been  shown  that  F  was  invariable  by  the  circular 
substitution  of  three  letters.     Since 

tf  =  F, 

in  order  that  F  may  be  invariable  by  the  circular  substitu- 
tion of  five  letters  in  <£,  it  is  necessary  that  by  this  circular 
substitution  of  five  letters,  «  cannot  take  more  than  three 
values.  Until  the  contrary  is  proved,  it  is  allowable  to 
suppose  that  it  is  possible  for  a  to  take  more  than  three 
values.  And  since  a  number  can  have  only  three  cube 
roots,  F(=(jy)  will  then  be  variable  when  we  make  in  <f> 
a  circular  substitution  of  five  letters. 

If  a  is  equal  to  1,  then  $  must  be  invariable  by  the 
circular  substitution  of  five  letters.     But  there  is  nothing 
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in  the  hypothesis  to  indicate  that  such  is  the  case.  If  <£ 
is  not  invariable,  then  «  is  one  of  the  imaginary  fifth  roots 
of  unity,  and  cannot  be  at  the  same  time  a  cube  root  of 
unity.  If,  by  hypothesis,  a  is  a  cube  root  of  unity,  then  it 
is  not  shown  that  the  equations  given  above  are  true.  There 
being  five  members  of  equations,  each  of  which  is  equal  to 
some  other  multiplied  by  «,  and  itself  divided  by  a  is  equal 
to  one  of  the  others  shows  that  the  a  used  in  this  case  is 
either  unity  or  an  imaginary  fifth  root  of  unity.  If  it  be 
unity,  a  is  invariable  by  the  circular  substitution  of  five 
letters,  and  if  it  be  an  imaginary  fifth  root  of  unity,  it  can- 
not involve  a  =  1.  If  the  F  here  used  is  the  same  as  the 
symmetrical  function  F  used  in  the  earlier  part  of  the  dem- 
onstration, then  the  only  condition  we  can  put  on  a  is 
that  it  is  a  fifth  root  of  unity.     Also  we  will  have 

<j>(xlfx2,  x8>  Xt,  xs,  ...)==  a$(x2,  xs,  xi}  x5,  xx,  •••) 

=  (34>(x3,  xi}  x5,  x1}  x2,  •••)  =  y0(a?4,  x5,  xu  x2,  x3,  •••) 
=  8</>(x5,  »u  »»  afo  xi}  •••), 

where  1,  a,  (3,  y,  8  are  the  fifth  roots  of  unity.  Prom  this 
we  see  that  a  cannot  be  equal  to  1,  and  therefore  is  not  a 
cube  root  of  unity,  and  <£  is  not  invariable  by  the  circular 
substitution  of  five  letters. 

"Then,  if  the  degree  of  the  equation  is  greater  than  4, 
the  function  $  is  invariable  by  the  circular  substitution  of 
three  letters,  which  is  contrary  to  our  hypothesis." 

The  function  <£  cannot  be  invariable  by  the  circular  sub- 
stitution of  three  letters  unless  a  =  1,  which,  ut  supra  de- 
monstravimus,  is  not  the  case. 

"  Then,  all  the  radicals  involved  in  the  expression  of  a 
root  of  a  general  equation  of  a  degree  greater  than  four 
must  be  equal  to  rational  functions  of  the  roots,  which 
functions  are  invariable  by  the  circular  substitution  of  three 
roots." 
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This  conclusion  is  based  upon  the  supposition  that  a  =  1, 
which,  as  we  have  before  shown,  is  not  the  case. 

"  By  substituting  these  functions  in  the  expression  x1}  we 
arrive  finally  at  an  equality  of  the  form 

which  must  be  identical ;  but  this  is  impossible,  since  the 
second  member  renders  invariable  when  we  replace  xu  x2,  x3 
by  x2,  x3,  x1}  while  the  first  member  evidently  changes." 

If  a  is  not  equal  to  one,  the  second  member  may  change 
with  each  exchange  of  the  quantities  xu  x2,  x3,  •••.  If  some 
of  these  quantities  are  equal  to  each  other,  then  no  change 
will  be  caused  in  either  member  by  interchanging  those  equal. 

"Then,  it  is  impossible  to  solve  by  radicals  the  general 
equation  of  the.  fifth  degree,  or  of  a  degree  higher  than  five." 

If  we  should  accept  his  demonstration  as  true,  we  would 
be  forced  to  the  conclusion  that  the  general  equation  of  a 
degree  higher  than  four  was  destitute  of  roots.  The  con- 
clusion of  Wantzel  that  the  roots  cannot  be  indicated  in 
algebraical  language  is  equivalent  to  saying  that  there  are 
no  roots,  since  it  is  absurd  to  say  that  finite  quantities  exist 
which  cannot  be  expressed  in  any  function  or  other  finite 
quantities,  which  are  themselves  symmetrical  functions  of 
the  first,  however  complicated.  Cauchy  has  demonstrated 
that  an  equation  of  the  with  degree  has  precisely  wi  roots. 
While  we  have  not  learned  how  to  form  these  functions, 
still  they  must  exist. 

Note.  — The  above  has  particular  reference  to  an  equation  of  the 
fifth  degree,  where  it  is  stated  that  a  must  be  one  of  the  fifth  roots  of 
unity,  nth  should  be  substituted  for  fifth  in  that  and  similar  places. 
It  is  proved,  though  not  stated,  that  when  a  circular  substitution  of 
five  letters  takes  place,  n  is  equal  to  five.  Since  in  an  equation  of  the 
fifth  degree  it  is  impossible  to  have  a  circular  substitution  of  more 
than  five  roots,  the  degree  of  the  highest  radical  is  not  greater  than 
five,  or,  generally,  the  degree  of  the  highest  radical  is  not  greater 
than  five,  the  degree  of  the  equation. 
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INTERPRETATION   OE   IMAGINARY   QUANTITIES. 

292.  General  Theorem  of  Imaginary  Quantities. — An  Im- 
aginary Quantity  is  the  indicated  square  root  of  the  difference 
of  the  squares  (with  its  sign  changed)  of  the  bases  of  tivo  right 
triangles  having  a  common  perpendicular  which  is  the  radius 
of  a  circle;  two  of  such  triangles  lying  ivholly  within  the  semi- 
circle, and  two  partly  within  and  partly  without  the  semicircle. 

Dem.  —  Let  ABCE  be  a  O.  Draw  AC,  its  diameter.  Let 
AC,  bisected  in  0,  be  the  centre.  Draw  OE  _L  to  AC.  Then 
draw  the  lines  or  chords  EA  and  EC;  and  the  line  EF  to 
meet  OA  extended  in  F;  and  the  line  EG  to  meet  OC  ex- 
tended in  G.     Then  we  have  by  construction  four  rt.  A: 
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two  in  the  upper  right-hand  quadrant,  one  being  wholly 
within  and  the  other  partly  within  and  without  the  quad- 
rant ;  and  two  equivalent  A  in  the  upper  left-hand  quadrant. 

Designate  distance  above  and  to  the  right  of  the  centre 
O,  -f  ;  and  to  the  left  and  below  the  centre  0,  — . 

Let  AC—  2c,  a  real  quantity.  Then  will  'OE  and  OC  be 
each  equal  to  +c;  and  OA  and  OB  be  each  equal  to  —  c. 
Then  will  the  lines  EA,  EC,  EF,  and  EG  be  -f-,  being  above 
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the  centre  0;  and  by  changing  the  A  to  the  lower  semi- 
circle the  lines  are  minus;  and  the  lines  FA  and  CG  remain 
unchanged  in  sign,  FA  being  minus  and  CG  plus. 

Designate  all  lines  by  x  to  the  left  and  y  to  the  right. 

Then,  from  the  rt.  A  EOA  and  EOC,  we  have  the 
equation 

(1)  a?  +  y2  =  4  c2. 

As  EA  and  EC  are  equal  by  construction,  and  drawn  in 
the  semicircle  AEC,  their  rectangle  will  equal  one-half  the 
square  of  AC.     As  AC—  2  c,  AC2  =  4  c2.     Therefore, 

(2)  xy  =  2  c2. 

From  (1)  and  (2)  we  find  x  =  V2C2,  and  y  =  V2~c2. 
Let  us  now  increase  the  rectangle  xy  by  any  real  quantity, 
say  6,  letting  (x2-\-y2)  always  remain  permanent  (4  c2).    Then 

(3)  xy  =  2  c-  +  b. 
Prom  (1)  and  (3)  we  find 

a=(2  <*  +  £&)*  +  (-£&)*, 

and  y  =  (2  c2 +  i&)*- (-!&)*. 

We  now  meet  with  this  so-called  "imaginary,"  which, 
while  it  may  be  seen,  we  are  wont  to  call  it  (only  and  at 
best)  an  optical  illusion,  a  kind  of  "  plug,"  as  our  early 
mathematicians  would  call  it,  "to  fill  a  vacuum  so  much 
abhorred  by  nature." 

We  will  now  proceed  to  demonstrate  that  this  imaginary 
quantity,  ±  V  —  \  b,  and  all  like  expressions  of  quantity, 
are  such  as  is  claimed  for  it  in  the  definition  (22),  upon 
which  the  foregoing  theorem  is  based. 

(1)  We  have  shown  that  EA=  ViTc2.  Let  us  assume  that 
EF=y/2<?  +  ±b.     Then,  to  find  OF,  we  have 

EF'2  -E(J'=OF2=  ( V2  c2  +  i  b)2  -  (cf 


=  (2 c2  +  \b)  -  c2=  c2  +  i b  =  OF', 
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2      2 

If  we  take  from  OF ,  OA ,  we  will  have  the  difference  of 
the  squares  of  the  bases  of  the  two  rt.  A  EOA  and  EOF. 
Therefore, 

(OF2  -  OA2)  =  (c2  +  i  b)  -  c2  =  i  b ; 

and  changing  its  sign,  on  reversing  the  subtraction,  Ave  have 
—  \  b,  the  differences  of  the  squares  of  the  bases  of  the  two 
rt.  A  EOA  and  EOF. 

Indicating  the  square  root  of  —jb,  we  have  V—  \b; 
and  it  being  left  of  the  centre  0,  its  sign  is  minus  by 
hypothesis.  Therefore,  —  V— |6  is  the  indicated  square 
root  of  the  difference  of  the  squares  of  the  bases  of  the 
two  rt.  A  EOA  and  EOF;  and  the  line  EF  =  ^/2<?  +  ±b. 
Again :  As  the  A  EOG  and  EOC  are  equivalent  by  con- 
struction to  the  A  EOA  and  EOF,  the  line  EC  =  V2^,  and 
the  line  EG  =  V2  c2  -+- 1  b,  while  the  line  GC  represents 
+V^p.  

Therefore,  in  the  expression  V2c2+  ±b  ±  V—  |6  the 
imaginary  part,  (—  ^b),  affected  by  the  radical  is,  and 
simply  means,  the  indicated  square  root  of  the  difference 
of  the  squares,  with  its  sign  changed,  of  the  bases  of  two 
right  triangles,  having  a  common  perpendicular,  the  radius 
of  a  circle. 

By  reversing  the  triangles  to  the  lower  semicircle,  we 
have  the  imaginary,  —  V2  c2  +  4-  b  ±  V—  -i-  b,  which  is 
represented  by  the  dotted  lines  BF  and  BG,  the  only 
change  being  that  of  the  sign  of  the  real  part  of  the 
imaginary. 

Hence  the  theorem,  "  An  Imaginary  Quantity,"  etc. 

293.  The  real  part  of  an  imaginary  quantity  is  either 
plus  or  minus;  and  in  this  respect  it  does  not  differ  from 
real  quantities  :  the  sign  of  its  real  part  being  determined 
by  the  position  it  occupies  from  an  assumed  point  called 
the  centre. 
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294.  The  product  of  a  pair  of  conjugate  imaginaries  is 
a  plus  quantity.  This  is  the  old  rule,  and  it  is  true ;  but  the 
reason  given  for  the  rule  is  false. 

295.  Imaginary  quantities  are  added,  subtracted,  and 
divided  the  same  as  real  quantities ;  but  with  respect  to 
multiplication  the  general  law  governing  the  functions  of 
the  signs  plus  and  minus  have  been  reversed  when  we  con- 
sider the  product  of  a  pair  of  imaginary  quantities.  This 
is  a  grave  mistake.  Why  should  there  be  an  exception  ? 
Should  there  be  an  exception  to  the  universal  law,  that  the 
product  of  a  plus  and  minus  quantity  is  other  than  a  minus 
quantity,  the  ivhole  theory  of  algebraic  operations  must  fall  to 
the  ground.  But,  happily,  there  is  no  exception  to  the  uni- 
versal law  governing  the  functions  of  the  signs  plus  and 
minus  in  algebraic  operations.  There  is  no  reason  for  the 
old  rule  "that  the  product  of  two  imaginary  terms  is  reed,  with 

the  sign  before  the  radical,  as  by  the  common  rule  reversed" 

» 

296.  We  will  now  give  some  practiced  illustrations. 
Let  it  be  required  to  find  the  product  of 

a  +  V—  b,  and  a  —  V—  b. 
The  operation  in  full  will  be, 

(1)  a+V^ 


(2)  a-V^b 

(3)  a2  +  aV—  b,  multiplying  (1)  by  a  in  (2). 

(4)  -  aV^6-  (-  b),  multiplying  (1)  by  -  V^6  in  (2). 
Adding  (3)  and  (4),  we  have 

(5)  a?-{-b)  = 

(6)  a?  +  b. 

In  (5),  —(—b)  changes  its  sign  in  accordance  with  the 
law  governing  the  sign  — ,  as  used  in  algebraic  operations. 


164  FUNCTIONS   OF   SQUARES. 


Again,    (a  +  V-  b)2  +  (a  -  V-  b)2  =2a2  +  -2b. 
The  process  in  full  will  be, 


(1)  (a  +  V-b)2  =  a2  +  2aV^~b+-b. 


(2)  (a  -  V-  b)2  =  a2  -  2  a V-  6  +  -  6. 

Adding  (1)  and  (2),  we  have  2  a2  -\ —  2  6,  the  middle  terms 
having  the  same  numerical  value,  but  of  opposite  signs, 
cancel  each  other  in  the  process  of  addition. 


297.   If  we  multiply  V—  a  by  V  —  b,  the  common  rule  is 
still  in  force,  as  illustrated  in  the  following  process : 

(1)  +V  —  a  =  Va  x  V— 1, 


(2)  +v=6=V&xV-l, 

(3)  Va  x  Vb  =  Va&, 


(4)  (V=T)(V=T)  =  -l. 

■ 

(5)  .-.  —  1  x  Vab  —  —  Va6. 


The  V—  1  may  be  taken  as  the  universal  factor,  and  its 
square  is  always  a— 1.  Properly  speaking,  (-f-V—  l)2 
=  -\ —  1 ;  but  the  real  part  of  the  imaginary  is  0,  and  being 
0,  0  H —  1  =  —  1.  We  therefore  omit  the  sign  +  in  the 
operation.  The  product  of  +1+V— 1  by  itself  is  equal 
to  its  square.     That  is, 


(l  +  V- 1)2=  (l  +  V-  i)(l  +  V- 1) 


=  1  +  2V-1+-1=  +  2V-1, 

—  the  numerals  + 1,  and  —  1,  cancel  one  another  in  the 
process  of  addition;  and  the  law  of  the  signs  +  and  — ,  as 
used  in  algebraic  operations,  is  the  same  as  the  application 
of  the  signs  to  real  quantities.  Then  there  is  no  exception 
to  the  universal  rule,  and  imaginary  quantities  are  added,  sub- 
tracted, multiplied,  and  divided  the  same  as  reed  quantities. 
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298.  The  square  root  of  a  binomial  surd  in  the  form  of 
a  ±  V6  may  be  found  when  a2  —  b  is  a  perfect  square ;  in 
which  case  the  root  may  be  expressed  in  the  form  of  another 
binomial  surd. 

299.  Eeturning  again  to  the  interpretation  of  an  imagi- 
nary quantity,  we  notice  that  the  sum  of  the  squares  of 
V2~?Tp+V^T6  and  V2  c2  +  a  b  -  V-  \  b  is  a  plus 
quantity,  which  is  equal  to  the  square  of  the  diameter  AC 
of  the  circle,  Fig.  4.  The  sum  of  the  squares  being  a  plus 
quantity,  the  imaginary  is  Real  (24).  We  will  thus  con- 
clude that  we  have  accounted  for  all  Real  Imaginaries. 

300.  We  will  now  take  up  the  other  class,  known  as 
Pure  Imaginaries.  To  do  so,  let  us  take  the  imaginaries 
V2  c2  +  \  b  ±  V—  %b,  which  are  real  according  to  the  defini- 
tion, and  let  us  begin  to  decrease  this  imaginary  by  reducing 
the  sum  of  the  squares  of  the  pair.     Let  us  write 


(1)  Vc2  +  |6  +  V^p,  and 


(2)  Vc2  +  p-V^-p. 

Where  are  we  now  ?     To  answer  this  question  let  us  find 
the  sum  of  the  squares  of  (1)  and  (2). 


(3)    (Vc2+i6  +  V^p)2=c2+i&-f2V?+pV-i6+-p. 


(4)  (Vc2+p-V^p)2=c2+^-2Vc2+|6V-i6+-i6. 
Adding  the  results  of  (3)  and  (4),  we  have 

(5)  t?  +  y-  =  2  c2. 

As  2  c2  is  a  real  quantity,  we  are  still  in  the  field  of  the 
Real  Imaginary. 

Let  us  now  write  the  imaginaries 

(6)  vp+V="p, 

(7)  vp-v^T^ 
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What  have  we  now  ? 


b  +  V^^Vb )2  =  p  +  2Vi6V-  §b  +  -\b. 


(9)    (Vp-V-|6)2  =  U-2Vi6V--i-&+-i&. 

Adding  the  results  of  (8)  and  (9),  we  have 

(10)  x*  +  if  =  0. 

The  real  parts  of  the  imaginaries  have  been  reduced  to 
such  an  extent  that  the  sum  of  the  squares  has  become 
zero.  The  circle  has  been  swept  away,  in  consequence  of 
which  the  inner  and  outer  triangles  have  disappeared,  and 
the  only  tangible  quantity  remaining  being  the  indicated 
square  root,  with  its  sign  changed,  of  the  difference  of  the 
squares  of  the  bases  of  before  existing  triangles,  and  its 
numerically  equivalent  real  parts.  We  are  now  in  the  field 
of  the  Imaginary  Origin,  which  is  the  dividing  line  between  the 
Real  and  the  Pure. 

301,  Eeferring  to  Fig.  4,  we  can  readily  see,  letting  the 
expressions  (  —  V—  \b)  and  (+V—  %b)  remain  permanent, 
that  as  the  circle  grows  smaller,  the  lines  EF,  EG,  EA,  and 
EC  gradually  grow  less,  while  the  lines  FA  and  GC  con- 
tinually approach  the  centre  0.  The  angles  EFO  and  EGO 
become  smaller  as  the  difference  beticeen  the  intercepted  arcs 
which  determines  their  magnitude  is  diminished.  When  the 
circle  disappears,  the  angles  disappear,  and  FA  and  CG 
come  together  at  the  centre,  and  the  lines  EF  and  EG 
become  the  lines  FO  and  GO,  for  the  point  E  has  become 
merged  in  the  point  0.  They  maintain,  however,  their 
original  signs. 

302.  The  sum  of  the  squares  and  the  angles  of  an 
Imaginary  Origin  are  each  equal  to  zero,  and  the  magnitude 
of  the  imaginary  expression  ±  V—  b  is  immediately  deter- 
mined by  changing  its  sign  and  extracting  the  square  root. 
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303.  Let  us  now  take  the  numerical  imaginary  2  ±  V— 4. 
The  sum  of  the  squares  is  0.  It  is,  therefore,  an  Imaginary 
Origin,  and  its  unit  is  1  ±  V—  1.  Let  us  decrease  its  real 
part  so  that  the  imaginary  will  read  1  ±  V— 4. 

What  kind  of  an  imaginary  have  we  now  ? 

(1)  (l+V^4)2=l+-4  +  2V^4. 


(2)  (1  -  V-^)2  =  1  +  -  4  -  2 V=^4. 
Adding  (1)  and  (2),  we  have 

(3)  x1  +  y-  =  —  6. 

304.  The  sum  of  the  squares  is  a  minus  quantity,  and  we 
are,  therefore,  in  the  field  of  the  Pure  Imaginary  according  to 
our  definition. 


305.  If  the  imaginary,  a±V—  b,  be  Real,  then  the 
magnitude  of  the  imaginary  part,  ±V—  b  is  a  variable 
quantity ;  and  if  it  be  an  Imaginary  Origin  or  a  Pure 
Imaginary,  then  is  ±V—  b  a  definite  and  fixed  quantity, 
because  its  numerical  magnitude  is  found  by  changing  its 
sign  and  extracting  its  square  root. 

306.  We  will  now  conclude  that  we  have  accounted  for 
all  kinds  and  classes  of  conjugate  imaginaries.  The  ques- 
tion that  will  now  arise  in  the  mind  of  the  thoughtful 
student  is  this :  What  shcdl  be  done  ivith  the  general  imagi- 
nary, a  +  &V—  1  ? 


307.  The  General  Imaginary,  a  +  &V— 1,  is  the  product 
of  a  pair  of  conjugate  imaginaries ;  and  the  imaginary  part 
(&V— 1)  may  be  defined  to  mean  the  indicated  square  root, 
with  its  sign  changed,  of  the  difference  of  the  squares  of 
the  perpendiculars  of  two  right  triangles  having  a  common 
base  which  is  the  radius  of  a  circle.  In  this  respect  the 
general  imaginary  does  not  differ  from  the  conjugate  imagi- 
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nary  from  which  it  is  derived.  The  following  theorem 
may  be  used  in  the  demonstration  and  illustration  of  the 
general  imaginary. 

308.  Proposition.  Theorem  VI.  If  a  secant,  drawn  from 
either  terminus  of  the  diameter  of  a  circle,  be  produced  to  meet 
another  line  proceeding  frcm  the  centre  of  the  circle,  and  per- 
pendicular to  its  diameter,  then 
tivice  the  square  of  the  secant, 
diminished  by  twice  the  difference 
between  the  square  of  the  whole 
perpendicular  and  the  radius  of 
the  circle,  is  equal  to  the  square 
of  the  diameter. 


For  demonstration. 

~LetABCDbe  such  circle.  Let 
AC  be  its  diameter,  bisected  in 
0.  Let  AE  be  such  secant, 
and  OE  the  whole  perpendicu- 
lar.    Then  prove  that 

AE2  -  2  [  OE2  -  OD2]  =  AC2- 

In  the  demonstration  let  the  line  AE  represent  the  real 
part  of  the  general  imaginary,  and  the  line  DE  the  imagi- 
nary part. 

309.  The  general  imaginary  is  Reed  when  the  square  of 
the  real  part  is  numerically  or  algebraically  greater  than 
the  square  of  its  imaginary ;  and  when  the  square  of  the 
real  part  is  less  than  the  square  of  the  imaginary  part,  it 
is  Pure;  and  when  they  are  equal,  a  general  origin. 

310.  The  signs  +  and  — ,  occurring  in  general  or  conju- 
gate imaginaries,  are  the  result  of  position  from  an  assumed 
point  called  the  centre  or  origin. 
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THE   UNIVERSAL   SOLUTION. 

We  will  now  introduce  what  shall  hereafter  be  called  the 
Universal  Solution,  and  for  which  we  advance  the  following 
definition : 

311.  The  Universal  Solution  is  a  method  by  which  the 
roots  of  any  numerical  or  literal  equation  can  be  expressed 
in  terms  of  the  coefficients  of  such  equation. 

Remark.  —  General  solutions  for  equations  of  a  degree  higher  than 
four  have  been  looked  upon  as  a  discovery  to  be  hoped  for,  rather 
than  expected  ;  but  no  one  ever  dreamed  that  a  solution,  not  only 
general,  but  universal  in  its  application,  would  be  discovered.  Able 
demonstrated,  we  are  told,  that  if  an  equation,  containing  literal 
coefficients,  be  of  a  degree  higher  than  four,  it  could  not  be  solved; 
and,  later,  Wantzel,  in  that  elegant  French  work,  Serret's  "  Cours 
d'Alge-bre  Sup^rieure,"  gives  a  rather  plausible  demonstration  of  the 
impossibility  to  solve  by  radicals  any  equation  higher  than  the  fourth 
degree.  But,  when  truths  are  hidden,  by  assuming  a  false  hypothesis, 
the  truth  is  made  to  assume  and  partake  the  nature  of  such  hypothe- 
sis ;  and,  if  the  hypothesis  be  true,  by  false  reasoning  we  arrive  at 
incorrect  conclusions.  We  will  not  attempt  to  demonstrate  the  possi- 
bility of  a  general,  or  universal  solution,  but  we  will  proceed  at  once  to 
that  which  is  higher  —  the  actual  solution  itself. 

GENERAL  SOLUTION  OF  THE  FOURTH  DEGREE. 

312.  We  will  begin  the  universal  solution  with  a  general 
solution  of  the  fourth  degree,  —  it  being  correctly  considered 
that  a  general  solution  of  the  Cubic  has  been  accomplished. 
General  solutions  are  claimed  for  the  fourth  by  Descartes, 
Euler,  Simpson,  and  others,  —  some  of  them  requiring  the 
removal  of  the  second  term,  while  others  do  not.  None  of 
them,  however,  are  of  much  practical  use,  as  they  do  not 
simplify  the  solution,  and  icill  not  render  the  roots  unless  cer- 
tain relations  exist  between  them. 

313.  It  may  not  be  out  of  place,  at  this  time,  to  remark 
that  general  solutions  for  equations  of  any  degree,  requiring 
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the  removal  of  the  second  term,  are  not  discoveries  of  the 
relations  that  exist  between  the  roots  and  the  coefficients  of 
the  equation,  but  fitful  inventions  that  do  not  satisfy  the 
mind  of  the  thoughtful  and  progressive  student  of  mathe- 
matics. Such  methods  are  simply  devices,  applicable  when 
certain  relations  exist  between  the  roots,  and  are  not  based 
upon  the  relations  of  the  roots  to  the  coefficients.  If  we 
possess  the  knowledge  of  such  existing  relations,  there  is 
no  need  to  apply  the  device. 

314.  We  will  now  take  up  Cardan's  method,  and  inter- 
pret the  meaning  of  the  imaginary  expressions  in  what  is 
generally  known  as  the  "  irreducible  "  case.  Take  the  gen- 
eral equation  ar5  +  mx2  +  nx  +  q  =  0,  which  becomes,  on  re- 
moval of  the  second  term,  either 

(A)  x'3-px'±q  =  0, 

or  (B)  x3  +px'  ±q  =  0. 

Letting  x'  =  z  +  £-,  A  becomes,  by  Cardan's  formula, 
(C)  z6±qzs  =  ^- 

Solving  (C)  by  quadratics,  we  have 


,3\  3 


Now,  by  letting  x  =  x'  +  ?,  the  roots  of  the  general  or 

original  equation  are  obtained. 

When  the  roots  of  (A)  are  all  real,  and  two  of  them  equal, 

there  is  no  need  to  apply  Cardan's  formula;  because  (.,) 
renders  one  of  the  equal  roots,  ^~  being  always  a  perfect 
square  when  two  of  the  roots  are  real  and  equal. 
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Eepresenting  the  roots  of  (^1)  by  a,  a,  and  —  2  a,  then 
(as  -  a)  (x  -  a)  (as  +  2  a)  =  ar3  -  3  a2  +  2  a3  =  0. 
Putting  —  3  a2  =  —  p,  changing  signs,  and  taking  the  square 

root  of  both  members,  we  have  a=^d~.     When  two  of  the 

roots  are  imaginary  Ave  may  represent  them  algebraically 
by  a  +  V—  I,  a  —  V—  I,  and  —  2  a,  or  the  signs  of  the  real 
parts  may  be  reversed.     Then  on  multiplying  together 


0  -  a  +  V-  I)  (x  -  a  -  V-  0  0  +  2  a), 
=  as"  ±  (3  a2  +  0  x  +  2  a  (a2  +  0  =  0. 

When  I  is  numerically  greater  than  4  a2,  the  coefficient  of  x 
will  be  pZ«s;  and  when  4a'2  >  /,  the  coefficient  will  be  minus. 
Letting  as3  -  (3  a2  +  Z)aj  +  2  a  (a?  +  T)  =  x"  -  px  +  q  =  0,  Z 
may  be  found  in  terms  of  p  and  </ ;  and  p  and  g  in  terms  of  /. 
By  an  algebraic  process  we  arrive  at  the  formula 


(D)  6j> VZ  +  $Wl=  V27  (f  -  4jA 

D  gives  us  a  formula  by  which  I  may  be  found  as  a  real 
quantity,  which  may  be  illustrated  by  the  solution  of 

(E)  x'  -  2  x  -  5  =  0. 

E  containing  two  imaginary  roots,  applying  formula  (D), 
we  have 

(F)  12V/  +  SZV?  =  V(U3. 

Squaring  both  sides  of  (F),  and  dividing  by  64,  we  have 

(G)  p  +  3Z2  +  fZ  =  ^V-. 

(1)  I  is  found  from  (G)  to  be  1.290359 +  . 

(2)  .-.  3  a2 -1.290359  =  2.     Whence 

^^  =  1.047275+. 

(4)  .-.  2a  =  2.09155  +  . 

(5)  .-.  The  roots  of  (E)  are  2.09 155 +  ,  and 

-  1.047275  ±  V- 1.290359. 
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315.  When  27$2  +  4p3  is  minus,  the  roots  are  all  real, 
but  unequal;  and  when  plus,  only  one  real  root,  and  two 
imaginary  roots ;  and  when  zero,  the  roots  are  all  real  and 
two  of  them  equal.  This  will  be  found  to  be  true  of  all 
cubic  equations  in  the  form  of  .t3  ±  px  ±  q  =  0. 

It  is,  therefore,  evident  that  when  %-  +  ^=  in  Cardan's 

4      11 

formula  is  +,  only  one  real  and  two  imaginary  roots;  and 

when  minus,  the  roots  are  all  real,  but  unequal ;  and  when 

zero,  all  real,  and  two  of  them  equal. 

316.  It  now  being  known  that  the  roots  of  any  cubic 
equation  can  be  expressed  in  terms  of  its  coefficients,  that 
if  we  can  change  an  equation  of  the  Fourth  Degree,  or  an 
equation  of  any  degree  higher  than  four,  to  an  equation  of 
the  third  degree,  that  the  roots  of  the  given  equation, 
whether  it  be  of  the  fourth  degree,  or  of  a  degree  higher 
than  four,  can  likewise  be  expressed  in  terms  of  the  co- 
efficients of  the  given  equation.  Then,  to  evolve  a  general 
solution  of  the  fourth  degree,  we  must  change  it  to  an  equa- 
tion of  the  third  degree  whose  coefficients  are  functions  of 
all  the  coefficients  of  the  fourth.  That  is,  the  coefficients 
of  the  third  must  be  made  up  from  true  combinations  of 
the  coefficients  of  the  fourth.  A  failure  to  thus  reduce  the 
fourth  to  an  equation  of  the  third  degree  must  necessarily 
give  us  a  formula  as  faulty  as  the  old,  —  for  none  of  the  old 
methods  for  solving  the  fourth  are  true;  and  they  cannot 
and  will  not  render  the  roots  in  all  cases.  Four  quantities 
are  to  be  considered  in  a  general  solution  of  the  fourth 
degree.  These  four  quantities  are  its  coefficients,  which  are 
functions  of  its  roots  and  of  each  other.  All  the  old 
methods,  as  well  as  the  one  we  shall  offer,  depend  upon  the 
solution  of  a  cubic.  If  the  old  methods  produce  a  true 
cubic,  then  they  will  render  the  roots  of  the  fourth.  If  the 
student  will  take  the  time  to  change  the  following  biquad- 
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ratios  to  a  cubic  by  any  of  the  old  methods,  and  then  find 
the  roots  of  such  cubic  by  the  Horner  method,  and  with 
these  roots  the  roots  of  the  fourth,  he  will  come  to  the  con- 
clusion that  none  of  the  old  methods  will  form  a  true  cubic 
in  all  cases.     Take,  for  such  trial,  the  numerical  equations, 

(1)  a?1  +  7  x3  +  16  x2  +  26.25  x  +  11  =  0. 

(2)  x*  -  22  a8  +  151  x2  -  352  x  +  217  =  0. 

(3)  as4  +  17  jb8  —  22  a?2  —  117  a? -11  =  0. 

317.  We  will  now  proceed  to  a  general  solution  of  the 
fourth  degree,  which  will  be  found  to  be  true  and  universal 
in  its  application  to  all  kinds  and  classes  of  equations  of 
the  fourth  degree.  Our  aim  shall  be  to  bring  it  within 
the  comprehension  of  all  who  understand  the  formation  of 
equations. 

318.  Let,  for  convenience,  the  quantities  a,  b,  c,  and  d 
represent  the  roots  of  the  general  equation  of  the  fourth 
degree,  which  is 

(H)  x4  +  mx3  +  nx2  +  ox  +  q  =  0. 

The  following  relations  of  the  roots  to  the  coefficients  are 
known  to  exist : 

(1)  a  +  b  +  c  +  d  =  —  m. 

(2)  ab  +  ac  +  ad  -f  be  +  bd  +  cd  =  —  n. 

(3)  abc  +  abd  -\-  acd  -f  bed  =  —  o. 

(4)  abed  =  —  q. 

From  (2)  we  can  form  the  following  quadratics : 

(0  y2  +  (ab  +  cd)y  +  q  =  0, 

(/)  y2+(ac+bd)y  +  q  =  0, 

(g)  y2+(ad+bc)y  +  q  =  0. 
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Letting  ab  4-  cd  =  s,  ac  +  bd  =  t,  ad  +  bc  =  it,  and  sub- 
stituting these  values  in  (e),  (/),  and  (g),  on  multiplying 
the  three  quadratics  together,  we  have 

(/)         f  +  0  +  t  +  u)  ?/5  +  [(s«  +  sm  +  tu)  +  3  g]  y4 

+  [2q(t  +  s  +  ii)  +  tsu-\!f 
+  lq(ts  +  tu  +  Sit)  4-3  q2]if 
+  qi(s  +  t  +  n)y  +  cf  =  0. 

By  Th.  IV.  [Art.  178  —  Functions  of  Squares]  we  form 
this  equation  of  the  sixth  degree,  having  for  the  sum  of  its 
roots  the  products  of  the  roots  taken  two  "and  two,  and  rep- 
resented by  ab,  ac,  ad,  be,  bd,  cd: 

(J)   if  +  nf+(mo-q)yi-f((m2-2  n)q+2  nq  +  (o--  2  ng)]  f 
+  [q  (pm  -  4  q)  +  3'  g2]  f  +  fny  +  f/  =  0. 

The  roots  of  (I)  and  (.7)  being  equal,  on  comparing  term 
by  term  with  each  other,  we  have 

(1)  s  +  t  +  v  =  n. 

(2)  st  4-  su  4-  tu  =  (mo  —  4  q)  =  mo  —  g)  —  (4-  3  q). 

(3)  stu  =  [Or  -  2  n)  q  +  (ar-2  wg)] 

-  [<y  _  2  n)  g  +  2  »g  +  (o2  -  2  ng)]  -  2  wg. 

From  (1),  (2),  and  (3),  we  form  the  cubic 

(K)  y3  +  wf  4-  (mo  -  4  q)y  4-  (m2  -  2  n)  g  +  (o2  -  2  ?ig)  =  0. 

All  the  coefficients  of  the  general  equation  (H)  are  repre- 
sented in  the  formula  (A").  The  roots  of  (AT)  are  readily 
seen  to  be  no  other  than  the  sums  of  (ab  4-  cd),  (ac  4-  bd), 
aud  (ad  4-  be).  When  these  sums  are  found  from  (K),  by 
substituting  their  values  in  the  quadratics  (e),  (/),  and  (g), 
the  quantities  ab,  ac,  ad,  be,  bd,  and  cd  become  known  by 
the  solutions  of  the  quadratics.  Then, 
[  ac  x  ad  }  \     { be  x  bd  )  j 


cd      j       I      cd 
for  the  quantities  a,  b,  c,  d,  or  xv  x2,  x&,  and  »4. 
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Remark. — It  requires  no  course  of  reasoning  to  convince  the 
reader  that  (A")  is  a  true  formula  for  all  equations  of  the  fourth  degree. 

319.  Again:  Let  a'n=ab-\-cd;  b'n  =  ac  +  bd;  c'n=ad-\-bc. 
Then  (y  +  a'n)  (y  +  b'n)  (?/  +  c'n)  = 

(A)   y5+n(a'  +  b'  +  c')y2+  n2(a'b'+a'c'+  b'c')y  +  n'a'b'c'  =  0. 
The  coefficients  of  (A)  and  (A")  being  equal,  we  have 

(M)  f  1  y2  1  (mQ-4g\T/  |  (m2-2n)q  +  (o2-2ng)z=^ 
n2        '  n3 

The  roots  of  (M)  being  represented  by  a',  b',  c',  which, 
when  obtained  from  (M),  by  multiplying,  respectively,  by  n, 
renders  the  quantities  (ab  +  ccl),  (ac  +  bd),  and  (ad  +  be), 
either  (AT)  or  (M)  may  be  used,  but  in  our  opinion  (AT)  has 
the  preference. 

320.  K  and  A  are  not  the  only  formulas  that  may  be 
used  in  a  general  solution  of  the  fourth  degree. 

(AT)    a4  +  ma?  +  nx2  +  ox  +  g  =  0. 

By  Th.  IV.,  we  have,  letting  o  represent  the  sum  of  the 
roots, 
(Ar)  a;4  +  ox*  +  nqx2  +  mq2x  -\-  q3  =  0. 

Multiplying  (AT')  and  (A")  together,  we  have  (writing  y 
for  a;), 

(0)   ys+(m  +  o)y7-\-(n  +  mo  +  nq)yG-\-(o-\-on-\-mnq-{- mq2)f 

+-(<?  +  o2+?r<7  +  m2<72+g3)y4+(og+o»g+m?i52+?n.52)(73 

+  (wg2  +  o??i(/2  +  nq3)y2  +  g3(m  +  o)  ?/  +  qi  =  0. 

From  the  relations  of  the  roots  to  the  coefficients  (Art. 
318.  1,  3)  we  can  form  the  following  quadratics : 

(1)  y2+(a  +  bcd)y  +  q  =  0. 

(2)  tf+(b  +  acd)y  +  q  =  0. 

(3)  y2+(c  +  abd)y  +  q  =  0. 

(4)  y2-+{d.+-ab&).y.+  q  =  0. 
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Letting  the  quantities  s,  t,  u,  and  v  represent,  respec- 
tively, the  coefficients  of  y  in  the  quadratics,  by  substitu- 
tion and  multiplication,  we  have 

(P)  f  +  (s  +  t  +  u  +  v)  y7  +  (4  q-  +  p3)  f  +  (3  q%  +  ps)  f 
+  (6  q-  +  2  qjxjy*  +  -  +  tf(s  +  t  +  u  +  v)y  +  qi=0, 

The  coefficients  of  (0)  and  (P)  being  equal,  we  can  form 
by  comparison  the  following  biquadratic : 

(Q)  V4  +  (>  +  °)  f  +  [0  +  om  +  nq)  —  4  g]  y2 
+  [(o  +  cm  +  m?ig  +  mg2)  —  3  g2]  ?/ 
+  [(g  +  o2  +  n2g  +  m2g2  +  g3)] 
-|6r/+2g[(o  +  on+  mng  +  nq)  —3q  (m  +  0)] }  =0. 

(Q)  may  now  be  reduced  to  a  cubic  by  formula  (A") 
(Art.  318).     The  roots  of  the  cubic  will  be 

•  (1)  ab  +  ac  +  cd  (a2  +  b2)  -f  ab  (c2  +  d2)  +  q  (ab  +  ccZ). 

•  (2)  ac  +  bd  +  bd  (c2  +  a2)  +  cw  (b2  +  d2)  +  q  (ac  +  &d). 

.  (3)  ad  +  6c  +  6c  (a2  +  cF)  +  ad  (c2  +  62)  +  q  (ad  +  6c). 

The  sum  of  these  quantities  is  represented  by 

(w  -j-  mo  +  wg)  —  4  q 

of  the  general  equation. 

Letting  the  quantities  A,  B,  C,  and  D  represent  the  co- 
efficients of  y3,  y2,  y1,  and  y°  in  (Q),  we  have,  by  application 
of  the  formula  (A'), 

(R)   y'3+By'2-\-[AC-4: D]y'  +  (A2-2 B)D+{C2-2 BD)=0. 

It  is  now  seen  that  the  quantities  represented  in  (1),  (2), 
and  (3),  complex  as  they  really  are,  can  be  separately  ex- 
pressed in  terms  of  the  coefficients  of  the  general  equation ; 
and  finally,  the  quantities  a  +  bed,  b  +  acd,  •••;  and  lastly, 
a,  bed,  b,  acd,  •••,  can  be  separately  expressed. 
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321.  We  will  now  give  a  few  practical  illustrations  of 
the  application  of  formula  (K)  in  the  solution  of  numerical 
equations  of  the  fourth  degree. 

Take  the  following  equations : 

(i.)  x4  +  2  xz  +  2  x~  +  2  x  +  1  =  0. 
(ii.)  x*  +  4  x3  +  7  x2  +  7  a;  +  6  =  0. 
(iii.)  a4  +  6  x*  +  18  ar°  +  36  x  +  36  =  0. 
(iv.)  .x4  -  7  or*  +  24.5  a?  + 14  x  +  4  =  0. 
(v.)  rf-frf  +  lrf  +  fa  +  1^0. 
(vi.)  a?4  - 1  =  0. 

(vii.)  a4  -  14  a;3  +  71  a?  -  154  x  +  111  =  0. 
(viii.)  x*  —  11  x3  —  5  x2  —  x  —  1  =  0. 


From  (i.)  we  have  the  cubic 

(e)  tf  +  2y*±0y±0x  ±0  =  0. 

Dividing  by  y2,  we  have 

y  +  2  =  0. 

Whence,  y  =  —  2,  and  ±  0,  and  ±  0,  and  the  three  quad- 
ratics will  be 

f  +  2y  +  l  =  0, 

2/2±0y  +  l=0, 

2/2  ±  0  y  +  1  =  0. 

It  is  seen  that  the  roots  of  simple  equations,  like  (1),  can 
be  solved  mentally,  when  desired. 
From  (ii.)  we  have  the  cubic 

(/)  y3  +  7i/2  +  4y-23  =  0. 

Solving  (/),  we  have  1.431+  for  one  of  the  roots,  and 
one  of  the  quadratics  will  be,  the  root  being  real, 

if  -  1.431  y  +  6  =  0. 
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The  other  two  roots  of  (/)  can  be  found  from  a  quadratic. 
From  (iii.)  we  have  the  cubic 

(g)  ^  +  18?/2+72?/±0  =  0. 

Dividing  by  y,  we  have 

y2  +  18y  +  72  =  0. 

Therefore,  one  of  the  quadratics  will  be 

y2±0y  +  36  =  0. 

The  other  two  being  obtained  from  the  solution  of  the 

quadratic, 

2/2  +  18  7/  +  72  =  0. 

From  (iv.)  we  have  the  cubic 

(h)  f+2±.5y-  +  $2y±0  =  0 

(dividing  by  y)       =y2  +  24.5  y  +  82  =  0. 

From  (v.)  we  have  the  cubic 

(i)  ys  +  %y2-&y±o  =  o 

(by  division)  =  y2  +  f  y  —  f f  =  0. 

From  (vi.)  we  have  the  cubic 

(J)  y*±0y-  +  ±y±0  =  0 

(by  division)  =  f  +  4  =  0. 

From  (vii.)  we  have  the  cubic 

(k)  f  -  71  f  +  1712  y  -  13948  =  0. 

The  biquadratic  (vii.)  may  be  more  easily  solved  by  sepa- 
rating the  equation  into  the  following  quadratics : 

aj2-7aj  +  ll+VlO  =  0, 

a?2-7a;  +  ll-Vl0  =  0. 

(Art.  18G,  Functions  of  Squares.) 
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It  is  seen  that  when  (m2  —  2  n)  and  (o2  —  2  nq)  are  each, 
respectively,  0,  the  formula  reduces  the  biquadratic  imme- 
diately to  an  equation  of  the  second  degree.  It  will  also 
be  noticed  that  no  attention  is  given  to  signs  and  character 
(real  or  imaginary)  of  the  roots  till  they  are  developed  by 
the  solution. 
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DEGREE. 

322.  We  have  shown  that  an  equation  of  the  fourth  de- 
gree may  be  changed  to  an  equation  of  the  sixth  degree,  and 
to  an  equation  of  the  eighth  degree;  and  that  the  coefficients 
of  the  sixth,  and  eighth  are  functions  of  the  coefficients  of 
the  fourth.  As  the  same  universal  law  enters  into  the 
formation  of  equations  of  all  degrees,  the  same  universal 
relation  exists  between  the  roots  and  the  coefficients  of 
equations  of  all  degrees.  Then,  any  equation  higher  than 
the  fourth  may  also  be  changed  to  an  equation  higher  or 
lower  than  the  given  equation.  An  equation  of  the  fifth 
degree  contains  five  roots,  and  no  more.  The  greatest  num- 
ber of  combinations  of  these  roots  entering  the  equation, 
and  taken  in  pairs  of  two  and  two,  is  ten.  The  same  num- 
ber of  combinations  is  found  when  the  roots  are  taken  three 
and  three.  Therefore,  lettiug  a,  b,  e,  d,  e,  represent  the  roots 
of  the  fifth,  ab,  ae,  ad,  ae,  be,  bd,  be,  cd,  ce,  and  de  will  repre- 
sent the  product  of  these  roots  taken  two  and  two.  There 
being  ten  of  such  quantities,  we  can  form  an  equation  of  the 
tenth  degree;  also,  an  equation  of  the  same  degree  from  the 
product  of  the  roots  taken  three  and  three.  These  two  equa- 
tions can  be  multiplied  together,  and  we  will  have  an  equa- 
tion of  the  twentieth  degree,  the  coefficients  of  which  will 
be  functions  of  the  coefficients  of  the  fifth.  We  may  also 
form  an  equation  of  the  tenth  degree  by  combining  each 
root  with  each  product  of  the  roots  taken  four  and  four. 
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Thus :  a  -f  bccle,  b  -f  ucde,  c  +  abde,  d  +  abce,  and  e  +  abed. 
This  will  give  the  following  quadratics : 

ar  +  (o  +  &cc?e)  a;  +  q  =  0, 

v?  +  (b  +  accfe)  x-\-q  =  0, 

af  +  (e  +  a&de)  a*  +  g  =  0, 

k2  +  (c?  +  a&ce)  a;  +  q  =  0, 

a?2  -f  (e  +  a6cd)  a;  -f-  g  =  0. 

On  multiplying  together  we  have  an  equation  of  the  tenth 
degree,  built  by  the  product  of  Jive  quadratics.  It  will  be 
shown  that  the  coefficients  of  the  new  equation  are  com- 
binations or  functions  of  the  coefficients  of  the  fifth.  In 
the  same  way  we  deal  with  equations  of  the  sixth  degree, 
seventh  degree,  and  so  on. 

323.  Even  degree  equations,  higher  than  the  second,  can  be 
separated  into  the  quadratic  equations  that  enter  into  their 
formation. 

324.  The  absolute  terms  of  the  quadratics  that  enter 
into  the  formation  of  even  degree  equations  are  quadratic 
factors  of  the  equation  from  which  they  are  derived.  An 
equation  of  the  fourth  degree  has  two  quadratic  factors; 
the  sixth  degree,  three;  the  eighth  degree,  four ;  the  tenth  de- 
gree, five;  the  tivelfth  degree,  six;  and  so  on,  for  even  degree 
equations. 

325.  The  quadratic  factors  of  the  fourth  will  form  a 
quadratic;  the  quadratic  factors  of  the  sixth  will  form  a 
cubic,  and  the  cubic  can  be  changed  to  a  quadratic ;  the 
quadratic  factors  of  the  eighth  will  form  a  biquadratic, 
which  can  be  changed  to  a  cubic,  and  the  cubic  to  a  quad- 
ratic; the  quadratic  factors  of  the  tenth  will  form  a  fifth, 
which  can  be  raised  to  a  sixth,  and  the  sixth  changed  to  a 
cubic ;  the  quadratic  factors  of  the  twelfth  will  form  a  sixth, 
and  the  sixth  can  be  changed  to  a  cubic.     This  is  the  pro- 
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cess  by  which  we  are  to  arrive  at  general  solutions  for  equa- 
tions as  high  as  the  twelfth  degree. 

326.  The  great  labor  required  to  obtain  a  formula,  by 
which  odd  degree  equations,  higher  than  three,  can  be  sepa- 
rated into  a  cubic  and  quadratic,  or  changed  to  a  cubic,  and 
the  unsatisfactory  results  of  such  a  formula  (as  will  appear 
further  on)  leads  us  to  include  the  fifth  in  a  general  solution 
of  the  sixth;  and  the  seventh,  in  a  general  solution  of  the 
eighth. 

GENERAL  SOLUTION  OF  THE   SIXTH  DEGREE. 

327.  We  shall  now  proceed  to  a  general  solution  of  the 
sixth  degree.     The  general  equation  is 

(S)  xG  +  mx5  +  nx4  -f  ox1  +  px2  +  tx  +  q  =  0. 

Let  ($)  be  built  by  the  product  of  the  following  quad- 
ratics : 

(i.)  x*  +  ™x  +  y  =  0, 
a 

(ii.)  ^  +  ^x  +  z  =  0, 

in.)   xr-\ x  +  io  =  0. 

c 

On  multiplying  together  the  three  preceding  quadratics, 
we  obtain : 


ab    ac    be 


b  c    )      abc 


(T)  xG  +  mf-  +  --\-~\x5  + 
\a     b     cj 

[fz-\-xv  .  y 
V    « 

+  \yz  +  yw  +  zw  +  m?(^  +-  +  f) 

\ab      ac     be) 

.       [zw  .  yw  .  yz\      ,  A 

-J-  m \-  *■ — |-  —  )x  +  yzw  =  0. 

\a       b       c  J 


x* 


x* 


x- 
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The  coefficients  of  (S)  and  (T)  being  equal  by  hypothesis, 
and  an  hypothesis  which  is  true,  because  six  quantities  are 

considered,  viz. :  y,  z,  w,  and  -,  -,  and  -,  the  quantities  y, 

a    b  c 

z,  w  are  the  quadratic  factors  of    (T),  also  of  (S).     It  is 

evident  that  when  y,  z,  and  w  become  known,  that  by  sub- 
stituting their  values  in  (T),  that  -,  -,  and  -  can  be  ob- 

a   b  c 

tained.  Then,  by  substituting  these  values  in  the  quadratics 
(i.),  (ii.),  and  (iii.),  the  roots  of  the  general  equation  (S)  can 
be  expressed  in  terms  of  its  coefficients. 
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(ii.)  Let  P-(^-^ym=yz+ya+ m 

(iii.)  Then  q  =  yziv. 

.,     2mn   .„  ,  2  m3   .      m3     _ 
1.  =  A- A2  H A =  0. 

O  0  0 


(U) 


i3„. 


t  t  t 

When  A  is  obtained  from  (L),  y  +  z  +  w  is  found  from 

either  n -,  or -^—- :  and  when  B  is  obtained  from 

A       2  m     2  A1 

(ii.),  yz  +  yw  +  zw  is  found  from  2->-f—-—\   or  — • 

111  ^     .       B'  m 

When  A  =  B,  -,  -,  and  -  are  equal,  while  q  in  all  cases 
a    b  c 

remains  permanent,  and  independent  of  the  values  of  A  or  B. 
While  A  has  three  values,  and  B  four,  a  little  practice  on 
the  part  of  the  reader  will  enable  him  to  easily  determine 
which  Value  is  to  be  taken.  Should  the  roots  of  the  sixth 
be  all  real  and  unequal,  or  real  and  imaginary,  the  roots,  in 
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many  instances,  will  be  found  in  the  form  of  incommensur- 
able roots;  but  in  all  cases  the  roots  thus  obtained  ivill  clearly 
indicate  ichether  the  root  is  integral  or  fractional. 

328.  Before  proceeding  further,  we  shall  now  give  a  few 
illustrations  of  the  application  of  the  formula  in  the  solution 
of  all  kinds  and  classes  of  equations  of  the  sixth  degree. 

Let  it  be  required  to  find  the  roots  of  the  following  equa- 
tions : 

(1)  a;6 -8  =  0. 

(2)  a:6  +  7  =  0. 

(3)  xG-  7ar  +  7  =  0. 

(4)  xG  + 13  x5  +  64  x*  +  154  ar  +  193  x  + 121  x  +  30  =  0. 

(5)  x6  -  21  x5  + 175  x*  -  735  ar  + 1624  x2  - 1764  x  +  400  =  0. 

(6)  xG  +  10  x5  +  451  x*  +  H7.04  xs  + 162.33  ar  +  96.66  x 

-  27  =  0. 

(7)  x6  -  60  a*  + 1441  x4  - 17640  ar5  + 115099  ar  -  373980  x 

+  467467  =  0. 

(8)  x6  -  34  x5  +  459  x*  -  3134  a;3  + 11348  x2  -  20520  x 

+ 14400. 

(9)  a:6 -  6  x5  + 12  a;4  -  8  ar5  - 13  ar  +  26 x-  7  =  0. 

From  (1)  we  have  the  cubic 

(«)  2/3  -  8  =  0. 

Solving  (a)  we  obtain,  for  the  quadratic  factors  of  (1),  2, 
and  —  1  ±  V—  3.     The  quadratics  will  be 

ar  ±  0  x  -  2  =  0, 


ar±0aj  +  l+V-3  =  0, 


<B*±0a:  +  l-V-3  =  0, 

which,  solved,  will  give  the  roots  of  the  equation. 
From  (2)  we  have  the  cubic 

(p)  ^  +  7  =  0. 
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Solving  (b),  the  roots  are  obtained  as  in  (a). 
From  (3)  we  have  the  cubic 

(c)  f  -  7  x  +  7  =  0. 

The  roots  of  (c)  are  all  real  but  unequal  (Art.  315). 
The    roots    are    found    to    be    1.3569 +  ,    1.6920 +,  and 

-  3.0489 +.     The  quadratics  will  be 

x-  ±  0  x  -  1.3569  =  0, 
x2  ±  0  x  -  1.6920  =  0, 
a2  ±  0  x  +  3.0489  =  0, 

and  the  solution  of  which  renders  the  roots  of  (3). 
From  (4)  we  have  the  cubic 

(d)  f  +  9.96  +  y-  +  30.99  +  y  +  30  =  0. 

The  solution  of  (d)  gives  - 1.99  +  ,  -  2.99  +  ,  4.98+  nearly, 
which  clearly  indicates  that  the  roots  are,  or  should  be, 

—  2,  —  3,  and  —  5. 

The  quadratics  will  then  be 

a 
^  +  ^.r  +  3  =  0, 

0^  +  ^  +  5  =  0. 
b 

Substituting  for  m  its  value  13,  and  multiplying  together 
the  three  quadratics,  or  substituting  directly  in  (T)  the 
values  of  y,  z,  and  iv,  the  quadratics  complete  will  be 

ar  +  6x-  +  5  =  0, 
a?  +  4  x  +  3  _  o, 
x*  +  3  x  +  2  =  0, 
which,  solved,  give  the  roots  of  (4). 
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From  (5)  we  have  the  cubic 

(e)  y5  -  128  f  +  252  y  -  400  =  0. 

Solving  (e),  we  obtain  for  the  quadratic  factors  of  (5), 
_2,    _13+V^3l,  and    -I3-V-31. 

A  and  B  are  found  to  be  equal.  Therefore  Ave  write  the 
complete  quadratics 

:r  -  7  x  +  2  =  0, 


x 


r-7.i-  +  13+V-31=0, 


of  _  7  a  + 13  _  V-  31  =  0, 

which,  solved,  render  the  roots  of  (5). 
From  (6)  Ave  have  the  cubic 

(/)  f  +  12  y-  +  28.998  +  y  -  27  =  0. 

Solving  (/)  the  quadratic  factors  of  the  difficult  equation 
(6)  are  obtained.  When  these  factors  are  obtained,  by  sub- 
stituting directly  in  (T),  -,  -,  -  are  obtained. 

From  (7)  Ave  have  the  cubic 

(g)  f  -  241  ?f  +  18699  y  -  459459  =  0, 


the  roots  of  which  are  77,  and  82  +  V6o3,  82  -  V653. 

A  and  B  are  found  to  be  equal ;  therefore  the  complete 
quadratics  will  be 

a?  _  20  x  +  77  =  0, 


a*  -  20  x  +  82  +  V653  =  0, 


a?  _  20  x  +  82  -  V653  =  0. 

Solving  these  quadratics,  the  roots  of  (7)  are  obtained. 
From  (8)  Ave  have  the  cubic, 

(k)     f  -  73.99  +  f  +  1799.998  +  y  -  14400  =  0. 

Writing  the  equation 

f-  74  ^  +  1800?/  -14400, 
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Solving  this  last  equation,  we  obtain  20,  24,  and  30  as 
the  quadratic  factors  of  (8). 

A  and  B  being  unequal,  the  quadratics  cannot  be  im- 
mediately formed,  and  we  must  therefore  substitute  the 
values  of  ?/,  z,  and  w,  which  are  now  found  to  be  20,  24, 
and  30,  in  (T).  Having  done  this,  we  obtain  the  complete 
quadratics,  which  are 

rf  _  12  x  +  20  =  0, 

x2  -  11  x  +  24  =  0, 

a2 -11  a +  30  =  0. 

Solving  these  quadratics,  we  obtain  as  the  roots  of  (8),  2, 
3,  5,  6,  8,  and  10. 

From  (9)  we  have  the  cubic 

(0  f±0f-13y-7  =  0. 

The  roots  of  (£)  are  all  real  (Art.  315).  A  and  B  being 
equal,  this  difficult  equation  (9)  is  readily  solved,  as  soon 
as  the  roots  of  (7)  are  obtained. 

329.  Leaving  the  sixth  for  further  consideration,  we  will 
now  turn  our  attention  to  the  general  equation  of  the  fifth 
degree,  which  is 

(  V)  x5  +  mx*  -f-  nx5  +  ox1  +px  +  q  =  0. 

The  coefficients  n  and  o  represent  the  greatest  number  of 
combinations  of  its  roots.  The  number  of  combinations 
represented  by  n  is  ten.  Each  combination  is  the  product 
of  two  of  the  roots.  "With  these  ten  combinations  as  roots, 
we  can  build  an  equation  of  the  tenth  degree.  Such  an 
equation  will  be,  according  to  Th.  Y.  (Art.  179,  Functions 
of  Squares), 

(W)    x™+nif+(mo—p)if 

+  { (2  np— 3mq)  +  (m2-2  n)p+  [o2-2  (pn—viq)]  \f 
+  -~+oq*y+q*=0, 
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The  coefficient  of  y1  represents  the  sum  of  one  hundred 
and  twenty  combinations.  If  the  reader  will  take  the 
pains  to  form  the  coefficient  of  yG,  he  will  admit  that  the 
task  is  no  easy  one,  and  that  it  requires  much  patience  and 
a  vast  amount  of  mechanical  labor. 

Letting  the  quantities  ab,  ac,  ad,  ae,  be,  bd,  be,  cd,  ce,  de, 
represent  the  roots  of  (TF),  we  may  form  an  equation  of 
the  third  degree  from  one  of  the  following  sets  of  the  given 
quantities : 

(1)  cd  +  de, 

(2)  ab  +  ae  +  ad  +  ae, 

(3)  bc  +  bd  +  be  +  ce. 

(1)  a(b  +  c  +  d  +  e), 

(2)  b(c  +  d  +  e), 

(3)  c  (d  +  e)  +  de. 

Or  we  may  form  a  quadratic  from  the  following  com- 
binations : 

(1)  ab  ■+•  ac  +  bd  +  de  +  ce, 

(2)  ae  +  ad  +  be  +  be  +  cd. 

We  have  carried  the  investigation  far  enough  to  be  con- 
vinced that  the  combinations  can  be  made 
will  be  great  and  the  formula  very  complex. 


-j 


330.  Changing  (V)  to  another  equation  of  the  fifth  de- 
gree, the  roots  of  which  will  be  the  products  of  the  roots 
taken  four  and  four,  the  coefficient  of  x  represents  the 
sum  of  such  roots.  "We  may,  therefore,  write,  by  the  aid 
of  Th.  V.,  the  following  equation : 

(X)  x5  +p^4  +  oqx3  +  nq~sr  -f  mq3x  +  q4  =  0. 
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On  multiplying  (F),  Art.  329,  and  (X)  together,  we  ob- 
tain the  equation 

(T)       x^+(m-\-p)x^+(n-\-mp-{-oq)x%-\-(o-{-np+moq-{-nq2)x' 
+  (P +°P+ n0Q + ninq2 + mq5)^ 
+  (q+p2+o2q+n2q2+m2q3+qi)x5 
+  (pq+poq+onq2+mnq3+mqi)x* 
+  (pq^+pnq^+omq^+nq^x* 
+  (nqz+pmq5 + oq^x2 + q\m  +p)x -f  g5 = 0. 

The  roots  of  (  Y)  are  evidently  the  roots  of  the  following 
five  quadratics : 

x2  +  (a  +  bcde)  x  +  q  =  0, 

2s  +  (&  +  accZe)  a?  +  q  =  0, 

a2  +  (c  +  a&de)  &  +  q  =  0, 

x2  +  (d  +  a&ce)  a  +  g  =  0, 

jc2  +  (e  +  a&cd)  a;  +  q  =  0. 

Letting,  for  convenience,  the  quantities  a',  V,  c',  d',  e\ 
represent,  respectively,  the  quantities  a  +  bcde,  b  +  acde,  •••, 
on  substitution  in,  and  multiplication  of,  the  five  preceding 
quadratics,  we  obtain  the  equation, 

(Z)      xw  +  (a '  +  V  +  c'  +  (V  +  e')  ar>  +  (5  g  +  p2)  a8 
+  [4  g  (o1  +  b'  +  c'  +  d'  +  e')  + j?3]£7 
+  (10g2  +  3g;x>-H;4)a;G 

+  [6  ^(a'  +  6'  +  c'  +  rf'  +  e')  +  2  qp3  +  a'6'c'd'e'j.r5 
H 1-  g4(«'  +  &'  +  c'  +  d'  +  e').r  +  g5  =  0. 

The  coefficients  of  (F)  and  (Z)  being  equal,  we  may  now 
write  the  equation  of  the  fifth  degree,  whose  roots  are  the 
sums  of  the  quantities  (a  +  bcde),  (b  +  acde),  •••.  Then, 
writing  y  for  x,  the  equation  is. 
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(A)  if  +  (m  +  p)  f  +  [(n  +  mp  +  oq)  -5q]tf 
+  [(o  +  np  +  "tog  +  ?*g2)  -  4  g  (m  +p)~\  f 
-f  (p  +  op  +  ?iog  +  mnq1  +  m<f) 

-  {10  g2  +  3  g  [(n  +  mp  +  o?)  -  5  g]  }y 
+  (g  +  P2  +  o\  +  ri2q2  +  my  +  g4) 

—  [6  g2(ro  +P) + 2  g(o + np  +  /nog  +  rag2)  — 1  g  (m  +i>)] = 0. 

We  see  that,  complex  as  these  combinations  are,  they  can, 
nevertheless,  be  formed,  and  that  the  sums  of  the  quanti- 
ties (a  +  bcde),  (b  +  acde),  •••,  can  be  made  the  roots  of  an 
equation  of  the  fifth  degree,  and  that  the  coefficients  of  (A) 
are  made  up  from  combinations  of  the  coefficients  of  the 
general  equation.  We  shall  now  leave  the  fifth  and  take 
up  the  sixth  again. 

331.  The  coefficients  of  the  second  term  of  the  sixth,  like 
all  other  equations,  represents  the  sum  of  the  products  of 
the  roots,  taken  two  and  two.  These  combinations  will 
form  five  cubic  equations,  as  follows  : 

sc3  -f  (ab  +  cd  +  ef)  x2  -f  (abed  -f-  abef+  cdef)  x  +  q  =  0, 

a?  +  (ac  +  de  +  bf)  x2  +  (acde  +  abcf+  bdef)  x  +  q  =  0, 

x?  +  (ad  +  be  +  cf)  x2  +  (abde  +  acdf+  beef)  x  +  q  =  0, 

85s  +  (ae  +  oc  +  df)  x2  +  (a&ce  +  adef+  bedf)  x  +  g  =  0, 

a3  +  (a/+  o^  +  ce)  ar  +  (abdf+  acef+  bede)  x  -f  g  =  0. 

Adding  these  five  equations  together,  and  expressing  the 
coefficients  in  terms  of  the  coefficients  of  the  general  equa- 
tion, we  have 

(B)  5  a3  +  n  x2  +px  +  5q  =  0. 

Dividing  the  equation  by  5,  we  have 

(O)  ^  +  |aj2  +  |a;4-g  =  0. 

C  is  a  true  cubic,  and  can  be  used  to  advantage  when  the 
roots  of  the  sixth  are  equal,  and  real. 
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The  sixth  can  also  be  changed  to  an  equation  of  the 
fifteenth,  twentieth,  and  twelfth  degrees. 


GENERAL  SOLUTION  OF  THE  EIGHTH  DEGREE. 

332.   The  general  equation  of  the  eighth  degree  is 

(D)    xs  +  mx7  +  nx6  +  ox5  +px*  +  tx*  +  ux'1  +  vx  +  g  =  0. 

Let   (D)   be  formed  by  the  product  of  the  following 
quadratics : 

(1)  aj2  +  -a;  +  e  =  0, 

(2)  arJ  +  |a;+/=0, 

m 


(3)  ^  +  ^aj  +  9r  =  0, 

(4)  ^  +  ™a  +  /i  =  0. 

On  multiplying  these  quadratics  together  we  obtain  an 

equation  of  the  eighth  degree,  built  b}r  the  product  of  four 

quadratics,     e,  f,  g,  and  h  are  the  quadratic  factors.     We 

are  first  to  consider  these  factors,  and  then  the  quantities 

111        ,1 
-,  -,  -,  and  - 

a  b    c  a 

Formula.     General  Solution  of  the  Eighth  Degree. 

/•  \  t   t.        3  m2     V Aa      m2 
(l.)Letn-  — = 


(E)\ 


(ii.)  Letp  + 

(iii.)  Let  u  — 
[  (iv.)  Then 


9  m* 


m-n 
~8B 


=  e/+  eflf  +  e/t  +/gr  +//i  +  gh. 


2 


n& 


mhi 


3  ml 


4  G'3     8  C 


g  =  efgh. 


Co 
m 


=  e#  +  e//i + e<//i  +fgh. 
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When  A,  B,  and  0  are  found,  we  may  readily  form  the 
biquadratic,  which  can  be  changed  to  a  cubic  by  formula 
(K),  Art.  318.  When  A,  B,  and  C  are  equal,  the  sum  of 
the  roots  of  the  quadratics  that  build  the  eighth  are  equal, 
in  which  case  the  roots  may  be  equal;  but  if  the  sum  of 
the  roots  of  the  quadratics  is  equal,  it  does  not  necessarily 
follow  that  the  roots  are  equal.  When  the  roots  of  any 
equation  (numerical)  are  equal,  it  can  be  easily  detected  by 
Art.  138  (Absolute  Theorems). 

333.  We  will  now  give  a  few  practical  illustrations  of 
the  formulas  (E)  in  the  solution  of  equations  of  the  eighth 
degree. 

Let  it  be  required  to  find  the  roots  of  the  following 
equations : 

(1)  ars  +  2a;6-17a)4-18ar9  +  73  =  0. 

(2)  xs  - 17  xG  +  67  a*  +  5  x*  -  595  a?  + 1736  a?  -  2215  oj 

+  1711  =  0. 

(3)  x*  -  12  x7+  65  x6  -  207  x5  +  371  a*1  -  255  x*  -  458  x2 

+  1185  a; -1211  =  0. 

From  (1)  we  have  the  biquadratic 

(a)  y*  +  f-l7tf-18y  +  73  =  0. 

By  formula  (A"),  Art.  318,  (a)  reduces  to  the  cubic 

(&)  zs  -11  z1-  300  z  +  5361  =  0. 

The  odd  powers  of  (1)  being  wanting,  the  coefficient  of  x 
in  the  quadratics  must  be  0. 

From  (2)  we  have  the  biquadratic 

(C)  tf  +  tf-  67^  +  5  y  +  1711  =  0. 

We  may  now  reduce  (c)  to  a  cubic. 
From  (3)  we  have  the  biquadratic 

(d)  ?/4  +  ll^  +  13?/2-395^/-1211=0. 
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Find  the  values  for  y  in  (cl),  and  substitute  in  the  product 
of  the  four  preceding  quadratics  (1),  (2),  (3),  and  (4),  and, 
solving  by  quadratics  the  roots  of  the  difficult  equation  (3) 
are  obtained. 

But,  in  determining  (d),  we  find  that  A,  B,  and  C,  of  the 
formula?  (E),  are  equal.  We  may,  therefore,  write  for  the 
first  two  terms  of  such  quadratics, 

(i.)  x2  —  3  x, 

(ii.)  x2  —  3x, 

(iii.)  x2  —  3  x, 

(iv.)  or  —  3  x. 

"When  the  roots  of  (d)  are  obtained,  by  substituting  their 
values  in  the  quadratics,  (i.),  (ii.),  (iii.),  (iv.),  which,  solved, 
renders  the  roots  of  equation  (3). 

MISCELLANEOUS  SUBJECTS. 

334.  The  term,  general  solution,  applied  to  equations, 
means  a  method  for  the  solution  of  equations  that  proves  to 
be  true  in  the  major.  It  has  been  used,  however,  in  a  much 
broader  sense.  Thus,  when  we  speak  of  a  general  solution 
of  the  fourth  degree,  the  meaning  conveyed  by  the  term 
(general  solution)  is  that  the  method  applies  alike  to  all 
equations  of  the  fourth  degree.  It  is  presumed  that  a  gen- 
eral solution  of  any  degree  equation  will  render  the  roots  of 
all  kinds  and  classes  of  such  equations.  This  has  been  the 
accepted  meaning  in  the  past.  We  now  question  the  uni- 
versality of  the  term  as  heretofore  applied  to  the  solution 
of  equations.  Not  in  the  major,  nor  in  the  minor-major 
cases,  will  the  methods  which  have  been  offered  for  a  gen- 
eral solution  of  the  fourth  degree  render  the  roots.  They 
are  not  general,  much  less  universal;  and,  therefore,  cannot 
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be  relied  upon.  It  is  time  that  such  methods  (presumed  to 
be  true  in  all  cases)  should  be  questioned.  We  now  ques- 
tion them ;  and,  with  reason.  They  will  appear  in  the  order 
of  their  importance. 

335.   The  general  equation  of  the  fourth  degree  is 
(i.)  •  x*  +  mxs  +  nx2  +  ox  -f-  q  =  0. 

(ii.)   Assume  that 

fga  +  ™  _|_  a\2-  (Bx  +  C)2  =  x*  +  ma?  +  nx2  +  ox  +  q. 

This  is  the  most  pleasing  and  polished  artifice  ever  offered 
for  a  general  solution  of  the  fourth  degree ;  and  it  has  to 
recommend  it  that  distinguished  scholar  and  mathematician 
of  whom  all  Englishmen  are  proud,  and  to  whom  all  man- 
kind are  indebted  for  his  valuable  and  scholarly  arrange- 
ment and  compilation  of  mathematical  works.  It  requires, 
however,  but  little  probing  to  expose  its  compassed  applica- 
tion. 

(1)  It  has  for  its  object  a  general  solution  of  the  fourth 
degree. 

(2)  It  is,  therefore,  not  to  be  regarded  as  a  special  solu- 
tion, applicable  to  only  certain  classes  of  equations  of  the 
fourth  degree.  Were  it  to  be  so  regarded,  its  author  would 
have  so  designated  it. 

(3)  By  performing  the  indicated  operations  in  (i.),  and 
equating  homogeneous  terms  in  (ii.)  and  (i.),  we  have  for 
consideration  the  quantities  A,  B,  and  C,  which  are  the  only 
quantities  to  be  considered,  and  which  it  is  proposed  to  find 
in  terms  of  the  coefficients  of  the  general  equation. 

What  has  become  of  the  fourth  quantity  under  considera- 
tion ?  The  equation  being  of  the  fourth  degree,  we  un- 
questionably have  for  consideration  its  four  coefficients  m,  n, 
o,  q,  which  are  functions  of  its  four  roots,  which  the  equa- 
tion is  known  to  contain.     A  glance  at  the  formula  (ii.) 
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reveals  the  fact  that  the  relation  of  the  roots  to  one  of  these 
coefficients  is  known,  or  assumed  to  be  known.  That  is, 
the  sum  of  the  roots  of  each  quadratic  that  enters  into  the 
formation  of  the  biquadratic  is  known  or  assumed  to  be 
known. 

To  make  the  foregoing  statements  plain,  let  us  perform 
the  indicated  operations  in  (ii.). 

<1)    U  +  j  x  +  A\*=  x*  +  mx*  +  (2  A  + 1^\ x2  +  Amx  +  A\ 

(2)  (Bx  +  C)2  =  B2x2  +  2  BCx  +  C2. 

Taking  (2)  from  (1),  we  have 

(iii.)  x*+mx*+(2 A  +  ^-  B*\a?+  (Am  -  2 BC)  x  +  A2-  C2. 

By  comparing  (iii.)  with  (L),  we  see  that  the  only  co- 
efficients affected  by  (Bx  +  C)2  is  n,  0,  and  q.  It  is,  there- 
fore, assumed  that  the  sum  of  the  roots  in  each  quadratic 
that  enters  into  the  formation  of  (i.)  is  numerically  or  alge- 
braically the  same.  It  cannot,  therefore,  be  classed  as  a 
general  solution ;  and  by  no  means  universal  in  its  applica- 
tion to  the  solution  of  all  kinds  and  classes  of  equations  of 
the  fourth  degree.  It  is  a  desperate  effort  to  form  a  cubic 
from  a  biquadratic  by  the  consideration  of  only  three  co- 
efficients of  the  general  equation. 

Let  us  assume  that 

. 
b 

This  is  a  true  hypothesis,  because  four  quantities  are 


<i v.)  (x2  +  -  x  +  B^j fx2  +  ™  H 


m   in 


considered,  viz.:  — ,  — ,  B,  and  C.     The  functions  of  these 
b    a 

quantities  form  the  coefficients  of  the  general  equation. 
Again,  assume  that 

(v.)  fx2  +  ~  *  +  B\(x2  +  ™ x  +  C\  =  x*  +  mx*  +  nx2  +  ox  +  q. 
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(v.)  cannot  be  true  in  all  cases ;  and  can  only  be  applied 

2  O 

when  n  —  —  =  —  (Art.  261,  Functions  of  Squares). 
4        m 

336.  All  methods  requiring  the  removal  of  the  second 
term,  in  order  to  obtain  a  general  solution  of  the  given 
equation,  are  erroneous.  This  applies  to  equations  of  all 
degrees.  Any  attempt  to  destroy,  by  artifice,  the  natural 
relation  of  the  roots  to  the  coefficients  will  end  in  failure, 
and  produce  naught  but  unsatisfactory  results.  Therefore, 
to  evolve  a  general  solution  for  an  equation  of  the  mth  degree 
m  quantities  must  be  considered ;  and  no  more,  no  less. 
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